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Abstract: In this paper, we study the relative controllability of a fractional stochastic
system with pure delay in finite dimensional stochastic spaces. A set of sufficient
conditions is obtained for relative exact controllability using fixed point theory,
fractional calculus (including fractional delayed linear operators and Grammian
matrices) and local assumptions on nonlinear terms. Finally, an example is given to
illustrate our theory.

Keywords: relative controllability, fractional delay stochastic systems, fractional delayed
sine and cosine matrices.

Introduction

The integrals and derivatives of noninteger order and the fractional
integro-differential equations arise in recent research in theoretical
physics, mechanics and applied mathematics and fractional calculus
is an effective tool to explain bodily structures that have long-term
reminiscence and lengthy-range spatial integration (see [1, 14, 24]).
Fractional integro-differential operators in the time and area variables
describe the long-time period memory and the nonlocal nature of
complicated media, and we refer the reader to the dynamics of many
complex systems, anomalous methods and fractal media; see, for example,
[14, 36].

In [3] the authors represented a solution for linear-type discrete
systems with constant coefficients and pure delay with the aid of a
discrete delayed exponential matrix and developed a controllability idea
for the considered problem. In [4] an explicit solution for oscillating
second-order (integer) single delay systems was represented using delayed
sine and cosine matrices, and the authors established some sufficient
conditions for relative controllability by constructing a specific control
function. Further, representation of a solution of the Cauchy problem
for an oscillating system with two delays and permutable matrices is
presented in [2]. Representations of solutions for linear higher-order
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delayed systems of discrete equations are derived by means of new types
of matrix functions of delayed type in [6]

Controllability plays a vital role in many meaningful applications
of dynamical systems such as robotics, remote control and population
models etc; see [17]. A solution representation and relative
controllability results for higher-order linear discrete delayed systems
with a single delay using a special matrix functions called discrete delayed
sine and cosine matrices can be found in [5]. Controllability of semilinear
problems is studied using the Banach fixed point theorem in [22].
A singularly perturbed linear timedependent controlled system with a
point-wise delay in state and control variables is considered for standard
and nonstandard original singularly perturbed system in [9]. Algebraic
necessary and sufficient conditions for relative controllability of linear
time-varying systems with time-variable delays in control and problem of
minimum energy control are examined in [15]. Using Schauder’s fixed
point theorem, sufficient conditions for global relative controllability
of nonlinear time-varying systems with distributed delays in control
is generalized in [16]. A series of solution was presented in [12] for
the linear autonomous time-delay system with permutation matrices by
using delayed exponential matrices. An integral form of a solution for
the linear Cauchy problem with pure delay is presented, and relative
controllability and stabilization problem for a pendulum with time
delay was established in [13]. A solution representation for the linear
inhomogencous differential equation with constant coefficients and
pure delay was established using the form of sine and cosine delayed
matrices of polynomials of degree dependent on the value of delay in
[11]. A set of sufficient conditions for the constrained controllability
of retarded nonlinear systems is established using the Banach fixed
point theorem, and the existence of a mild solution for the considered
system with nonlocal delay condition was established in [23]. Using the
delay Grammian matrix involving the delayed matrix sine, the authors
presented sufficient and necessary conditions of controllability for linear
problem governed by second-order delay differential equations in [25].
Necessary and sufficient condition for the controllability of matrix
second-order linear systems with scheme for computation of control was
proposed in [32]. Relative controllability of firstorder semilinear delay
differential systems with linear parts defined by permutable matrices is
proposed in [34]. Liang et al. [26] studied the following Cauchy problem

for a linear fractional system with pure delay:

CDQ_1—+ (C-Dg,—+y) (t) - _Azy(t —7), L€ [O b]a T >0,
y(t) - /lﬁ(t), y,(t) - ¢,(t)v S [—Ta O]a

and represented the solution as

(1)
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y(t) = (COST’Q Atq)/gb(—v‘) + A1 (sinT,q At — T)q)w'(O)
0

+ / cosy g A(t — 7 — 5)7'(s) ds,
-7 (2)

and the Cauchy problem (1) is transformed into (2) by adopting
delayed fractional cosine and sine matrice

