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piecewise differentialequations with left-
right fractional derivatives and delay

Liu Yuxin Zhang, Xiping xipingliu@163.com
University of Shanghai for Science and Technology, China
Jia Mei

University of Shanghai for Science and Technology, China

Abstract: In this paper, we study the multi-point boundary value problems for a new
kind of piecewise differential equations with left and right fractional derivatives and
delay. In this system, the state variables satisfy the different equations in different time
intervals, and they interact with each other through positive and negative delay. Some
new results on the existence, no-existence and multiplicity for the positive solutions
of the boundary value problems are obtained by using Guo—Krasnoselskii’s fixed point
theorem and Leggett—Williams fixed point theorem. The results for existence highlight
the influence of perturbation parameters. Finally, an example is given out to illustrate
our main results.

Keywords: boundary value problem, piecewise differential equation, left and right
fractional derivative, delay, disturbance parameter, fixed point theorem.

Introduction

In recent decades, fractional calculus has been widely used in various
fields of science and technology, and the theoretical research of fractional
differential equations has also received extensive attention, see [5-8, 10,
12-15, 17, 18, 22, 23, 25, 27, 30-34, 36] and the references therein.
And the differential equation with left and right fractional derivatives
have been studied extensively due to the wide application [2-4, 16, 24,
29]. In [2], the following nonlocal boundary value problems of integro-
differential equations involving mixed left and right fractional derivatives
and left and right fractional integrals are studied

DY BEDE () + NP IS h(ty(t) = f(ty(t), teJ:=][0,1],

1--0+
y(0) =y(§) =0, y(1)=dy(p), 0<{<p<l,

wherer<o<20<s<1  andp.g>0,f,h:[0,1]xR—R are given
continuous functions, and s, ). € R are constants. At the same time, the
differential equations with delay have many successful applications in the
fields of communication engineering, population control and so on; see
[1,9,20,21, 26,28, 35).

Motivated by above works, we discuss the multi-point boundary value
problems for piecewise differential equations with left and right fractional
derivatives and delay

1087


https://doi.org/10.15388/namc.2021.26.24622
https://doi.org/10.15388/namc.2021.26.24622
https://www.redalyc.org/articulo.oa?id=694173172006
https://www.redalyc.org/articulo.oa?id=694173172006

Nonlinear Analysis: Modelling and Control, 2021, vol. 26, niim. 6, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

(DE u(t) 4+ f(t.ut), u(t +71)) =0 :
& D) (a0t =) =0, te (&1L
W(€7) = pol (0) + 0 = — (pru(€7)

u(0) = yu(&), ’U-(l) = Yau(

where ¢ is the right Caputo fractional derivative, c::is the left
Caputo fractional
derivative,i<a, 5<2. €€(0,1), u(¢™) =lim, o ulE+e), u(¢*) =lim. os u(€+2).

Yis pis Ti ERand 0 < v, < 1,p1 >0,0<p2<1L,a, 020,07 <1-0< <L
Fe0(0.6 xR* x RY RY), g € C([£,1] x RY x R* R*).

In boundary value problem (1), the state variable u = u(t) satisfies
the different equa- tions in different time intervals, and they interact
with each other through positive delay 71 and negative delay 7,. The
parameters a and b in the boundary conditions represent the error in
certain measurement. Some new results on the existence, no-existence
and multiplicity for the positive solutions of the boundary value problems
are obtained by us- ing Guo-Krasnoselskii’s fixed point theorem and
Leggett—Williams fixed point theorem. The results for existence highlight
the influence of perturbation parameters. Finally, an example is given out
to illustrate our main results.

Preliminaries

For convenience of reading, in this section, we give out some definitions
about the frac- tional calculus and some lemmas.

Definition 1. (See [17].) Let 2 > 0,2 < b € R, and the left and right
Riemann-Liouville fractional integral of . : [4, ] > R are defined as

(t — )“_1?;( ) ds,

at I u(t) ()

(]

b

pou(t) = o) (s — )" tu(s) ds.

t

respectively, for +< .
Definition 2. (See [17]). Let o~ 0. < s c &, and the left Caputo fractional
derivative and right Caputo fractional derivative of function u: (.t~ & are

defined as
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¢
. 1 u(m) (s)

