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Mathematics, , Rumania

Abstract: The present paper is devoted to the problem of stabilization of the one-
dimensional semilinear heat equation with nonlocal initial conditions. The control is
with boundary actuation. It is linear, of finite-dimensional structure, given in an explicit
form. It allows to write the corresponding solution of the closed-loop equation in a mild
formulation via a kernel, then to apply a fixed point argument in a convenient space

Keywords: exponential stabilization, parabolic equations, nonlocal initial conditions,
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Introduction

Here we are interested in the following equation:

dw(t,x) = ppw(t, ) + [alx) + b(t)|w(t, x)
+ c(t,r)w" (t,x), te(0,00), x € (0,1),
w(t,0) = u,(t), w(t,1)=0, t=>0,

oo

w(0,z) = ch’w(th:ﬂ), z € (0,1).

k=1 (1)

Above, 4, b, c are continuous functions, where, for ¢, there exist C, m
> 0 such that

|(_f(t, :L')| < Cut™ Yt >0, xel0,1].
2)
The increasing set 0 < £; < £, < - -+ < f < - - - satisfles # > oo when £

> oo; ck are real numbers, ¢, 20,6 = 1,2, ..
0 for which

., such that there exists g >
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OO

—qt
e TF|ex| < oo,
k= ®)

Here 7 > 1. We assume that the initial data.(0, ) is square integrable
on (0, 1). Finally, #,, is a boundary actuator

Parabolic problems with nonlocal initial conditions, as (1), appear
in the modelling of concrete problems such as heat conduction and in
thermoelasticity. For example, if there is too little gas at the initial time,
then the measurement.(0, x) of the amount of the gas in this instant
may be less precise than the measurement (0, x) 1 5, ot of the sum
of the amounts of this gas (for details, see [4]). They can be as well used
for modelling certain physical measurements performed repeatedly by
the devices having relaxation time comparable to the delay between the
measurements. Particular cases of the set{u}.cover many well-known
physical phenomena such as: problems with periodic conditions #(0)
= u(t;), problems with Bitsadze—Samarskii conditionsu()+ejutt) — cult),
regularized backward problems, etc. (for more details, see [11] and the
references therein).

In this work, we address the problem of asymptotic exponential
stabilization of (1). More precisely, we look for a control w. given in a
feedback form, i.e., u.(t) = w.@w(), such that once inserted into equation (1)
it yields that the corresponding solution of the closed-loop equation (1)
satisfies the exponential decay

w?(t,z)de < Ce™ "Vt >0

0

for a constant C > 0 and arbitrarily large p The problem of exponential
stability associ- ated to (1), i.e., whether the solution of the uncontrolled
equation (1) ( 0) satisfies an exponential decay as above, has been
addressed in many works, see, for example, [2,4,9]. There it is shown
that, under some appropriate conditions on the coefficients, the solution
decays exponentially fast at infinity. In our case, since we let free the
coeficients 4, b, ¢ in (1), it is clear that one cannot expect such an
exponential decay to hold true. In fact, we do not even know whether
equation (1) has solutions at all. But if it has, the blow- up phenomenon
may occur (see [6]). Equation (1) is in connection with the stabilization
to states for the semilinear heat equation with nonlocal initial conditions.
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We stress that the time dependency of the linear governing operator
is related to nonstationary states. In other words, we include in our
study the case of stabilization to trajectories for the semilinear heat
equation. The ideas in this paper rely on the controller design technique
developed in [7]. There is an explicit feedback form control designed for
stabilizing parabolic-type equations. Its simple form allows us to write the
corresponding solution of the closed-loop equation in a mild formulation
via a kernel similar to the heat kernel. In this way the solution becomes
a fixed point of a nonlinear map. Then, applying a fixed point argument,
in a convenient space, we prove simultaneously the well-posedness of the

equation and the exponential decay of the solution not only in the L’

norm, but also in the A’ -norm.
Let s > max,c 0 b)) then we have

i

1 -
" b(s)ds| <o Vt>D0.