White noise is formed by dynamical systems from outside disturbance
and for stochastic models (see [8,10,28]). Necessary and sufficient
conditions for various types of stochastic controllability of the linear
stochastic system was studied in [7], and stochastic controllability of
linear systems with state delays, delay in control and variable delay in
control was studied in [18,19,21]. Zabczyk in [35] studied controllability
of stochastic linear systems. Complete controllability of semilinear
stochastic system assuming controllability of the associated linear system
was studied in [27], and complete controllability for nonlinear stochastic
systems with standard Brownian motion and fractional Brownian
motion was studied in [29]. Stochastic controllability and minimum
energy control of systems with multiple delays in control was analyzed
in [20], and controllability and exponential stability results for a class of
nonlinear neutral stochastic functional differential control systems in the
presence of infinite delay driven by Rosenblatt process was presented in
[33]. Sufficient conditions are established for controllability of second-
order nonlinear stochastic delay systems using fixed point theory, delayed
sine and cosine matrices and delayed Grammian matrices in [31]. Set
of sufficient conditions for controllability of fractional higher-order
stochastic integro-differential systems with fractional Brownian motion
in finite dimensional space is studied in [30]

In the above literature, representation of the solution and
controllability results are established only for integer-order systems.
However, in [26] the representation of solution for the Cauchy problem
(1) is presented, but it is necessary to analyze the relatively exact
controllability of nonlinear stochastic systems with pure delay. In this
paper, we extend the representation of the solution introduced in [26]
for fractional linear systems to nonlinear stochastic systems and present
relatively exact controllability results for the following stochastic systems

CDq,T+ (CDq,T+y> (t) + AQy(t —7)
= Bu(t) + F(t.y(t)) + /A(s, y(s)) dw(s), te(0,b], >0,

y(t) = (1), () =), tel-r0, -
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where « . denotes the Caputo fractional derivative of order o < » - 1 with
lower limit — 4(t) « » is a state vector, and #(t) <= m is a control vector.
Let --obe given. Here 4cmwuapc remare assumed to be nonsingular
matrices. The nonlinear functions r:jo.sx& R anda: 0.6 < &* R4 are
continuous The initial function v« cj—0.z". and w is a d-dimensional
Wiener process. One can model many systems via our considered
equations such as heat transfer, viscoelasticity, electrical circuit, electro-
chemistry, dynamics, economics, polymer physics and control etc .

In this paper, we propose relative exact controllability of fractional
stochastic delay systems. We establish necessary and sufficient conditions
for linear stochastic systems using controllability Grammian matrices
and linear operators, which are defined by delayed fractional cosine and
sine matrices, and the minimum energy control problem. We present
sufficient conditions for nonlinear fractional stochastic delay systems
using the Banach contraction principle. We present an example to
illustrate our results. In particular the fractional linear system (1) is
extended to study the relative exact controllability for the stochastic
nonlinear system (3). Also, we give a solution representation for the
inhomogenecous stochastic system, and we define the delayed Grammian
matrix using fractional delayed sine and cosine matrices.

Preliminary

Throughout this paper, ws» is a complete probability space with
probability measure P on Q with a filtration (5.1 « p.5) generated by the
d-dimensional Wiener process {u(s), s € (0,4} satisfying the usual conditions
(i.e., right-continuous and FO containing all P-null sets). Lot Ly 5.7 is
the Hilbert space of all =.-measurable square integrable random variables
with values in = sfms.e) is the Hilbert space of all square integrable
and s-measurable processes with values in R n. Furthermore, let
c(o.n, L(2.5,7. %) be the Banach space of continuous function y fromio, 5

La(£2,§ P, R") with norm ||-[lc. where [|y]|Z — sup,. .5 Ellu(t)]|* Let

C'([0,8], Lo (£2,5.P.R"))
={y €C([0,b]. L(£2,5.P.R")): y € C([0.b], L2 (52, 5. P, R")) },

and let the matrix (colum sum)

T T T
IA] = max{ D lal, Y lasl..... ) |ain)
1=1 =1

=1

Also, we let jui meve o EROR WE - weseoBen,  and  we  set
My (ol 92} Lot LG R and v, - 280,02 denote the space of all linear
transformation and the set of all admissible controls, respectively.