“©Dfult) = ——— ds,
o Ditult) I'(n— «) (t — )’Y—”H s

L

t

_ 1 ul™ (s)
D) = —— ds,
o Ditult) I'(n— ) (t — S)a_nﬂ )

a

respectively, provided the right-sided integral converges, where n e .
Lemma 1. (See [17]).1r0>0. then

at I (S Du(t)) = u(t) + o+ er(t —a) + ot — a)?
I (6D u(t)) = u(t) + do + da(b—t) + da(b — 1)°

-+ C'n—l(t - a)n_ls

+
+ -+ dpg(b— t)Tkl;
where ci.d;eRi=01.... .n—1neN

Lemma 2 2. (See [11].) Let E be a Banach space and P # E is a cone.
Assume that Q, Qsare bounded open subsets of E with o c o, c 9, c 0, Sand
let v:ro@ne)~ P be a completely continuous operator such that either.

(i) IT2]) < [z, = € PRy, and |Ta]| > ||l = € P OOy, or

(i) 172l > 1ol = € PN 021, and |T] < o], € P 025

Then the operator T has at least one fixed point on ro @\ 2,).

Lemma 3. (See [19].) Assume P is a cone in Banach
space, w is a nomnegative continu- ous concave ﬁmctz'omzl on
P, the constants 0 < d < g < ¢ < r Denote 7 -{ucr
lall <} and P(w.q.c) = {u € P: q < w(w) and ull < c}. Let T : P, — P, be be a completely
continuous opemtor such that v < |u|l forz € P, such that

(i) fue P@.a.P: ww) > a} £ Bandw(Tu) > qfor u € Plw,q.0);

(id) Iull < d foru e Pus

(ii3) w(Tw) > qforanyu € Plw,q.r) and | Tu] > c.

Then T has at least three fixed points w.w..u < 7.such that jui < 4ww -+ and
gl > d with eo(ug) < g

Lemma 4. Let necwarnyecicn . then the boundary value problem

& u(t) + h(t) teo.gl.
£+Df w(t) +y(t) = te (& 1],
u'(€7) = po/(0) + a = —(p1u/(£7) +b),
u(0) = yu(€™), ’”-(1) = 72u({")

2)
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has a unique solution given by

f(f G1(t, s)h(s)ds + 1}{)2( oy ey U& s 2h(s)ds +a),

l—m
tel0,€],
U('IL) = 1 [ 5} 1 ya£—1 p2 £ a—2
ff GZ(t. S)y(s)) - 01(1*.02)( 1= + t)(r‘(ﬂfl) 0" f(s)ds +a
+(1—p2)b), te (1],
where
1 1 ‘5‘(1_1., O\<\S<f\<\£
Gl(t, 3) — Tlo - (x;l 1 a-1 <t <L gL L
(@) | —(s =" + =5 OStss<&
, \B—-1 \B—1 )
B T e (I T E Rt
“2(t:5) = 73 L(1-s)""" £<t<ss
D lrst-9"" stsesd

Proof. From Lemma 1 the general solution of the linear differential
equation . i; «0+ b (£)= 0 is given by

u(t) = ft[é.{h,(t) —cog—cr(E—1)

.
! s — ) h(s)ds — ey — ¢ (€ — :
__n@[“ DY h(s)ds —cp —er(§— 1), te[0,¢],

(6)

and W () = (1/T(a= 1)) [{ (s =) *h(s) ds + c1.
The general solution of the linear differential equation ; fu v -0 is
given

U(f) = —¢+ Ify(f) — Co — (fgt

= —— (t — s)'ﬁfly(s) ds — o —est, te (&1,
3 (7)

and u'(t) = —(1/T(B = 1)) L (t— )" y(s) ds — cs.
By the boundary value conditionsu/(c-) = p2u/(0) + a = ~(p/(6+) +1) We can
easily get that
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¢
1 P2 _9
= s*7h(s)ds +a
c1 T [’((}.1)[5 1(s)ds +a
0
1 ;
. P2 =2 ¢ N 3 :
3 = s*7Ch(s)ds +a+ (1 — p2)b
i T e o)
0 ©)

By (6)—(8) and the boundary conditions o - .« - i) we ca also get

that

£ &
1 Lo ¢ / P s
0 = ——s“ " h(s)ds s “h(s)ds + ¢ ,
o ’}‘11(,/11((&)5 r(s)(s+1p2( F((}:*l)H 1(s)ds +a

0 0

1
1 1 .
Co = — | —— 1— 35" Ly(s)ds
o= —— g 9" )
13

L — ¢ P2
p1(1—=po) \ [ —1)

S
/,,.“—2,’1(3) ds +a+ (1 —p2)b

0

Thus, by substituting c0 and c1 into (6) we can get that for ¢ € (¢.11.