0 4@
In (1), let us perform the transformation

m—+q+1/4

y(t,x) = o Jo Z’(‘g)(lercyt'fif’(tr r), =0+ n—1

Recall that 7z > 1. We equivalently express (1) in terms of . as
y(t,x) = Opry(t,x) + alz)y(t, z) + ay(t, )

+c(t,x)y" (t,x), te(0,00), xe€(0,1),
y(t,0) =uy(t),  y(t,1) =0,

oo
y(0,2) = Zéky(tk: x), x€(0,1).
h=1 (5)
Her
f(f« .L') — C[f”f b(s)dsf(xt](nfl)(:(t’ .’I,'), “g(t) — e f(f b(s)ds%»ut“w(t)
And
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kb(s)ds—
H(s) ds—at _ *
Cp. 1= Of” ) ke, ke N7,
Let us notice that, in virtue of relations (4) and (2), we have

|€(f .‘IJ)| < C(.C<?'1’ f() b(s ds —d(n—1)—m—q— 1/4)tfm'
< O( C{n f” b(s ds—ét]f—m *mte—qtc—t/él
< Ct™ V% V>0, 2 c(0.1), ©

by using the obvious inequality (which will be frequently used below
as well)

e MLt Y u > 0.

Besides this, by (3) it is clearly seen that the series

oo

00
Z |Fk:| < Z Qf(fk b(.‘s)(ifs—ﬁtkc—r;tk ‘ck’| < 0.

k=1 k=1

We set

1
LP(0,1) = {f :(0,1) — R: /|f(:f:)|pd:,r: < oo}T p> 1
0

For the particular case p = 2, we denote by 11 and byt.ithe standard

norm and scalar product in L2 (0, 1), respectively. While forp # 2, we
denote

1 1/p

”f”p = |f(f)

p‘
dax

which is a norm in 77
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Below, we denote by y” the derivative with respect tox, i.e., y * (x) = (d/
dx)y(x). Let us denote

Ay = —y" —a(x)y —ay Yy c H?(0,1)N Hy(0,1).

Here Hr (0, 1), <, stand for the standard Sobolev spaces on (0, 1),
while H1 0 (0, 1) restricts to null trace functions. We recall that, via the
Poincaré inequality, we have that the norm kd/dx - k is an equivalent
norm in H; (0, 1)

In this work, our results rely on the special properties of the spectrum
of the operator A. This is related to the Sturm-Liouville theory. In
virtue of the results in [1, Sect. 2.4.1], considered for the particular case:
definition interval (0, 1), function p = I, r(x) = a(x)+a, constants 2,
=B, =1 and a> = > = 0, we have that A is self-adjoint and has a
countable set of simple real eigenvaluesiz... with the corresponding
eigenfunctions ... Moreover, the eigenvalues can be arranged as an
increasing sequence with 2; > oo, and the eigenfunctions set forms an

orthonormal basis in L? (0, 1). Since 14 > o when k > oo, we see
that for N € N large enough, 2; > 0 for all k > N. Besides this,
by [12, Thm. 4.3.1 (7)] considered for the particular case: definition
interval ©.1.p 175~ a0 aw-1a-(pames- 29, , we have that the eigenvalues

of A satisfy lim /., lj/jz = const. Hence, we have

OO

1
— < OQ.

£\,
j=N -

(7)

The energy space H 4of a positive definite self-adjoint operatora: )
L*(0,1)>L* (0,1)is a Hilbert space defined by introducing the inner
product (f,g) a:= (Af, g) and the energy norm .- vi7.77. The
resulting space is then completedby including all limit elements.
Moreover, the eigenfunctions system ofAform a com-plete system in
L* (0,1)andHA. For details, see, e.g, [3]. It is clear that for { >0
sufficiently large, the operator A + ¢7 (7 (Ibeing the identity operator) is
self-adjoint andpositive definite. Thus, operator A=A+ (I introduces
an energy space,HA, whichis in fact the spaces;(0,1). The eigenvalues
set of A+{I istw + 0., while the corresponding eigenfunctions are the
same as ofA, namely(s.},.... Moreover, invirtue of the results in [3], the
set{ dk}k EN#is complete inH10(0,1), and there exists ¢ - o such that
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00 1/2
HfHH(g(n 1) S Z (Ax + O)(f, pk)z] VfeD(A).
k=1 (8)
Recall that l]- > oo when j > co. So, we assume that N is large enough
such that

