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Articles

Hidden maximal monotonicity in
evolutionary variational-hemivariational
inequalities®

Emilio Vilchesa emilio.vilches@uoh.cl
Universidad de O’Higgins, Chile
Shengda Zengbl 1 shdzeng@hotmail.com

Jagiellonian University in Krakow, China

Abstract: In this paper, we propose a new methodology to study evolutionary
variational-hemivariational inequalities based on the theory of evolution equations
governed by maximal monotone operators. More precisely, the proposed approach,
based on a hidden maximal monotonicity, is used to explore the well-posedness for a class
of evolutionary variational-hemivariational inequalities involving history-dependent
operators and related problems with periodic and antiperiodic boundary conditions.
The applicability of our theoretical results is illustrated through applications to a
fractional evolution inclusion and a dynamic semipermeability problem.

Keywords: evolutionary variational-hemivariational inequality, history-dependent
operator, Clarke subdifferential, fractional evolution inclusion, semipermeability

problem.
Introduction

Variational and hemivariational inequalities serve as theoretical
models for various problems arising in mechanics, physics, and
engineering sciences. The representative literatures in the field include
[1,4,10,11,13-15,17-19, 21,23,24]. On the one hand, the theory of
variational inequalities uses monotonicity and convexity as its main
tools, including the properties of the subdifferential of a convex function
and maximal monotone operators. On the other hand, the theory of
hemivariational inequalities is based on the features of the subdifferential
in the sense of Clarke defined for locally Lipschitz functions, which may
be nonconvex.

Observantly, variational-hemivariational inequalities represent an
intermediate class of inequalities in which both convex and nonconvex
features are involved. Interest in their study is motivated by various
problems in mechanics as discussed in [5, 8, 9, 12, 16, 21, 25]. It should
be mentioned that the study of evolutionary variational-hemivariational
inequalities has been performed typically through surjectivity results
for pseudomonotone operators and fixed point theorems for nonlinear
operators (see, e.g, [21] and the references therein). However, this
paper aims to propose a new approach to study evolutionary variational-
hemivariational inequalities based on the theory of evolution problems
governed by maximal monotone operators. Indeed, the proposed method

1144


https://doi.org/10.15388/namc.2021.26.24941
https://doi.org/10.15388/namc.2021.26.24941
https://www.redalyc.org/articulo.oa?id=694173172009
https://www.redalyc.org/articulo.oa?id=694173172009

Emilio Vilchesa, et al. Hidden maximal monotonicity in evolutionary variational-hemivariational inequalities™

is quite different from the previous literature and is not based on
surjectivity results for pseudomonotone operators

Let (.1 be a separable Hilbert space, v a Banach space, and: - 0.1 for
some 7> 0 fixed. In this paper, we study and provide new applications to
PDE:s for the following class of evolutionary variational-hemivariational
inequalities involving historydependent operators:

i(t) € f(t) —R(z)(t) —0J(t.x(t)) — A(t. x(t))
— Dep(t. S(x)(t). 2(t)). ae.tel,

I(O) = Iy, (1)

where ;e r2n). . 1xn > r is a function, 4.7x% »» is a nonlinear
operator, »: I x Y x # — R is a given function, and R, S are two history-
dependent operators (see Definition 1 below) in which we refer to
Section 4 for the precise hypothesis. Problem (1) was studied in [7]
(see also [21, Chap. 7]) in the framework of evolution triple of spaces
by using surjectivity results for pseudomonotone operators and a fixed
point theorem for nonlinear operators. A key assumption to apply
the surjectivity result is the so-called relaxed monotonicity for the
subdifferential in the sense of Clarke (see Definition 2 below), which is
a weaker notion than monotonicity, but which still permits to obtain
the existence of solutions. We characterize this notion in terms of the
convexity of an associated function (see Section 3). Then we consider the
differential inclusion

i(t) € f(t) —aJ(t. (1) — A(t.x(t)) — O (t.x(t)), ae.tel,

£ (0) = Iy, (2)

where v : 1x# -+ ® isa given function. We prove that the latter problem
is, in fact, an evolution equation governed by a set-valued operator, which
is a maximal monotone operator. Whereas the existence can be obtained
through a recent result on the subject [22]. As a by-product, we obtain
the existence for the periodic and antiperiodic version of (2). Moreover,
we prove that every trajectory of the Cauchy problem (2) converges
asymptotically to a periodic solution of (2).