¢ £
1 - b ‘
u(t) = /Gl(t Ms)ds+ 5~ P2 (1 Jln,l N f) (r(“pzl) f'*“_zh(s) ds + a-)s

0 0

and by substituting ¢, and ¢; into (7) we can get that fori< ..

u(t) = /Gg(t:s)y(s) ds
3

¢
1 € — 1 ) P2 / s
o . +t) =——— [ s““h(s)ds+a+ (1 —p2)b].
p1(l—p2) ( 1= I —1) (s) (1—p2)

0

Hence, #(2) satisfies equation (3) if it is the solution of the boundary
value problem (2) and vice versa.

Lemma S. Suppose ci.s) i - 1.2 are defined by (4), (5), then G;(% s) has
the following properties, respectively

(i) Gl(t, S) is continuous and Og»lm(g.v»)gcm.»)gGl(;..ﬁ.), 0Gy(t,5)/0t=0 O (l‘,S)
el X1

(ii) G2(t, s) is continuous and 0< e 9<aiito<tics o6 /m=0 on (2s)
el X1

Proof. (i) Obviously, G1(% s) is continuous one (0.¢ x [0.¢}: For <s<t<¢
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1 a—1 a(;l(f ")
L5) = ol R
Gl(t_ S) F((})(l — ’“;‘1) S 0 d?L

andforO0<r<s<é

1 1 - a—1

aT f;. -.-a — q_‘(l 1 - e_‘ - t

Cl( ) ") F((}:) 1—m > (" )
aGi(ts) 1

ot o —1)

0,

(s —t)*"*>0.

Hence, G/(% s) is monotone increasing for any < 0.4, and
0 < G1(0,8) < G(t,s) < Gi(s,s) =G(&, s).

Because G (0,s) o1/t —sr@pe - vaic..then

0< MG s) < Gt s) < Gi(E, ), 8G1T(:S) 20, (t.s)€0,€ x[0,€].

(ii) Similar to the proof of (i), we can prove that (ii) holds.
Lets— .1 o= 7\ (¢). E= POUR) = {u:J > R : ulS continuous in Jo
a6t and u(e) exiseand u(e) = u(©)}. Obviously, E is a Banach space with the norm

llull = SUDe(0,1] u(t)

Denotellulliog = supicog [u®)l. lulley = supt € (€ 1fu(®)]. then [lul| =max
{llullo.q- H"’H&E-HLSCt

P:{_eE; 20, te0,1], inf ut)=vluloe, nf ul@) > e)u }
u u(t) [0, 1] r,eu[(l),g] u(t) 11||“H[(),¢] tele1] u(t) zHJH(g,l]

Obviously, # = u(2) is a positive solution of (1) if and only if u is a fixed
point of the operator 7'in P

Lemma 6. The operator 7': P - P is completely continuous.

Proof. By Lemma S we can easily obtain that T : P > P.

Let {u,} c Pouc Pandu,—ul - 0asn — . There exists a constant v,>o such
that ||u,|| < Mo and |lu]| < T,

By the continuity of f(t, u,v), g(t, u, v) we have

n,h—I>Iolo (j(f U (L), ty, (T + Tl)) - f(f u(t), u(t + Tl))) =0,
nli_l}léo (g(t, un(t). un(t —12)) — g(t.u(t), u(t —72))) =0

and there is a constant 17, - o, which makes sup .......sw...0l < 7, and sup
wamenlsttun| < 7 where A 0.6 x [-3,.30,] x [-31,.71,). B = [6.1) x [-3,. T, x [~3,. 77 ].

Thus,lim,, .. |7, — Tu| =0, which implies that the operator . is a
continuous operator.
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Let o c » be bounded. By the continuity of f, g, we can get that there is
a constant i, > o such that |[f'(5 #, v) | <. for anyt € 0.¢. u.v € 2., and |g(5
u,v) <L forallie 0.¢. uve

By Lemma 5 we can show that (Tu)#(z) 2 0fort#/0,&]and (Tu) ' (2)

< Ofor t € 0.g. Hence,

I Twllfo.g) = Tu(€)

1 ﬁ o cfl’*lﬂ_i
< 28 + £ P25 L2 +all,
L—yi\I(a+1) 1-ps ()

[Tulle.0) = Tu(EF)

1 ﬁg(l — 6)’6’ 1 — 5 ﬁ202£m*l
h 1—“;2( DB+1) +p1(1—ﬂ2)( I'(a) +a+(1—p2)b)>.