Definition 1. (See [14].) For a functions | -« = the Caputo fractional
derivative is
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t

1 o .
m./(t_"”) fl(s)ds. g e (0,1], 1> -,

—T

(CD(iT+ f) (f) =

where £ 0 (t) = df/dt
Definition 2. (See [14].) The Mittag-LefHler function is given by

2
B, ,(z) = Z . q,p>0.
— T'(kq +p)

In particular, forp =1,

> N 2Ea
B (A%) = B,(0) = 3 5o AzeC
k=0

Definition 3. (See [26].) The fractional delayed cosine matrix of a
polynomial of degree 2kq on the intervals (:-1)r <+ <& identified at the
nodest=Fkr,k=0,1,..is defined

o, —o0o <t < -7,
I, —T7<t<0,

cosy q At? =
12a 7)2kT

o2k (t—(k—1
[,A2m+...+(71)k‘42"%, (k—1)1 <t <kr,

Where O denotes the zero matrix, and I denotes the identity matri

Definition 4.(See [26].) The fractional delayed sine matrix of a
polynomial of degree(24+ 1)qon the intervals (:-1)- <+ < #- identified at the
nodest — kr, k£ —0,1,...,is defined as

e. —00 < t < —T,

’f,+T q
AL, 7 <t <0,

sintq At? = - e

= L R (R e o L A My R P

(g+1) L[(2k+1)g+1]
The linear bounded operato = cvesma e, s is defined as
b

Lyu = [ cosrq A(b—7 —5)"Bu(s)ds,
0

and its adjoint
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L Lo(2,5:,R™) — L5 ([0,b], R™)
is define by

Ly =B cos; g A%(b—71 — s)TE{- | §:}.
Consider the linear controllability operatore. - w55

el
b
= /COST_Q Ab—T1—35)IBB" cos, , A*(b— 17— s)"E{- | §s} ds,
0 (4)

and the controllability Grammian matrix « <«=« defined by

b
GP = /cosﬂq Ab—7—5)"BB" cos; g A*(b— 1 — s)?ds;
0 (5)
Definition 5. The set =1 — {s(t).«} is said to be the complete state of

system (3) at time t.

Definition 6. The stochastic system (3) is said to be relatively
controllable on [0, b] if, for every complete state x(0) and every yI # =,
there exists a control #(t) defined on [0, b] such that the corresponding
trajectory of the stochastic system (3) satisfies the conditions v - n at
time & and v - v, e[

Definition 7. (See [19].) System (3) is said to be relatively exactly
controllable on [0, &] if

Ry(Upa) = Lo (£2, 55, R"),

WhCI‘C Rol V) — {ub, 1) € Lo(2, 0. B): u() € Una)
Lemma 1. Let the matrix A be a nonsingular matrix. A solution of the
Jfollowing inhomogeneous linear fractional system

DI (DI y)(t) + Ayt —7) = f(1). te[0,0], T >0,

y(t) =), y'(t)=v¢'(t), tel-70],
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(6)

with zero initial condition has the following form.:

t

y(t) = /COST,q At —7—35)1f(s)ds, te]|0,b].
0

Proof: Consider (the variation of parameters method
t
y(t) = [ cos,q At — 17— 5)1C(s) ds,
0

where ¢y is an unknown function. Taking Caputo fractional
derivatives “v.¢v7,.) on both sides and applying the properties and
derivative rules of fractional delayed cos and sin matrices, we obtain

‘DT (“DT__ y)(t)

t
= (cos, , At C(t) — A? [COST‘Q A(t =21 — 5)1C(s) ds
0
t

= C(t) — A* /cosT,q At — 27— 5)1C(s) ds

0
t—r

+ A* / cosy 4 A(t — 27 — 5)1C(s) ds.

0

Put the above expression into (6), and we ge

t
C(t) — A? fcosT,q A(t — 21 — 5)1C(s) ds
0

t—T

+ A? / cosr g At — 27 — 5)9C(s)ds = f(t)
0

SINCE | | cos,, All — 27 — )}1C(5) ds — 0.
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Main result
Linear cas

Consider the corresponding linear stochastic control system of (3)

CDiT+ (CD(iT+ y) (1) + A%y(t — 7) = Bu(l / s) dw(s)
0
t€|0,b], 7 >0,
y(t) =), y')=v'@t). tel-7.0], ?)

where 304w s ccwne., the corresponding linear deterministic
control system of (7)

DT (D L y)(t)+ A%y(t — 7) = Bu(l) + f(t). t€[0.b], 7 >0,
y(t) =0(t), y'(t)=v'(t), te[-1,0]. )