>( Vyj =N+ 1.
9)

It is easy to see that the fundamental solution associated to —4, namely

d
—z(1) = —Az, Z(

can be written as

2(tx) = [ ety (a)p(€)z20(€) e,

and, by [10], we know that

o0

Ze J(,,J()<C— vVt >0, z € (0,1),
j=1 Vi

for some positive constant C.
Construction of the stabilizer and the main result

We will apply the control design technique described in [7, Chap. 2].
The first idea is to lift the boundary control . into the equations via
the Dirichlet map defined as (see [7, Eq. (2.16)]): fors ¢ Randy >0 large

enough, we denote byp, s - -the solution to the equation
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A@—ZZAk Lo £z =0 in(0,1),

2(0)=p and z(1)=0. "

Notice that y > 0 sufficiently large guarantees the unique existence of
such solution z. The dual of D,, see [7,Eq. (2.17)] and [7, Ex. 2.4], depends
on, which, in our case, is given bysa - w0.i= 1,2, ...

Let

AN <71 < Yo < - <N,

N are the constants sufficiently large such that for each of them, the
corresponding equa- tion (11) has a unique solution Dy, k=1,2,...,
N . Then, following the notations in [7, Egs. (2.20)-(2.26)], we denote
by B the Gram matrix

(“:91(0> 0! (0))1‘:’? IS,

and multiply it on both sides by

B :=

1 1 1
A ‘::diag( , ,...,7) k=1,2,...,N,
o Yo — A Yk — Ao Ve — AN

to define

By :=A,BA,, k=1

Then we introduce the matrix

A= (Bl+" +BN)

and set the following feedback forms:

(14)
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ur(y) = (A A 21) s (g 22)e - (o on)) s (£400), 25(0) - @y (0)) ) -

Finally, we introduce #. as

uy(y) := —[wr(y) +u2(y) + - +un(y)].

Heret.) n stands for the Euclidean scalar product inx* For more details
on the construction of u, one can see [7, Ex. 2.5]. Next, we plug this
feedback into equation (5) and argue similarly as in [7, Eqs. (2.27)-
(2.29)] in order to equivalently rewrite (5) as an internal-type control
problem as follows

Ory(t) = =Ay(t) + > (A+7i)Dyus(y(t))

M-

—ZZ)\ (D.,ui(y(1). 5 )p; +ct)y™(t), t>0;

Following the ideas in [7, Lemma 7.1], we may arrive to the following
result related to the linear operator that governs equation (15).
Lemma 1. The solution z of

N
0r2(t) = —Az(t) + > (A+7:)Dyui (2(1))

=1

—2 Z i Dyui(2(t),¢5)9;. t>0:

t,7=1
z(0) = zg (15)

can be written in a mild formulation as

Dal
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where the kernel

p(ta s E) = pl(ta L, 5) +p2(tv Ly 6) + pS(ta 'Tzlé))

Sforit=0.2¢c (0,1) Here

Z Z(Jﬂ SOJ ) |pi(§),

pl(ta €T, &-) :

pQ(tamré) — Z C_)\it(p‘i(m)(ta&'(é)a
1=N+1

and

po(t,, ) :z( S >)m>.