Consequently, T (Q) is uniformly bounded
Since G1(# s) is continuous, it is uniformly continuous on (t,

$)e 0.6 % 0.€);
Hence, for any = > 0, there exists a constant

(1 — p2)l'(a)
2(Mopal®t +al'(a) + 1)

0<do; <

such thatici.s) - G < /e | for allt. b, s e 0. and 1y - 12 < 1.
Thus, foru e 2,1, t5 € [0,€), |ty —t2] < 6 we have

g
|T'u(t2) - T:u,(tl)‘ < M, f ‘G’l(tl,s) — G’l(tg,s)‘ ds
0

- T a—1
: ! (J[gpzf +n)|tl —ta| < e.
L—p2 I'(a)

Similarly, due to that G,(t, s) is continuous on[§, 1] x [§, 1], for above
mentioned ¢ > 0, there exists a constant 4, > 0 such that forz3, 2 4, 5 (£,
1], [t5 t4]< > wehave Tu(ts) Tu(ty) <.

Hence, T (Q) is equicontinuous on [0, §], (&, 1], respectively.

By Arzela—Ascoli theorem we know that operator T is a relative
compactness op- erator, and because operator T is a continuous operator,
it is a completely continuous operator.

Existence of the positive solutions

Denote
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. e (tou,v e t,u,v
fp =liminf  inf M gp = liminf  inf gt u,v) )
utv—=@te[f—79,8] U+ U ' utv—pte(f, 4] U+ U
: . (t,u,v . t u. v
f¥ =limsup sup 7'“ — ), ¢g¥ = limsup sup glt,u.v) ) .
utvoe tefog Ut utvrp te(g,1] WU

(1—71)(1 = p2)l'(a+1)
T2+ 2(a —1)pa + F(a + 1))

Mo — FB+DL =), A1-8L-m
" &)” (l )
1)(

2(1 — mE 1— Y
My Mypi&(1— ) I‘(ﬁ+
M:‘_mm{ 2 ’2(1—5)(1—c.1)}‘ BT )
(1—y)(a+1) N (L=l +1)

(1-¢-7)")

Ny(Ex = (€ —710)") L1 -9f -
N = max{yNy,7Na},

N, =

WhCI'C; = 0% or +00 and v = min{7yy,72}, 0 < 79 < min{r;, 2 }.
Theorem 1. Assume that M, > 0 and the following conditions hold:

O < My and ¢° < Mo;

(H1" )

. - -
]lD(-J > N 1 OF o > N 9.

H2' )

Then there exist constants ¢, &9 > 0 such that boundary value problem

(1) has at least one positive solution for the parameters a and b with 0 <
a<a0,0<b<b0

Proof. Because jg < M, there exists a constant r; > 0 such that /(% #,

v) < M(u+v) for any-coe. u + v (0, r;). Similarly, by ¢° < M, there is a

constant r; > 0 such that g(t, u, v) < My(# + v) for anyr e (c.1. w0 € 2.(0, 12).
Let

r = min ;—l %2 : O ={ueP: |ul|<r},

we Pnocanda = et = 260w+ 1. For anyue proa,, we have #u#

= 7. Wheno<a<a0<i<n., for anyuernoo, we haveo<uis tuisin <
21 < rq for s € [0, €], and
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17ulljo,e) = Tu(E)

€
<]\[1fG1 +uq+7'1))ds

0

3
£ ( M, ps / 2(
+ — s )+ u ‘3+T1))d8+(],-0
-1\ Tla-1
(1= p2)(1 —71) )

24 2(a—1)p2) + T(a+1)
(I =)L = p2)l'(a +1)

Mir =r = |ul.

Similarly,

u = Tu(er 2(1 — 5)511,12 (1 -1~ “;‘1)>r
1Tl e, T(£)<(U5+Uﬂ—7ﬂ+ )

In view of

2(1— &) M, =90
LB+ 1)(1—72)  p1&(l—2)

we have #Tu# 1) < r = #u#.