Using [26] and Lemma 1, the solution of (8) is

y(t) = (cosrq At)b(—7) + A~ (sing , A(t — 7)) (0)
0 t
+ /cosT,qA(f —7—8)N (s)ds + /cosT,q At — 17— 8)"Bu(s) ds

-7 0
t

+ [ cos; At — 7 —5)7f(s)ds.
/

Definition 8. (See [19].) System (8) is said to be relatively exactly
controllable on [0, b] if and only if # - &, where R, be the set of all
reachable states from the initial state y(0) = ,o in time & > 0 using
admissible control

Lemma 2. (See [19].) The following conditions are equivalent: (i)
System (8) is relatively controllable on [0, b].

(i) System (8) is relatively controllable on [0, b].
(ii) The controllability Grammian matrix (5) is nonsingul

Theorem 1. (See [19].) The following conditions are equivalent:

i) System (8) is relatively controllable on [0, b].
v ) is relatively llable on [0, b]
ii) System (7) is relatively exactly controllable on [0,
v latively exactly llable on [0, b}

Proof. From [19] note that system (8) is relatively controllable on [0,
b]. Then it is well known from Lemma 2 that the Grammian matrix (5)
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is nonsingular and strictly positive for all 5 # [0, b]. Hence, for some y >
0, we hav

(G2(n)y,y) =~

Next, to prove the relative exact controllability of (7), we use the
relation between equations (4) and (5). That is, for every u « 1.5 %, there
exists a process #iod.x such that

yl|?, n€[0,0], y € R

[

Ity =GYEy + [ G2(n)p(n) dw(n).

TO WTI1LEC Erty.y)inems AII'!(;’;EU,E!}.), first note, we abtain

b b
E(I7y,y) = E<G3Ey + / G2 (n)p(n) dw(n), By + / p(n) d'w(n)>
J ,

0

b
— (GYBy. By) + B [ (GLnpla). () d
0

b
>y (EH;UH2 +E / |P(H)H2d'fl> = vE|y|*.
0

Hence, r is strictly positive definite, and consequently, iy is
bounded. Using the fact that (. is bounded, we can define the control

u(t) = B*cos; g A*(b—T1 — t)qE{ [(1)8] ! [-yl — (cosy,q AbT)(—T)
0
— A M (sing,q A(b — 7))’ (0) — /COS-,—,q Ab— 7 —5)%'(s) ds

—T

b

= [eoseg b7y ( | [ A) dwm) 1}

0

St}: tE[U,b},

that transfers system (7) from y0 to the final state y1 at time b, and
y(B) — wand y(t) — w(t). (1) — w'(0). t e [-r0. The rest proof is similar to [25], so is
omitte

Lemma 3. Assume that system (7) is relatively exactly controllable on
[0, b]. Then, for arbitrary terminal v « rz2.5.% and an arbitrary matrix 1,
the admissible control function
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u’(t) = B* cos, g AT (b—T — t)qE{ [(Fr)(b)] o l% - (COST,q Abq)w(—r)

0
— A (sing, g A(b — 7)) (0) — / cos; g A — 7 — )" (s) ds
b

- /COSMI Ab—T1 — s)q( /AA(U) (‘111)(7))) ds] ’ St}
' 0

0

©)

defined fort # [0, b] steers system (7) from y0 to y1 at b. Moreover, among

all admissible controls u* (t) steering from yg to y; at b, the control u0 (t)
minimizes the following performance index: J () = =1nora

Proof. Since system (7) is relatively exactly controllable on [0, b], the
operator (I't) b O isinvertible, and its inverse is 106 e L 5.2, 12 5.0, The
solution of (7) is

y(t) = (cosw Atq)t,b(—T) +A ! (sinw At — T)(I)’qb'(O)
0 ¢
+ /cosﬂq At — 7 —5)T)(s)ds + /cosm A(t — 7 — 5)"Bu(s) ds

-7 b

t E
+ /Cosm7 At — 71— s)q< /3(7/) dw(n)) ds.