The contribution of this paper is threefold. First, we show that some
evolutionary variational-hemivariational inequalities can be handled with
the theory of evolution problems governed by maximal monotone
operators. Second, we extend the results of [7] to the general functional
setting. Finally, the applicability of our theoretical results is illustrated
through applications to the study of a fractional evolution inclusion and
a dynamic semipermeability problema
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The paper is organized as follows. After some preliminaries, in Section
3, we provide an impressive characterization of the relaxed monotonicity
property, and then we prove the maximal monotonicity of the sum of
operators that appear on the right-hand side of (2). Then, in Section 4,
we establish the well-posedness for problems (1) and (2), respectively.
Finally, in Section 5, we illustrate the applicability of our theoretical
results to the study of a fractional evolution inclusion and a complicated
dynamic semipermeability problem, respectively

Notation and preliminaries
Elements of convex and variational andlisis

Let (u.(.)) be a separable Hilbert space. We denote by & the unit closed
ball with center at the origin in # Given a set-valued mapa:# =,
we denote byp(a)aa cr(a)., respectively, the domain and the graph of
A defined byn) = (2 e #: a@) 2 0y and 6r(4) = {(r.9) € D(4) x H: y € Ar)}.. We say
that an operator 4: % = #. is monotone ift* —y*. v~y >0 for alls € 4. € aw)..
Moreover, an operator 4:# = #. is maximal monotone if it is monotone
and its graph is maximal in the sense of the inclusion, 7.e., Gr (A) is not
properly contained in the graph of any other monotone operator. We
refer to [2] for more details on maximal monotone operators

The Clarke subdifferential of alocally Lipschitz function s # - racs e %
is defined by o - en for allvens, whererwy stands for the
generalized directional derivative ofrasc# in the direction v. € H
defined by ro@:v) = tmsup, (7w + 1) - @)/ For a convex functions:# —
RU {+oo}. the convex subdifferential of f at x # H is given byo.se) = ¢+ %
1) > f@) + @y ) for allyeny. It is well known that for a proper, convex,
and lower semicontinuous function, the convex subdifferential defines
a maximal monotone operator. Moreover, for a convex and locally
Lipschitz function, the convex subdifferential coincides to the Clarke
subdifferential (see, e.g, [3])

The following result is an important characterization of convexity. We
refer to [3, Prop. 2.2.9] for its proof

Proposition 1. Let ¢.(.)) be a Hilbert space. Let 7: ¢ & be a locally
Lipschitz function in an open convex set¢ c #.. Then f is convex on ¢ if
and only if the multifunction 9f is monotone onc, that is, if and only if
for allz, yel (z*—y" z—y) >0 for all+ € o7@) anay* € o5,

Proposition 2. Let Y be a Banach space and consider ¢: 7xv x# - & be
a function such that forae. ¢ € 1,, the map « - ¢(t.4.2) is convex and lower
semicontinuous on H. Assume that for allw.»cvandz..z, ¢ #, it holds

Pt g1 xe) — ot yr.x1) + @t yo. x1) — @(t, y2, 22)
< Bollyr — v2lly |21 — 22|, aetel.

Then, for all & < o.ct.n.0) ande a0t the following inequality holds:
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— (& — &, w1 —x2) < Byl — w2y |ler — x2l|ln, ae tel.

Proof. Let & € a.vttn.r0 ands e oe(t..20).. Then, according to the definition
of the convex subdifferential, for all: € 7., we have

(&1, ¢ —x1) + @t y1, 1) < (L, y1, @),
<£21 X — $2> + (Ip(tvaJCCQ) g Qﬁ(t,yg,ﬂf).

Hence, takings = 2 and 2 = 21 in the inequalities above, respectively, and
summing the resulting inequalities, we get

—<51 — &2, 1 — 332)
< p(tyr.w2) — @t yr, 1) + @t y2, 1) — @t y2. 22).

Hence, we get the desired inequality.

Definition 1. Let X, Y be normed spaces. An
operator 7 : L*(1:X) — 1(1:X) is called a history-dependent operator if there
exists L > 0 such that for allvi.v, € v,

H.F(Ul)(t) - f(?)z)(t)HY < L[ H?)l(s) — vg(s)HX ds, ae.tel.