=1,

Then for anyu c Pnoe,, we get #Tu# < #u#.

If /.. > N, , there exists a constant R; > 0 such that /(2 #, v) > N;(u +
v)forany teic m.doutoc R too).

Let

R=—, (2 ={u € P:

u|| < R}.

Forue pnoa, we have #u# = R, and

inf  w(t) = Inf w(t) = ||lu , mf  w(t) > Inf w(t) = llu .
et u® > il u®) 2 nllulog, ol et) > nf () 2 el

Because #u# = max{#u#oy), #u# ) fort € (§—10,] # [0, £], thent
+7T] € +n-n.¢+nlc 1 and

u(t) +ult+71) = mf w(t) + inf w(t
() ( 1) te(E—70,8] () te(E+71—70, E+71] ()

= inf w(t)+ inf w(t) = vy||u 4ol
t€[0,£] (*) te(€,1] (t) rall ”[U-.ﬁ] 2| H(&,l]
2 (lulljo,g + lulle,) = ylull

So that
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u(t) +u(t+ 1) = vlu|| =vR =Ry, t€(&—T10, &

By Lemma 5 and (9) we can easily get that

4
Tu(0) = ynTul§) =27 / Gr(&s)f (s uls), u(s + 7)) ds

1 £
> Nim ] G1(¢ s)+u(s +m))ds = Ny R / G1(€, s)ds
§—7o £—To

_ (€ = (€= 0)%)

NR=R=|u.
0T iy = f=ll

Then foru e pnoo, we have |7u) > Jul.

According to Lemma 2, T has at least one fixed point inrn @\ ).

Similarly, if g.. >N, there is a constant R, > 0, which makes g(t, u, v)
>No(u +v) foranyt e (€. €+ molut v e R, +00).

Let

Ry = —=. 25 ={ue P: |jul| <R}

We have #u# = Ry for anyuec pnon, and foric@cinlc @, then

t—7mp € (§— 72, &— (12— 7)) C[0,€]

w(t) +u(t —712) = inf w(t)+ inf w(t) = y||u + Yo ||| e
(t) + u(t — 72) ot () it (t) = llulljoq + v2llullen
z v(llullo.g + lulle,1) = Alull

Thus

u(t) +u(t — 1) = v||ul| =vRo = Ra,  t € (& &+ 1),
and because

Tu(l) = yoTu(ET)
1 £+70
Y2 /Gg s u(s), u(s — 'TQ)) ds > NavevRy / Go(&, s)ds

3
(-9 - (1-¢- 7))
(l - 72)1“(’3’ + l)

NaRy = Ry = ||ul|,

then for anyu ¢ rn oo, we have 7 > ).

According to Lemma 2, T has at least one fixed point inrn@.\ ). which
implies tha boundary value problem (1) has at least one positive solution.

In particular, the following result holds by Theorem 1.
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Corollary 1. Assume that the following conditions hold: (H1" ) f0
= gO =

fO=4g"=0;

(H1")

foo — +00 OF oo — +0OQ.
(H2" )
Then there exist constants ag, by > 0 such that boundary value problem

(1) has at least one positive solution foro < a < 0 <5 <,
Theorem 2. Assume that the following conditions (H3) and (H4)
hold: (H3) f

[ < My and g*° < My:

(H3'" )

fn = ]\’Tl or go > ;"\"TQ.

(H4' )

Then there exist constants a0, b0 > 0 such that boundary value problem
(1) has at least one positive solution for o< a <ao0<b<b,

Proof. Due to £ < M3, then there exists a constantA; > 0 such that /17,
t, v) < M3(u + v) for anyte 0.6, u+ve o)

Let

D = {(t,u,v): t €[0,€], u>0, v>0}:=DyUDy,

Where Dy ={(t.u.v) € D: u+v <A}, Dy = {(t.u.v) € D: u+v> M}
Since fis bounded on D, then there is L 1 > 0, which makes |[f (2 #, v)|
<L, forany (t,u,v) # D, . Hence, for all (t, u, v) # D, we have

‘}‘(3‘ u, ’IJ)‘ < L1+ Ms(u+ v).