0 0 (10)

Directly ~ substituting (9) into (10) at time b and
applying the controllability operator, one can easily verify
thaty) — i and y(e) — v y'(1) — (0.t € [-r.0.. In the second part, we shall
show thatuw). ¢ « 0.4, [0, b], is a optimal control for J . For that, suppose
ul(t). ¢ e [0,6], is any other admissible control that also steers from y0 to y1
at time b andu( — v, v() - w1 € 0. Hence, by system (7) it is relatively
exactly controllable on [0, b]. Using the controllability operator Lb, we
have st -= r£y0u'(). Using the basic properties of scalar product in =,
we have

o

E‘ ((u'(t) —u’ (1)), u’(t))dt = 0.

0

Again, by using basic properties of scalar product, we obtain
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b b b
E/Hul(t)HthE/Hul(t) _uﬂ(t)”zdtm[||u0(t)||2dt.
0 0 0

Sincee ;- wora=o. we conclude that, for any admissible control

ul(t), ¢ & [0,b].

|2 dt.

b b
E/||fu,“(t)]thgE/Hul(t)
0 0

Hence, the control,«). + « 0.4, is a optimal control for J , and thus it is
a minimum energy control

Nonlinear cas

In this subsection, we derive sufficient conditions of relatively exact
controllability for system (3)
Consider the following assumptions

(H1) =

€ C([0.b] X R",R") and A € C([0,H] x B*, R"¥4)
Land Np(1). Na(t) € L0, R*) such that

(1) 1F(2) — PEnIP < Nels — yl.t € 0.8 2,y € R
(ii) AL )12 < MA@+ l]2). 1 € [0.5],y € R™.

HZ There exists a constant 4 > 1 and Mg (t), Ma(t) € L#([0,B], R*) such that

(1) 1PE I < Me)(1+ [yI).t € 0.8,y € R™:
(i) A )12 < Ma((1 + yll?). t € 0.5,y € R™.

H 3 setan, — it 1112 a2 = 1222 ena

K — Sb(cwrl)/cr[(E2q(||AH2b2q))2cv:|1/a
X [INFllsqommey + b7 LalNallLoqos ] (1 +2MiMy) < 1.

The solution of (3) can be expressed in the following form:

y(t) = (cosrq AtT)b(—7) + A~ (sin. , A(t —7)7)2'(0)

0 ¢
+ /cosm At — 7 — )% (s) ds + /cosﬂq At — 7 — s)"Bu(s) ds
-7 0
t
+ /cosﬂq At —1—5)1f(s)ds.
0 (11)
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u(t) = B*cosr g A (b—7 — t)qE{ [(Ff)fﬂ - lyl — (cosm Abq)w(—T)

0
— A M (sing,q A(b — 7))’ (0) — /cosmq Ab— 7 —5)T'(s) ds

—T

b

- / cos g A(b— 7 — 5)1 ( j Afn) dw(”l)) (15}

0

St}: tG[U,b],

(12)

In order to establish sufficient conditions for relatively exact

controllability, WE LET

B=C([-7.b],L(2.5,P,R"))

be a Banach space endowed with norm i wwee i — s, Bz, and
define the nonlinear operator» : 5 By

(Py)(t) = (cos, g At9)p(—7) + A7 (sin, , A(t — 7)7)1’(0)
0 t
+ /costq At — 7 —8)%) (s)ds + /COSW A(t — 7 — 5)9Bu(s) ds
-7 0
t
+ /cosﬂ.,q At — 7 —8)TF (s,y(s)) ds
0
t s
- /cosﬂq At — 7 — s)1 (/A(U.y(n)) dzu(n)) ds, t€1[0,0].
0

0

By substituting (12) into (11), it is easy to check that y(b) =y, , so
the control u(t) steers y gto y; at time b. From Lemma 3 we see that
if P has a fixed point, then system (3) has a solution y(t) with respect
to the corresponding control function #(-), and also one can easily show
tha (Py)(b) = y(b) =, , and (1) = ¥(t) and 3 (1) = ¥(c), ¢ # [ 0],
which means that system (3) is relatively exact controllable on [0, b]. We
have transformed the relatively exact controllability of system (3) into the
existence of a unique fixed point for P.