The following result is an essential fixed point property for history-
dependent operators (see, e.g,, [21, p. 118]).

Theorem 1. Let X be a Banach space and 7 : 12(:x) - 2:v) be a
historydependent operator. Then F has a unique fixed point.

We end this subsection with a technical lemma related to differential
inequalities.

Lemma 1. Let #1,25: 7 —# be two absolutely continuous functions
such that

1d
Q&H.Tl(t) — .TQ(t)Hz < (};(t)H:rl(t) — Tg(f)H a.e.t € l,

where o : I — R is a nonnegative function. Then it holds

d
5|

Proof. Let us consider the sets @, .= {t € I: z,(t) # 22(t)} and 25 == {t € I
nm==0) On the one hand, forae.t € 2,., we have

X1 (f) — Tg(f)

‘ <alt), aetel.
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1d d

L@ - a0 = s~ 0] L s 200
which implies the desired inequality. On the other hand, for

any: < 2., we can seethat the mapt — (1) - =) attains a minimum.

Thus, forae.t e 2., we have @anjuw - 20| = 0., which implies the desired

inequality. The proof is thencomplete.

Elements of PDEs

Let o be a bounded domain in ey with Lipschitz boundary,
and let s € (0, 1) be such that N > 2. We adopt the
symbolss := &Y\ 2) x RV \ 2). P := RV \ 5., and 2: == 2V/(N - 25) to denote the
fractional critical exponent. Also, we denote by u. the function u
restricted to the domain . In what follows, we assume that function
K:BV\ {0} » 0.+ satisfies the conditions:

(HK) #:2\10) > 0.+ is such that

(i) the function « - min{ls?. 1}x(2) belongs tor =)

(ii) there exists a constant mx > 0 such thatx) > mee->» for alls e &Y\ (0}:

(iii) for each <\ 0};, we haver - ko).

Consider the function spacex = {uRY »&: uloc £2(2)and (i) u(y)? <
K-y e 2. It is clear (see, e.g., [20]) that X is a Banach space endowed
with the norm Jully = [ull o) + (fp [u(x) — um)PK @ — ) dydr). We also introduce a
subspace of X given byx) = {ue X: u=0.ac.rerRV\2}. Also, we recall the
following lemma (see [20]), which will be used in Section 5.

Lemma2.Lets € (0, 1) and Q be a bounded, open subset of R N with
Lipschitz boundary and N > 2s. Then we have

(i) Xo is a Hilbert space with the inner producto

(u,v) x, 1= / / [u(r) — u(y)] ['U(;T) - 'U(y)}}((;’li —y)drdy, wu,ve Xo.

RN RN

(ii) If p € [1,2%,], then there exists a positive constant c(p) such that
forallu € Xy, kukLp(RN ) 6 c(p)kukX0

(iii) The embedding fromx«:&"is compact if p € [1,27).
Technical assumptions and hidden maximal monotonicity

For the sake of readability, furthermore, we collect the hypotheses used
along with the paper.

Hypotheses on the operator A: I x H>H

(HA) A : I x H > H is a nonlinear operator satisfying:

(i) the operator t > A(t, x) is measurable on I for all x # H;

(ii) for a.e. # # I, the map x > A(%, x) is hemicontinuous, that is, for
all, =y, w e limy, 0w, A(t, © +ny)) = (w, A(t, x)):

(iii) there existo.s ¢ 22(1) such that [« < o)+ AOlel foral .y € Handac.te .
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(iv) there exists my; > 0 such thatues - ac.c >l for
all .y e Handaeter.

Hypotheses on the function]J : Ix H>R

(HJ ) The function J : I x H > R satisfies:

(i) for alls e #.1 > .4)) is measurable on [;

(ii) for a.e.r c 1.2 s is locally Lipschitz continuous;

(iii) there exist~.s e L2(1) such that for a.e. t € I and allx e 7. 97(t.2) =
inf{[la*[l3: 27 € DI (8, 2)} < (1) + (8) |25

(iv) there exists m; > 0 such thate—vo-u > -mle-ui  for
all #* c a7(t,2) and y* € 9 (t.y) and ae. t € 1.

Here 9] denotes the Clarke subdifferential of the map - -~ for a fixed
t#1.