1=1 j=N+1

The quantities q;; (t) and «(t), involved in the definition of p, obey the
estimates. for some C. > 0 depending on N,

< Cpe” Mt V=0

(17)

it

forallij=1,2,..., Nandj=N+1,N+2

- 1
()] < Cy
O] < o 5

e~ 1t >0

0o N 2y1/2
{ Z )\J' [Z“’f(t)@n,wﬁl } < Ce Mt sup |<Zo,991>| Yt > 0.

j=N+1 i=1 le{1,2,...,N}
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Relying on the key lemma abiove , we rewrite (5) in a mild formulation
as

1

1 ¢
y(t,x) = /p(t,m,é)y(U,é) dg + / /p(t— s.x,§)e(s, §)y" (s,§) dE ds,
0 00 (20)

where p is defined in (16). We aim to express, in (20), the nonlocal
initial condition inherited from equation (5). To this end, we denote by«

the following integral operator

K2 L2(0,1) = L2(0,1):

(Kyo)(x) =) & /p(fzﬂ z,§)yo(§) dS.
0

We claim that the operator I - « is invertible. To show this, we apply the
resultin [5, Thm. 1.1]. The main ingredient we will use is the exponential
decay of the kernel p. In the spirit of [5], let us denote

Then we show that

/ i (E)]dE <1 Vj e N,

Indeed, taking into account the particular form of K, we have

1

/ sup | K (z, ds—/ sup Z«k\pl to 2, €) + po (e, ,€) + pa(t, ©.6)| A€

) x€l0,1] =€[0,

1 fo'e} N

/ sup Z Z (un th)pj(a ))%(f) dé
IG[U 13 ) i=1 \ j=1

+/ sup Z Z e Mo (2)pi(€)] g

J w0 |iZn
1 co N co

+/ sup Z|f=k| Z( z w? (fk)%( )) (€)]d&.

z€[0,1] ;7 i=1 \j=N+1

Making use of the uniform bound of the eigenfunction system, the fact
that
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/M(ﬁ)\ dé¢ <1 Vj e N*,

together with relations (17)-(18), it yields from above that

1

/ sup ‘I( ‘df

) z€[0,1]

(e.@]

e ')’ltk_|_ E e tk)\z_|_ E C —Y1tk ’

k=1 i=N+1 j= N+1 i =l

where C;>0is some constant. We bound the RHS of the above relation
by taking intoaccount that

Ng”

> <1\ & /1Y 1 e
TheNe < — -
> o=y (&) <X (a) “wwm

i=N+1 i=N+1 i=N

1
— Nty
<e <1+ o _1)

because s, » ~when: + ~andNis large enough; and by taking into
account that,due to (7), we havesy ./ -l is a convergent series. It yields

that

! o0

/ sup | K (z,&)]d¢ <Gy Z G

J xze0,1] i

0
oo

< Cs (C*’ntl + C*Ntl)

k=1 (21)

Clearly seen, for y;, N large enough, the above quantity can be made
arbitrary small
We go on following [5] and introduce the quantities
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1
Moo (Vi) /Wi (&) d&,

0

w—(&) = sup ‘K(:c,g)|, wy(§) = sup }A(Iﬁ)‘
0<E<a<l 0<r<e<t

It is easy to see that with similar arguments we used to obtain (21),
based on the uniform bounds of the eigenfunction system, by takingy;, N
sufficiently large, we may assume that M..(7,) are small enough such that

(M= (V) 1) (eM(V2) 1) < 1.

Thus, relation [5, Eq. (1.7)] (or, equivalently, [5, Eq. (1.5)]) is satisfied.
Consequently, we are in power to apply the result in [5, Thm. 1.1], and
we deduce that the operator I- # is invertible with bounded inverse.

Now, returning to (20), we express the nonlocal initial condition as

y(t, z)
iq p(t, 2, (I — K)~ [ Pty — s, B,m)c(s. n)y” (s,n) dnds| () dS

Thus, existence of a solution . is equivalent with the fact that the map

G, defined as

Gyt Zq / plt.a, )L — K) ™ (Fy)(tn) dé + (Fy)(1),

has a fixed point. Here

t 1
(-FU)U) = p(t -5, T, g)fu(s' g)yn(s: 5) dé' ds.
/!
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In the next section, we aim to prove the main result of the present work
stated below.