Similarly, because g™ < My, then there is a constant %, > 0 such that g(t,
u,v) <My(u+v)foranyt € (§, 1], u+v € [hy, +o0).
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Leth - {(tuv: u+v< el u=0.0>0, then there is Ly > 0 such tat |g(t, u, v)|
Sszorany(t u,v) € D. Then foranyt € [§, 1] and u, v € [0, +oo],
we have |g(t, u, v)| < L, + M4(u + v). Denote

26“(1 + (OJ — 1),02)L1
"Dla+ (1= y) (1= p2)

(1 —&)pag? I (1-¢)"° I ) }
G(m(l )T T TET D0 - 2 S
eIMzA TN

ey " Tlat+1)

A= ma.x{/\l, Az

Q24 ={u € P: |ul| <A},

For anyu &€ v e Pnoe, which implies 1.i-» Since

My Mip&(1 — 72)
2 21 =861 —)

’Hlen fOI‘n <a<apand 0 < b < by, we have

M3 = min

[ Tyul e, = Thu(ET)

1
1-¢
< c| M- G ds—l— '
( 2&/ 2 p1(1 — p2)(1 — o)

¢
M po / _9
——= [ s““ds+a 1— b
X(F(a—l) S s+ ap + ( p2)bo

p( 20-9"M, |, (1801 - fn))
LB+ =) p&(l—72)

== C.

and

[ Tyule.1) = Thu(ET)

1
1 =<
<c|l My | Go(&,s)ds + :
( ! ! pr(1— p2)(1—72)

¢
M pa / _9
—— = [ s““ds+a 1— b
X(F(a—l) S s+ ap + ( p2)bo

S 20-97M (-0 )
- '<F(ﬁ+ D7) " prE(— ) )

= C.
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Then for anyu e Pno2; ) < jul.

If /o> N, then there exists a constanty, > . > osuch that f(t,u,v)> N (u
+v)foranyi el . gutve©.m)

Let

ul| < pp, 0<p < %

Hence, for anyuc oo, we have || u || = . Itis similar to (10), for # #(£

~79, &/
=l < ut) +ult +71) < 2ull < o

— {u c P:

Then for anyu c o0,

3
Tu(0) =nTu(§) = N1y / G1(&. s)ds
§—To
_ 717v(€* — (€ — 70) )NW = 1 = ||ul|.

(1 =)+ 1)

Thus, for anyu € Pn0%s, there isjru > 1. According to Lemma 2,7 has at
least one fixed ponit in rn @\ 2).

Similarly, if gy > N>, there is a constant 2, > ¢ > 0 that makes g(t, u, v)
> N2 (u+v) for any re (¢ ¢+ nlusve (0.l

Let

26 = {u € P: |ju|| <7}, U<ﬂs§_§.

Then for anyu e Pnog;, we have #u# = p. Similar to (11), fort € (§, £
+ 7¢), we have

VR =l < ult) +ult = 72) < 2ull < po,

and for anyu e Pno,

1099



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, niim. 6, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

§+70
Tu(l) = 5Tu(eh) > N [ Galos)ds
3
o ((1 — EVP — (1 — € — B
o IZ;(( ‘E) . (, 5 Tﬂ) ):\72[_1=[_1= H“H
(1 =7)I(B+1)

Thus, for anyu e Pnoo, we have iz > jul.

According to Lemma 2, T has at least one fixed point inn (@,\ @), which
implies that boundary value problem (1) has at leas une positive solution.

In particular, the following result holds by Theorem 2.

Corollary 2. Assume that the following conditions hold:

f7 =97 =0

(H3' )

fo = oo or gy = +ox.
’ ’ (H4' )
Then there exist constants ag, by 2 0 such that boundary value problem
(1) has at least one positive solution for 0 < a <. 0<b <
Theorem 3. Assume f.. > N, holds. Then there exists a large enough
positive constant a;>0 such that boundary value problem (1) has no positive
solution for a>a,
Proof- If f.. > Ny, there exists a constant R > 0 such that for any t [§ 7,
£l,u+v[yR, +),wehave f(t,u,v) > Nj(u+ v). Assume that for any large

enough a > 0, boundary value problem (1) has a positive solution u = u(t)
Let

(1 =p2)(1 =m)R
En ’

ay > a > aj.

In fact, since

S /1a

(1 —p2)(1 —71)

u(0) = > R.

Hace
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From (10) of Theorem 1 we have for any

w(t) +u(t + 1) = v||ul| =
Hence

u(0) = yu(§)
£

> / G1(€.5)f (s.uls). uls + 1)) ds + (1- pf)q(ll )"

§—T7o
o (€ — (€~ 70)%)
T (1-I(a+1)

Emn a
(1=p2)(L =)

Nyljul| + 1 2 ||u|| + R.