Hypotheses on the functiony: Ix H> R

(HV) The function y: I x H > R satisfies:

(i) for all x # H, the map++ v(t.») is measurable on I;

(ii) for a.e. # # I, the map++ v(.).is convex and Ls.c. on H;

(iii) there existeo, e 12()mde, ~osuch that for x # H and ae ¢
# I, SUP.cowin I < cop®) + ergllal.. Hereowen . denotes the convex
subdifferential of the map: - (..

Hypotheses on the function ¢:rxvx<#-r

(Hg) The function«:1xvx# - & satisfies:

(i) forallz € %,y € v., the mapt+» ¢(t.y.+) is measurable on I;

(ii) for a.e.t € L forz € x , the mapy+ +tev.0) is continuous;

(iii) for a.e.t € I fory € Y, the map x#+ ¢(t.4.2) is convex and Ls.c. on H.

(iv) there exista, e 12 () amd i, > osuch that forally # Y, x # Hand a.e.t €
L sup.-co.vim 7l < cout) + ergllrlln. Hereop(t. v ) is the convex subdifferential
of the map= + ¢(t.y.2).

(v) There exists 5,>0 such that for allyi.p.evand =, zoeH andae. t€l,
52t yn )0 (t, yr w0 ot yo 1)~ (t, Yo 22) < Bpllyr—ely ler—2 o

Hypotheses on the operators R and §

(HRS ) The operatorSR CLA(I:H) —» L2 H) and S« L2(1:H) — L*(I; >'>satisfy:

(i) The operator = is a history-dependent, i.c., there existscr > 0such
thatre-rul < o 2o -we s for alloe e aw and

(ii) The operator S is a history-dependent, i.e., there exists: > o such
thatsu-su0ly <es [ 1) -l for allue e 2o andae e r.

Next, we characterize the so-called relaxed monotonicity condition
for a locally Lipschitz functions : # + rsum of a quadratic term. With
this result in hand, we prove the maximal monotonicity of the sum of
the Clarke subdifferential of f plus an appropriate strongly monotone
operator A, which can be understood as a hidden maximal monotonicity
property.

Definition 2. We say that alocally Lipschitz function 7 : % —  satisfies
the m-relaxed monotonicity condition if there exists m > 0 such that

(x7 — b, 21 —22) = —mllzr — 223, 2] €f(21), 25 € af(;z:@.
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Condition (3) has been used extensively in the literature, we refer to
[6, 13] for more details. The following result gives a characterization of
m-relaxed monotonicity in terms of an associated convex function

Proposition 3. Let 7 : # - & be a locally Lipschitz function and m > 0.
Then f satisfies the m-relaxed monotonicity condition if and only if the
mapz - /() + (m/2)]l«], is convex on H

Proof. Assume that f satisfies the m-relaxed monotonicity
condition. Then, due to calculus rules for the Clarke
subdifferential, o +ml15,/25) = o5) 4 metoranz e 2., Thus, by the m-relaxed
monotonicity condition, the map « = ot + ml?/2)) is, clearly, monotone.
Therefore, by Proposition 1, the function =+ f(x) + ml«|?/2 is convex

On the other side, suppose that the set-valued map = o/ +ml3/2)(x)
is monotone. Hence, f satisfies the m-relaxed monotonicity condition,
which ends the proof

The following result shows that the relaxed monotonicity added
with an appropriate strongly monotone operator generates a maximal
monotone operator

Lemma 3. Let s.n = be a locally Lipschitz function and 4:%~# be a
nonlinear operator such that:

(i) The map = — A(x)is hemicontinuous, that is, imu aom) - waw) forall
z,y,w € H.

(ii) There exists m. >0 such that v -aw.c—v =i for all vy e .

(iii) There existsm, > osuch that ¢ v.e 0> ke whrar w s mdy c o,

Then, if ma>m,., the operator «~osw) + 4 is maximal monotone.

Proof. Let us consider je):- st mle3/2a4 i) = A -mse. According to [3,
Prop. 2.3.3], aiw) - 2s@) + myaiorans e . for all x € H. Hence, by virtue
of (iii), the operator « - 9/)is monotone. Therefore, due to Proposition
1, the function » - Jw) is convex, which implies that « - 27 is maximal
monotone. On the other hand, due to (i) and (ii), the operator » - iwis
monotone and hemicontinuous. Therefore, as a result of [2, Prop. 20.27],
the map « -+ Jje) is maximal monotone. Finally, the maximal monotonicity
of v s 0J(x) + A() = 9J(2) + A) follows from [2, Cor. 25.4].