Theorem 1. Let r > 0 sufficiently small. Then there exists a unique fixed
pointy # B, (0) of the map G : Y Y, where B,(0) is the ball centered at

the origin of radius » of the space

Y- {y € ([0, 00), HL(0,1)):

[yly 1= sup [N |y(0)]| + N/ |y )] < oo},
>0

In particular, once we plug the feedback controller

N
Uy (1) = — Z (A, A((w(t). 1), (w(t), pa). ..., (w(t), {,’JN))T,

into equation

drw(t, x) = Oppw(t, ) + a(x)w(t, z) + b(t)w(t, x)
+c(t, x)w™(t,x), te(0,00), z€(0,1),

fu;(tg(]) = ?LH,,(I.L.)? ?U(t, 1)=0, t>0,

o0

w(0, ) = chu;(t;{,x): r e (0,1),

k—1

it yields that its unique solution is exponentially decaying in the H.-norm.
Here 11, are given im (12)-(14). while ok = 1.2 .,N, are the firs N
eigenfuncions of the operator A.

Note that, due to the linearity of the control . and the definition of the
transformation w -y, we have

y(1,0) = u,(t) isequivalent with w(t,0) = wu,(1).

Proof of the Theorem 1
It is clear that for all .» ¢ ¥. we have

eNt”?j(f)H SIny and e(ﬂ*l)NtHyf(t)Hn—l

<tV Ve 0.

We need to estimate thely-norm of Gy. So, in particular, we need to

estimate the |-|Y - norm ofx, fory <. We begin with the L* -norm ofx,.
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We aim to use the Parseval’s identity. In order to do this, based on the
kernel’s form (16), we conveniently rewrite the term »y as

t
Fylt) = / [FL(y(s)) + Fa(u(s)) + Fs(y(s))] ds,
0
Where
N 1
Fi(y)(t, s, x) Z [qu (t—s / s, )y (s ,5)9:7;(5)(1519:]-(.77),
j=1Li= 0
Foly)(t, s, x) = Z e/\j(tS)]E(S.-f)?/n("”:f)@j(‘f) df] i,ﬁj(.’])),
J=N+1 L 0
F)tsx)i= 3 | 3 wi(t—s) [ é(s.)y" (5, €)il©) da] 25(2).
j=N+1 Li=1 0

We will use the well-known Sobolev embedding
H'(0,1) Cc L(0,1) Vp>1

and the fact thatjvu | is an equivalent norm inz (0, 1)

Below,c will stand for different constants that may change from line
to line, however, we keep denote them byc for the ease of notations. It
follows via the Parseval’s identity and the fact that the eigenfunctions are
uniformly bounded and relation (6) that}

N N 1 25 1/2
17 ()]| = {Z [Zqﬂ(t —s) / é(5.O)y" (5. ) il€) dE] }

j=1 L i=1 9
1

czmm—slﬂﬂwgy@mwa.

1,7=1 '0

Involving relation (17) and the Schwarz’s inequality, it yields

|7l < Cem =25 ()l )5,

:Ce—nNte(—f}fl—i—nN—f—l/al)(t—s)e (t S)/4S_1/4

XeNsHU(S)He(n NSH,U( Hg(n
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where using the Sobolev embedding, we deduce that
||]:1 (y) ” < Ce—nNte(—”)’1+nN+1/4)(t—s)e—(t—s)/éts—l/AleNsHy(s) ”
v e(n—l)Ns”yr(S)H”*l‘

It follows by (22) and the fact that —.. + 2N + 1.4 < 0 for .. large enough
that

) —Nt N—1/4 —1/4 —1/2 n
[FL()|| < Ce™ N (1 — ) As™H A2 )y,
_ Oe—Nt t— g —1X4S—3f4 2 n
forall;;.q;n.
Again involving Parseval’s identity, we get
00 1 2y 1/2
||f2<y>—{ > [e*ﬂ'(“) / e(s,fs)y“<s,£>ma>da} }
J=N+1 0
- 1 24 1/2
e”Nt{ Z [e(’\f"NWS)e”N"”/5(8,5)?/”(8,5)%(5)(16] }
=N+ a
00 1
<eNt{ Z [/(e(AjnN)(tS)eNgy(S,f)t;ﬁj(f))
J=N+1 175
25 1/2
% (&(l‘;’g)e(n1)N(9g1n1<sff))(1£:| } . (24)
(24)