SO |lu| > |lu| + &, which is a contradiction. Thus, there exists a constant a;
> 0 such that the boundary value problem (1) has no positive ssolution
fora>a,

Theorem 4. Assume g.. > N> holds. Then there exist large enough positive
constants az by > 0 such that boundary value problem (1) has no positive
solution fora > as b > b, .

Proof. Similarly, if g.. > N, there exists a constant Ry > 0 such that for
any( ¢ + ol v i v € b o)., we have g(t, u, v) > No(u + v). Assume that for any
large enough a > 0, b > 0, the boundary value problem (1) has a positive
solution u = u(t).

Let

(1 - Pz)(l - ’}’z)ﬂan
(1 =97 'A

as + (1 — pa)by > a > as, b > by.

Since Tu = u, we have

(1 —&2((az + (1 — p2)b1)
p1(1 —p2)(1 —2)
Hence, #u# > Ry. Since for any ¢ # (&, £ + 75/,

u(t) +u(t —m) =7~

Then

’U;(l) = > Ry.

u | | ; "}"R{] .
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u(l) = you(Eh)

E+T0
/ . (1—5)’7’2 B
>vz!Gz<s, s u(s), u(s = 7)) ds 4 S (o (1-pa)h)
pU0=9" —(1=¢=m)) A=
> ety el Sy e ()
= ||lull + Ro.

Sou| > u| + & 9, which is a contradiction. Thus, there exist constants 5,
b; > 0 such that the boundary value problem (1) has no positive solution
fora>as b > b

Multiplicity of the positive solutions

In this section, we consider the multiplicity of solutions for boundary
value problem (1) by using Lemma 3.

LetP. = wep Jui<c. Define a nonnegative continuous concave
functional w : P [0, 100) by w(u) = ifiefe_r, ery ult). Obviously,«( < |ulfor
ANy v e P. Set Pw,q.¢) = {u € P: g < (), Jull < )

Theorem S. Suppose there are three constants d, q, c with 0 < d < g < ¢,
where min{Mc, Mo} = Nq > 0, and the following hypotheses hold:

[t u,v) < Myd for (t, u, 1,) € [0, x [0,d] x [0,d]; g(t,u,v) < Msd for
(t,u,0) € [€, 1] x [0, d] x [0, dJ; (H5)

ft,u,v) > Nqfor (t,u,v) € [ —70,&] X [q,¢] x [0,¢]; g(t,u,v) > Nq for
(t,u,v) € (§,€+ 0] x [g.¢] x [0, s (H6)

Jtou,v) < Mie, g(t,u,v) < Mac for (Lu,v) € [0,€] x [0,¢] x [0,¢];
g(t,u,v) < Mac for (t,u,v) € [£,1] x [0,¢] x [0, ¢]. (H7)

Then there exist constants ¢, &9 > 0 such that boundary value problem
(1) has at least three positive solutions #;, #5, #3 on P foro <a<a.0<b<b
,where #u,# < d, w(u) > q, #us# > d, w(uz) < q.

Proof.First of all, for any. c 7.. we haveo < a < o, 0 < b < b Leta = e1are

Define a operatorz; : . - Py

¢
- p2(1”;1 +t)

( Ry fo s f(s,u(s), u(s + 1)) ds +a), te0.&,

i

(s,
f Ga(t, s) (s,u(s),u(s — 7)) ds — m“fﬂ; +1)
><( o) f(fn 2f(s,u(s),u(s + 7)) ds +a+ (1 —p2)b), te(&1].

f Gq(t, s) (s,u(s),u(s+m))ds+

Tyu(t) =
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Thenu=u(t)is a solution of (1) if and only ifuis a fixed point of the
operatorT'lonPc. By (H5S)

IT1ulljo,e) = Tru(€)

§ 3

13 paMic /
g T ,s)ds - 1. [
'/01(5,5)(5‘*'(1_02)(1_’)1 0_1 (9+(10

0 0
" ro 5@(2+2(()f—1)/)2+f(a+1)) B
<..\I1c.,( 0= (0= p)T @t 1) ) =c

Since min {M ¢, M>c}>Ng >0, then M;>0

2(1 — )7 M, . (1—6)(1—m)
LB+ 1)(1—2) p1&(1 —2)

and

[Ty ullg1) = Tlu(fﬂ

1-¢
< c| M- Go(&, s)ds +
( ’ / 2 T 0= ) (1 7)

£
—=— [ s“"“ds+a 1 —po)b
X(F(a—l) 5 ds + ag + (1 — p2)bg

(20 —o'My, (161 —m)) .
< J(F(ﬁ—l— 1)(1 —2) N p1€(1 —72) o

He, we have ) <., which impliesr, . 7. - 7..