Well-posedness results

In this section, we explore several well-posedness results for evolutionary
variational-hemivariational inequalities

Cauchy problemsIn

this subsection, we prove the existence of solutions for the following

Cauchy problem:

i(t) e f(t)—aJ(t.a(t)) —A(t.z(1) — v (t,x(t)), aetel,
xz(0) = xy. (4)
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The following result provides the well-posedness for (4)

Theorem 2. Assume that (Hya), (Hy), and (Hy) hold. If ma>m., then
for each f# L? (I; H) and xo € H, problem (4) has a unique solution x(-,
f,xo) € W (I; H). Moreover, the solution operator (£, x) > x(-, f, xo) is
Lipschitz continuous from L? (I; H) x H into C(I;H)

Proof. We will employ [22, Thm. 1] to obtain the desired conclusion.
So, the proof is divided into three steps.

Step 1. For a.e. t € I, the operator x » dJ(1, x) + A(t, x) + dy(t x) is
maximal monotne

Proof of Step 1. It follows directly from Lemma 3

Step 2. For all x # H, the operator t > 9J(t, x) + A(t, x) + (¢, x) is
measurable.

Proof of Step 2. The measurability can be obtained directly from the
separability of H and hypotheses (Ha)(i), (Hy )(i), and (Hy)(i).

Step 3. There exist a.5< 22 such that forallx € H

0.J(t, ) + A(t, z) + Oetp(t, )|

= f 5’ ae. t el
&E(’)J(t,m)quil(]%.n:)Jr(f)cip(1’ ”EHH + || H% et e

Proof of Step 3. Indeed, conditions (Hy )(iii), (Ha)(iii), and (Hy)(iii)
indicate that

0 (t, ) + A(t, ) + Ov(t. z)| < a(t) + B(E) ||| n.

where a:=a+7+quadji=5+5+ e, , which proves Step 3.

Therefore, by virtue of Steps 1-3 and [22, Thm. 1], the Cauchy
problem (4) has a unique solution x(-, f, xo) € W"* (I; H).

Furthermore, letsi«2c# andp.foer2:n) and set .- .cn.py and
v, = (- f2.+3).. Then, due to the monotonicity of the set-valued map x> 9] (¢,
x) + A(t, x) + 9U(t, x), for a.e. £ # I, it follows that

L ‘Tl z(f)HiL = (a1 (t) — wa(l), @1(t) — d2(t))

<@y (t) —xa(t), fr(t) — fo(t)). ae tel

2 dt ‘

Therefore, by virtue of Lemma 1, for a.e. # # I, it holdswain® - w0 <
151 ~ (0, which implies that

1 (t) — 22(®)],, < |l — 23], + f||f1 ()|, ds. ter.

We conclude that the solution operator (f; xg) > x(-, /; x¢ ) is Lipschitz
from L? (I; H) x H into C(I; H) by using Hélder inequality
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Remark 1. From the proof of Theorem 2 we can see that hypotheses
(H;y )(iii), (Ha)(iii), and (Hy)(iii) are only used to ensure that

OJ(L ) + At 2) + 0.0(t. )| = f
|0J(t,2) + A(t, ) + O (L, )| ccorwm B €124

< a(t) + Bl

for some functions a5 z3 (1. So, Theorem 2 holds too if we interchange
the infimum by a supremum in (Hj )(iv) and the supremum by a infimum
in (Hy)(iii).

Remark 2. According to [22, Thm. 1] and Lemma 3, Theorem 2 still
holds if we consider a set-valued operator A : I x H # H such that the map
x> A(t, x) is maximal monotone with a full domain.