In virtue of Schwarz’s inequality, we obtain

w 1L
||]:2(,7}) “ < CeNt{ Z 872()”.7nN)(t75)'\,D§(g)EEQNSyQ(s, 6) d¢
J=N+1G
1 1/2
x [ (s, 6)ePn TIN5, ) da}
0
1 o0
_ CeNt{ [ Z eZ(AjZN)(ts)@?(E)] estyz(Sjg) e
0 Li=N+1
1

1/2
x ]52(85f)eQ(n—l)NSyZ(n—l) (S, E) dE} )

0

Then, making use of (10), we get
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Hfz 3} || —Nt /(f —-1/2 2N€U2(S )dE

1/2
x / (5, )2 DN 5, ) dg
0 (26

Taking advantage of (6) and the Sobolev embedding, we arrive at

Hfz(y)H < Ce Ny _()71/4871/463\?};”. ”ew 1NqH? ”n*l
< Ce Nt —s) VAT 4yn Vo< s <t
in virtue of relation (22).
Next,
- N 1 2y 1/2
Hm;)u—{ 3 [wa(f—s) [ ﬁ(s,@y”(s,a)cpi(@ds] }
j=N+1 Li=1 0
o0 1 e
<o 32 ) el
j=N+1 179 (28)

by taking into account relations (6), (18) and the uniform
boundedness of the eigenfunc- tions. Recalling relation (7), we see that
the above series converge. Thus,

[Fs(y)]| < Ce Nt o(=714nN+1/4)(t—s)

—(t—s)/éls—l/éleNs”J

! (9)He(nfl)NS”yf(S)Hn—l

X e
—Nt N—1/4 —3/4( n )
< Ce Nt — g) 773 lyly VO <s <t
where we used relation (22) and the fact that »»vivs<oern large

enough.
Hence, it follows by (23)—(29) that
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t
IFw) ()] < Ce! / ST~ 5) T ds [yl
0
13
— Nt 1n

(30)

where B(x, y) is the classical beta function.
By the exponential semigroup property we have that

1
H /'P(t: » E)yo(§) d€ ‘ < Ce ™ yoll Vyo € L(0,1).

Consequently, we have

1

> [ a0 = K0 F0)
k=1

0

<Ol |1 = B)H|[Fu) )|
k=1

We know by [5] that (/- & )~" is bounded, so, it follows from above
together with (30) that

LY FIBOITE SRIENI

. 13\, ..
<CZ‘CI@|Q NtB(lz)?JJ}-
k=1

n (31)
We go on with the estimates in the H! -norm. We have, in virtue of
(8), that
N N 1 2 1/2
1(F )| < (‘{ > A+ [Z%‘j(f —s) fﬁ(s.ﬁ)y”(safm(&) dE] }
j=1 i=1 0

<max{y/A; +¢ j=1.2,...,N}
N [ N L 2y 1/2
x {Z [Z%’(f — ) /5(5:5)?/”(57S)scq:(f)dﬁ} } . (32)

=1 Li=1 o (32)

Involving relation (17), the Schwarz’s inequality, and the Sobolev
embedding, we obtain
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(Y] < eyl )

_ (we—nNt (—71—}—nN—}—S/él}(t—s}e—{3/4}(15—5)8—1/4

NQHU( ”e(n—l)NsHy:(S)”'nflo
Then by (22) and the fact that + + n 1 31 <050, ]arge enough, we see that
[ (Fi(w)) || Ce Nt — ) ™3/4s73/4 1% Y0 < s < L.