Lemma 4. Assume that hypothesis (H1) and (H2) hold. Then P maps B
into itself

Proof. Lety # Band ¢ # [0, b]. From the fact that

|cosrq At < By (JAIP29) < Ezq (1 A%6%)

and Holder’s inequality we have
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t

0

<

-0

< [b(Eag (470°)°]

fcosﬂr‘q At — 7 — )TNy (s) ds

t 1/ i 1/B
< / | cosrq A(t — 7 — s)qHa ds) (/ |N£(9)| ds)
0

0

i 1/a
(B2q (I1AIP (2t — 7 — 3)2(;))adl"‘] I Ne Il 2 [0,01, 1)

AT
i\'o-

LA([0,b], R )5

where I/a + 1/B=1,2 > 1.
Using (H2), we have

EH ('Py)(t)”2 < GEH (cosyq At)p(—7) H2+ 6E||A_l (sing o A(t — 7)7)9"(0) H2

Note

+6E

+GE

+ 6E

+ 6E

0 2

]C()sf.q At — 7 — 5)7(s) ds

-7

t

/C()Sf:q A(t — 7 — 5)"Bu(s)ds
0
t

/C()sf:q Alt —7 = 8)1F (s.y(s)) ds
0
t

/cosf:q Alt —7 )1 (/SA(?L y(n)) d’w(n)) ds

2

2

2

13)
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L

‘[(:()STEQ At — 7 — 8)7F (s, y(s)) ds

0

2
E

QEHF(s,y(s))Hgds

L
< F)f”(:oan At — 1 — s)9
0

21”1«‘(5)(1 + E||y(s) Hg) ds

1a , t 1/8
(ls) (/ﬂff(s) ds)

0

t
< F)/”(:()ST,Q At — 7 — s)1
0

L
b(/”(:osm Alt — 7 — )9 e

(1+ sup E”u H)

te[—T,b]

< B (Bag (I1A12620)) 2T Ml L oy ) (1 + [9112)-

Similar to the above computation, one has

t s

/ cosr g At — 7 — S)"('/ A(n,y(n)) dw(n)) ds

0 0

2
E

< BT/ (B (|A2627)) 2T Lal| M| o 0z (14 []|2)-

Finally

L

/(:(sz At — 7 — s)?Bu(s) ds
0

2
E

<6 G N8 1P Byl + Bl (cosr.q Ab®) i (—)]

0

f(:osr,q A — 1 — 5)9) (s)ds

—T

2

2
+ E[[A (sing 4 A(b — T)q)'l,b"((l)HQ +E

b
cosr g A(b— 7 — $)9F (s,y(s)) ds

b 2
j(()‘-:-,— g Alb— 1 — s)q(/A 7, Y I])) dw (r])) ds 1
0

< GMy My [Blya | + (Bay (14121) "B [[o(-7)|” + A~ | (B, (1 Al17)
= Bag (| AP B[ ) + 72 (Bag (141°0°)) "B | )|
+ b(aﬂ)/a[(EZQ(HAH%%))M]UQHﬂfFHLﬁ([O,b},R})(1 + ||UH¢2:)
+ b(a”)/a[(EZG(HAH%QQ))QQ]1/QLA||*‘UAHLM[0,5]:R* ) (1 + ||3/H(2:)]-

+E
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Substitute the above inequalities in (13), and one can chose a C >0
sunch that

E|[®no|*

< 6(Bag (I1A26%0)) 112 + 6]| A=Y|* (£, (L AlIBT) — Baq (1| AI2627)) |2
+ 672 (B (IIAIP (6 — 7 — 1)) |10/ |12 + 3614, M [E |y, ||
+ (Bag (141262 (6112 + || A (B (1A117) — B (1 A26%7)) 1|2
72 Eag (I AI2629)) [0 |1+ b D (B (1 A126%) 1 1M 18 0,61
X (L [lf2) + b2/ [(Bag (126291 L al| Ml 1o 0,01, (L + [412)]
6D (B (1AL262)) 2] M | o o,y (14 112)
62 (B (1 A]126*)) ) Lall M 1 o1 (14 yl12)
< 36My MoE ||y ||% + 6(Fag ([ A)|26%7))* M5 (1 + 6M, M,)
+ 6] A7 (22, (A7) — E2 (| A2627))* Ma(1 + 67,1 Ma)
+ 672 (Eag (| A126%9))* M (1 + 6My My) + 66D/ [( By, (|| A]2627))
X (1 + 6M, Ma) (|| Mr| o qog ety + 0 *LallMallpagos ) (1 + ]2)
<O+ ylE).