Cauchy problems with bistory-dependent operators

In this subsection, we focus our attention on the study of the existence of
solutions for the following Cauchy problem involving history-dependent
operators:

i(t) € f(t) —R(v)(t) — OJ (¢, x(t)) — A(t, x(1))
— cgﬁ(t,S(fU)(t),m(t)), ae. tel,
JL(O) = Ip.

where R and S are two history-dependent operators, i.c., (HRS ) is
satisfied
Theorem 3. Assume that (Ha), (Hj ), (H+), and (Hgs) hold. If

i¥ma > m,. , then for each f € L* (I; H) and xo € H, problem (5) has a

unique solution x(-, f, x9) € W2 (I; H). Moreover, the solution operator

(1) (.70 is Lipschitz continuous from L* (I; H) x H into C(;H)
Proof. Fixv &€ L* (I; H) and let us consider the intermediate problema

2(t) € f(t) = R(v)(t) — 0 (t.z(t)) — A(t. (1))
— Dep(t,S(v)(t), x(t)), ae.tel,

{L(O) = TIp-. ©

Our aim is to prove that (6) has a unique fixed point in W"* (I; H),
which is clearly a solution of (5). The proof is divided into several steps

Step 1. For v # L? (I; H), problem (6) has a unique solution x(v) &
W2 (1; H).
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Proof of Step 1. It follows directly from Theorem 2

We now denote by F : L? (I, H) > W"? (I; H) the operator, which
associates to any v € L* (I; H) for the unique solution x(v) € W"* (I;
H) of (6).

Step 2. The operator F is history-dependent. More precisely, for all vy,
v, € L*(I; H),we have

H]:('Ul)(t) - .7’-"(1/72)(#,)”H < (er + [3@(15)T/H1)1(s) — 1)2(.9)HH ds, ae.tel.

Proof of Step 2. Denote s = F(v) and 22 == F(o). Let us consider and & such
thate () € 0.0t S(w)(t), 2:(0) forallt € Tand i = 1,2.for all ¢ € T and i= 1,2, and
#x(t) + & (t) €70~ Re)() - a5(t.ri) - Alr.zidfor allt € Tandi= 1,2.
Defineh(t) := ) - w)3/2. Thenhis

wherem = ma—m; >0, and we have used the monotonicity of
the set-valued maps+ 97(o) + 4o, Proposition 2, and hypotheses
(HRS). Therefore, by virtueof Lemma 1, for a.e.tET, we
conclude(a/ane(t) ~ w2(t)ls < (cr + oes) x 1t - mlna Hds, which implies that

which proves Step 2

Step 3. Problem (5) has a unique solution x* € W' (I; H). Proof of
Step 3. Since F is a history-dependent operator, employing Theorem 1

implies that the operator F : L* (I; H) > W"*(I; H) has a unique fixed
point x# , which clearly solves (5).

To end the proof, letz}.23 € #. and 1.1, e r2¢:) and consider « = o f1.4%)
and: = (. .+3).. Then, by virtue of the monotonicity of the operator
o =a(.frah) At X) for ae. t € I, it follows that

1d 2
5301 () — @2()][5,
= (a1 (t) — w2(t), @1(t) — d2(t))
< e (t) — 3E2(t)||HHf1(t) - f2(t)||H
t

+ (cr + Bycs) / Hll(s) — IQ(S)HH ds ||11(f) — :I:g(t)HH, ae.tel,
0

Hence

A OREAGL
= <:1:1(t) —xo(t), o1(t) — 5i;2(t)>
< [l () = 220)[|;,[| () = L0,

+ (cr + Bycs) / HuLl(.s) - .'.L'Q(S)HHdS ‘|L1(t) — :L'z(t)HH, ae tel,
0

So, we have
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s - 201,

t
1 : 1
< sllab =il + 5 [ lloats) = ma(o)]5, s
0

+ %/H}‘l(é) - fz(é)Hj{dé + (er + /i;cs)T/ ||al(5) - lg(s)H?Hda tel.
0 J

Applying Gronwall’s inequality, it finds therefore
t
21 (8) — 22 (8)|[5, < M (H:I:é - :I%Hi+/Hf1<s> - fz(s)Hid«s>, tel,
0

where the constant M > 0 only depends on cg, cs , pe, and T.
Consequently, we have

t
) - 0y < 2kl [0 o). v
0

which proves the Lipschitzianity of the solution operator.
Noninitial boundary value problems

In this subsection, we consider the existence of periodic solutions for the
following differential inclusion problem:

i(t) € f(t) — 0T (t,x(t)) — A(t.x(t)) — (L. 2(t)), ae.tel,

x(0) = —a(T). )