Next,

1 25 1/2
[(Fa(v)) { Z (A +¢) lA i (= / (8«é)y”(&f)%(f)dé] }

j=N+1 0

— (t o S)1/2{ i l(f o 8)1/2()\j + C)l/izeff\j(tfs)
j=N+1
1

2y 1/2
><'/6(3,5)11/”(3,£)apj(§)d£] } .

0

Then, using the obvious inequality

(1= 5)(\; + )] * < et Q=22

(35)

we arrive at
[(F(m)'|| < (t —5)7Y/2
3 h 2y 1/2
X{ 2 [e_w_“(““”z / 5(3«,5)?/n(8,-f)%9j(5)(1€] } |
0

J=N+1
Arguing as in (24)-(27), we get
[(F2)) | < Ot = s) 7 2e Nt — )7y,
= Ce N1 — 19)_3/45_3/4|y@ VO < s S

Finally, recalling relation (9)
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1

. N 24 1/2
o lef 3= 00| Suten fanareonom] |
J=N+1 L 0
- N 1 2y 1/2
gé{ Z 2Xj wa(t—s)/&(s,f)y”(s,ﬁ)wi(f) df} } . (38)
J=N+1 i=1 o (38)

Then, in virtue of (19) and arguing like before, we have

[(Fs() || < Ce =) sup [(&ls, )y (s.7),1()))]

1=1,2,....N
—Nt —3/4 _—3/4
< Ce Nt —s) T334 y|L V0 < s <(bo)
Therefore, (32)-(39) imply that
t

[(Fe )] < ce™ / (t =)™ ds Jy[3

0

1/ 11

(40)

Heading towards the end of the proof, we note that

00 1 1/2

‘ 0 N\
Nt,;1/2 P, _
/e t / (—ax(t,.x,g)) d& dt < o0,
0

0

since the presence of the lj in the infinite summation is controlled as in

(35) by the presence of # . Consequently, via the semigroup property,
we deduce that

1
9 NP1/
St €) de|| < Cem N2y

0

So, arguing as in (31) and using (40), we arrive at
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l 1
Nf —1/2 n

H[ > /p SO - K)” (]:U)(fk)]
k=1 (41)

0

Now, gathering together relations (30), (31), (40), (41) and observing
that the beta functions .(1/4, 3/4), (1/4, 1/4) are finite, we obtain that

yly Yyely |

1Gyly

for some positive constant ..
Similar computations lead to

|g?jl —

Next, we sets.o: {ye¥: yly <rb.r >0 In virtue of (42) and (43), we get
that fory ¢ 5,(0), |gyly < o <+ for r sufficiently small. Hence,¢ maps the
ball B, (0) into itself. Then for u.u: < 5,(0)., we have [6u - Guly < ncr iy

< }Ul ?J§’|y V1. y2 E%-

withncr 1 < 1 for r sufficiently small. Thus, ¢ is a contraction on B, (0).
We conclude by the contraction mapping theorem that G has a unique
fixed pointin B, (0) when r is sufficiently small. This implies that equation
(15) has a unique solution, which satisfies

|-y|y < r < oo.

Returning to the transformations +w the conclusion of the theorem
follows imme- diately.

Conclusions

Here we discussed about the semilinear heat equation on the rod with
polynomial non- linearity and with nonlocal initial conditions. We
addressed the problem of boundary exponential stabilization, but in the
same time, we showed the well-posedness of the model since there was no
result guaranteeing the existence of solutions. The exponential decay is of
order «, where N is some natural number standing for the dimension of
the controller. Itis clear that taking N large enough, the exponential decay
can be made arbitrarily fast, but with large dimension of the controller.
We stress that, instead of the nonlinearity wn, one can consider the
term wo.w, and with slight adjustments the proof is similar. It remains
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as an open problem the multidimensional space case. In this case the
problem comes from the estimates of the eigenfunction system and for
the fundamental solution (10), which are not as good as in the one-
dimensional case. For the two-dimensional case, one can argue for cubic
nonlinearities as in [8].
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