2(1? 1/

Lemma 5. Assume that hypothesis (h1) and (H3) hold. Then P is a
contraction mapping

PI‘OOE Let z.y £ B. From (HI), for each i € [0, b], we have

t 2
< 3E c0srq A(t — 7 — 5)7B[ug(s) — uy(s)] ds
/
¢ 2
+ 3E /C()ST,Q At =7 = 8)1[F(s,2(s)) — F(s.y(s))] ds
nt s 2
+ 3E /coan At —7— s)q(/ (A, z(n) — A(n.y(n)] dw(r;)) ds
0

0

1/ce

é6M1Mz[b(mq}/“[(E2q(”14||252ﬂ))] INELs jo,5).24) 7‘11) ]E”‘”(t)—?l(ﬁ)”z
S

te[—T,b

+ plet2)/a [(qu (HAHQbQQ))Qaf] I/QLA”NA”LH([D,PJ],RH ?‘lpb]E“'T(t)*y(t)”Q}
te|—r,

[é 24 ¥ L T - 2
+ 30D/ [ (| AJ26%9))2°] | N[l 0.0 2 TUP ]EHiE(t)—’!!(t)”
te|—7.b

+ gplat2)/a [(EQ(,(HA“?Z)Z(’))Q“] I/QLA||NA”L5([U,{;],]R+) . TllprE”;I'(t)—y(f) H2
e|—T,

BYALes 18 Py 20071/ a T
< 3BTV (B, (1| Al26%)) ] /‘Hmp||m(,n_‘b],m+)(1+2MlMg)||r—-y||§
y 21 /cx .
+ 362 (B (1| Al6%7)) ]/ LA|INalleqop ey (1 + 2M Ms)|Jx — yl|2

= K|z —yl|2.

This implies that 17: - Pz < 1 - iz . Hence, from (H3), P is a contraction
on B, and so P has a unique fixed point y(-) € B, which is the solution

of (3)
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Theorem 2. Suppose that hypotheses (H1)—(H3) hold and system (7) is
relatively exactly controllable. Then (3) is relatively exactly on [0, b]

Proof. From Lemmas 3-5 system (3) is relatively exactly
controllable[0, b].

Remark 1. In this manuscript, we investigate the relative
controllability of the fractional stochastic system with pure delay. System
(6) was transformed into (11) via delayed sine and cosine matrices.
Suitable control function were defined by delayed controllability
Grammian matrices. A set of sufficient conditions of relative exact
controllability for linear and nonlinear stochastic systems are derived
by using fractional delayed linear operators and Banach’s fixed point
theorem, respectively

An Example

Consider the following nonlinear stochastic delay system

“DT_ (“DT_y1)(t) +0.09, (t — 7)
!
=uy(t) + (e(HO‘F’) +0.6t)y1(t) + / (e 4 0.75)y1(s) dw(t),
0

DT (DT y2)(t) +0.72y1(t — 7) + 0.81ya(t — 7)
t

= us(t) + (e(HO‘F’) +0.6)ya(t) + / (€% 4 0.75)ya(s) dw(t),
0
y2(t) = 3t, ys(t) =3, t€[-0.750] (14)

The above equation can be rewritten in the form (3) with g = 0.65, =
=0.75,

) oY) e (D)

e = ([l Tome) vo=(g). vo=(y).

The corresponding delay Grammian matrix of system (14) is

5 5
= COS0.75.0.65 A(15 —0.75 — S)()'6()BB*COS(]‘ZF,,()'G{, A*(15 —0.75 — S)()'hd ds

I
@
_|_
3
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Where

:D

.75
5 3
Gl = COS().75.0.65 1“1(075 - 5)0'6‘)33* C08().75,0.65 14*(075 - 5‘)0'6‘] dS,

0
(0.75 — ) € (0,0.75).