Similarly, by (H5), we canget that || T1u || < dforu€Pd. Therefore,
the condition(ii) in Lemma 3 is satisfied.

Select u(t) = (¢+¢)/2.0 < t < 1. Obviously, ( )=(q+c¢c)/2 € P(w,q,c)
and () = infiee nern u(®) = (04 )/2 > g.then {u € Plw.g.0) w(w) >} #0. Foranyu € P(w,
9 c), we can get that u(t) > qfort € [§— o, 2 + 7o) and 0 6 u(t) 6 c for t
€ [0, 1]. By Lemma 5, we can easily get that T1u is monotone increasing
on [0,£] and T u is monotone decreasing on (§, 1]. From (H6), we get f{t,
u,v) >Ng,t € [§-170,£] and g(t, u,v) > Nq, t € (&, & 1]

Hence
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inf Tlu(t) = Tl?l,(_f + T()) 2 Tlu(l) = A,’QT1?.L(€+)

te(£.64+710)

E+T10

> 72 /G2(§=5)qus
'5

. B ,[5_ . Je]
> 2y ((1—¢€) (1 £ —10) )qu:q.
(I —y)'(B+1)
and

inf  Tyu(t) = Tyu(€ — 1) = Thu(0) = 1 Tiu(é)
tE[&—TQ,E]
S

> 71 /01(5 s)Nqds
5;7'0

Y1y(E* = (£ —710)7)
o (1 =)l (a+1)

Therefore, foru € P(w, g, ¢), we have w(Tju(t)) > q. Hence, condition
(i) in Lemma 3 holds.
Due to Lemma 3 involves paramaters d, q, ¢, r with 0o < ¢ < 4 < <r. Let
c = r, then by condition (i) in Lemma 3 it is clearly that foru € P(w, q,
c) andjrul > =, we have w(T u) > q
Therefore, condition (iii) in Lemma 3 also satisfied. Then Lemma 3
implies that the boundary value problem (1) has at least three solutions

Nig=gq,

ug, Uy, U3 on Pcand ) < 4. w(wa) > g usl > d.w(us) < a.
Illustration

In order to illustrate the applicability of our main results, the following
boundary value problem is considered in this section.
Example 1. For the following boundary value problem

cp3/2 u(t) +

/87

(el
(-

()

)

wjse D} M)

(’u () +u

(® )7 ))
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we can establish the following results:

(i) If e € [0,0.019191],5 < [0,0.028873], then boundary value problem
(12) has at least one positive solution.

(ii) Ifa e (2.46995 108, 400 ), ve (2.22295 107, + ), then boundary
value problem (12) has no positive solutions.

Proof. Boundary value problem (12) can be regarded as boundary value
problem (1), wherea =3/2, 8=7/4é=7/8 p1=2,p2=0,y1=y.=1/2,
71=3/5,12=1/3,f(t u,v) = (u+v)(1/100) sin t + (u + v) cos t and g(t,
w,v)=(u+v)((1/4)cost + (u+v) sint).

Let 7y = 1/4 < min{r;, 72}, we can easily obtain that M1 ~ 0.811256,
M2=~0.218239 >0, N, = 13.8342 and N2 =~ 12.7312, {0 = 0.00382783
<MI, g0~ 0.23097 < M>and go. = +o0 > N2

Then there exist constants r; = 0.151, r, = 0.234, r = min{r;/2, r,/2}
= 0.0755, RO = 7.5 x 106, It is easy to get that a0 = (§ a—1M1r)/2 =
0.019191,b0 = (£* "M },)/T (e + 1) = 0.028873, a; = 2.46995 x 106 and
b, =2.22295 x 107 .

(i) According to Theorem 1, if a € [0, a0] and b € [0, b0], then
boundary value problem (12) has at least one positive solution.

(ii) According to Theorem 4, if a € (ay, +o0) and b € (by, +0), then
boundary value problem (12) has no positive solutions.
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