=4 =4
Goy = €08().75,0.65 A(0.75 — S)OﬁdBB* C0S0.75.0.65 ‘4*(075 — S)O'(m ds.

o. —oo <t < —0.75,
T —0.75 <t <0
0.65 ’ R '

[ A2 0 AU 075 <1 < 15,

and

; 0.65
sing.7s,0.65 (A7)

o, —o0 <t < —0.75,
B A(”;Efi);“ﬁ —-0.75 <t <0,
= A(”Ofé n)- o5 Aifz—(,ry. 0 <t <075,
A% A AT 075 << 15,

By simple computations we obtain the delay Grammian matrix

}15: 1.3371 0.1175

Go.rs 0.1175 0.5986

and

oo _ (07160 0.4485 o, _ (06211 —0.3310
= 10.4485 0.3312)° 27\ -0.3310  0.2674 /-

Moreover, we have

1.3371y2 + 0.117542 ,
G = >
(Gors)o”y.9) = (0.1175y% L 0.50862) = I

where 0 <y60.1175,and hence M; =8.5106 and M2 = 1.8370, which
implies that the correspondinglinear stochastic system of (14) is relatively
exact controllable on [0, 1.5]. Moreover, one can define a control function

for system (14) as
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u(t) = B*cos, g A*(b—1 —1)1[(I})}] 1w

_ {(%?)[I A2 O (0w, s € [0,0.75),
(49

V()] e, s €[0.75,1.5),
where
U= Y1 — (COQ() 75,0.65 A( )0 6f )) l/)( 075) — A_l (Sin().75.()465 A(O 70)0 6! )) L) (U)

0
/ €080.75,0.65 A(0.75 — )"0 () ds
.75

€050.75,0.65 A(0.75 — $)" P F (s,y(s)) ds

C‘\JJ

=

5

— [ c080.75.0.65 A(0.75 — 5)0-69 < /A(n, ’y(n)) dw(n)) ds.
0

C

Flll‘thCI‘, letar — 2 — . Fory — (1, 12) € B?, we have
[F(t 1) — Ft,y0)|| < [0 0.6ty — yol2, ¢ € [0,1.5].

Set Np() — 405 1 0.6() € LA([0, 1.5], R*), and we obtain

1.5 1/2
2
INFllz2((0,1.5),r+) = (/ [e(5+0'5) + 0.65] ds) = 0.0083
0

And

At ) — Attsa) [ < [ef + 0.7t s — el

Choosing Na() — eV 4 0.7() € L3([0, 1.5],R), we get
1.5 1/2
INallz2(0,1.5,r+) = / [es + 0.75}2 ds = 0.3645.
0

From above (H1) and (H2) hold. Now we check hypothesis (H3).
Note

= (30D [(Bay (A2 (t — 7 — m)*0))*"]/)

x [INell Lo o ze) + 07 “LalNallLs oz (1 +2M; My)
= (3(1.5)*%-0.0325) [0.0083 + 1.5"/2 - 0.1 - 0.3645] (1 + 2(8.5106 - 1.8370))
=0.3060 < 1.
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Thus, all the hypotheses of Theorem 2 are satisfied. Hence, system (14)
is relatively exact controllable on [0,5]

5 Conclusion and future study

The aim of this paper is to provide the representation of the solution for
the inhomogeneous fractional-order system via sine and cosine matrices
and to obtain some results on relatively exact controllability for fractional
stochastic systems with pure delay. Using fixed point theory and the
fractional delayed controllability Grammian matrix, sufficient conditions
are established for the system to be relatively exact controllable. An
example is provided to illustrate our theory. By making some appropriate
assumptions on system functions, by adapting the techniques and ideas
established in this paper with suitable modifications, one can easily discuss
the relative controllability of a stochastic system with noninstantaneous
impulses and nonlocal conditions
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Following [26], we have the following properties and rules:

(i) °D? _, cos; 4 At = —Asin, ,A(t—7)9,t € [([N—1)7,N7),N =0,1,2,....

(i) “D? _, sin, 4 At? = Acos, q Atl,t € ([N —1)7,N7),N =0,1,2,....

(iii) DT _ (“D? | cos; 4 At?) = —A%cos; 4 A(t — 7)7 holds with cos, 4 At? = T
and [cos; 4 At?) = O fort € [—T,0].

(iv) “D?_,(“D?_, sin,, At?) = —A?sin, , A(t — 7) holds with sin, , At =
A(t+7)7/T(q+ 1) and [sin, , At1) = A(t + 7)1 /T(q) for t € [—T,0].

(V) || cosr g At < Bag(||AlIPt29), t € [(k — D7, k7), k= 0,1,2,...,n.

(Vi) [[singg At < B (A[(t +7)7) = Bag (ARG + 7)%). ¢ € [(k — 1)r kr),
k=0,1,2,...n.
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