Theorem 4. Assume that (Ha), (Hy ), and (Hy) hold. If m > m, , then
problem (7) has a unique solution x, € W"* (I; H)

Proof. Let us consider the operator F : H > H defined by F(x) =
x(T; xo), where x(-, xo) is the unique solution of (4) with the initial
condition «(0) = «. Our goal is to prove that F has a unique fixed point
in H. Let = - «t.s).. Keeping in mind that ma>m, and the operator
> 0f(t,0) + A(t, @) + 00(t,2) is m strongly monotone with m := my — my,
it gives

1d

sTellzn () — w5, = (e (t) = wa(t), @1(2) — #2(1))

< —TI’LHIL'l(t) — lg(t)”j_l ae. tel.
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Employing Gronwall’s inequality yields jix:(t) - w0l < ¢ mad — sl foran t €
L. Then we have 17@) — Fad)lu < #lad - 3l where x := ¢ ™T < 1. Therefore,
the operator F has a unique fixed point x0,T &€ H by the contractive fixed
point theory. It is clear that x; := x(-, xo,T ) is the unique solution of (7)

Likewise, we can consider the existence of antiperiodic solutions to the
following differential inclusion problema:

i(t) € f(t)—0J(t,x(t)) — A(t.x(t)) — e (L 2(t)), ae.tel,
x(0) = —a(T). ®)

Using the same argument given in the proof of Theorem 4, it is easy to
conclude the following result

Theorem 5. Assume that (HA), (HJ ), and (HY) hold. If mA > mJ,
then problem (8) has a unique solution x—m € W1,2 (I; H).

We end this section by showing that the unique solution to (7) can be
obtained asymptotically from any solution of (4)

Theorem 6. Assume, in addition to (Ha), (Hy ), (Hy), that m4>m,
and for all.s) ey x o 1+ 7. 2) = J(t.2), A+ 7. 2) = A xrand s + ) = (b, Lero(-,0)be the
unique solution of (4) with the initial condition =) =sand
definew, (t) := z(t + nTixzg). for all ¢ € I andnewn . Then, for any
w0 € H, 2, v, in C(1:H), where x7 is the unique periodic solution of (7)

Proof. Set m := ma —m, > 0,, and let us consider 1@ = jr.() - e 012/250r and
n € N. Then, for ae. t € 1, it givesio) - () - .(.5.0) - . < —mh(t),
where we used the monotonicity of the map = — 9.J(t, 2)+ A(t. ) + 0. (t, 7).
Therefore, for all t € 1, it is truea(t) — ex ()l < lla(0) — 2 (0)e" for all t €
I, where we have used the Gronwall inequality. Thus, by using the same
inequalities, for all t € I, we have

< [J2n(0) = 2(0) || 6™ = || 201 (T) — 2 (T)|[, ™
<|

which shows that =, -« in C(I; H).
Remark 3. As showed in the previous proof, « converges to -
exponentially.

Applications

To illustrate the applicability of the theoretical results established in
Section 4, we will present two comprehensive applications. The first
one is a fractional evolution inclusion problem involving a multivalued
term, which is formulated by the Clarke generalized gradient. The second
application is a dynamic semipermeability problem, which is, more
precisely, a complicated mixed boundary value problem of parabolic type
with historydependent operators and nonsmooth potential functionals.
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Application to a fractional evolution inclusion problem I

In the subsection, we are interested in the study of an evolutionary
inclusion problem with a generalized nonlocal space-fractional Laplace
operator and a Clarke generalized subgradient operator. Let 2 be a
bounded domain in R N with Lipschitz boundary, s € (0, 1) be such
that v > 26 00 .= R¥\ 2.0 < T < ., and 7=0.7.. More precisely, the classical
form of the evolutionary inclusion problem under consideration is
formulated as follows
Problem 1. Find function «: & «0.71 » & such that

du
ot
u(z,t) =0 in 2° x (0,7)
u(x,0) =ug(x) in L2,

(x,t) + Lgu(x,t) +0j(x, t,u) D f(x,t) in 82 x(0,7),

b

where  the operator Ly stands for the generalized
nonlocal  space-fractional ~ Laplace  operator  defined  as
follows: crutr) = - funtute +3) + ute — ) 20K () dy for .ae.x c Y, for all v e Xo.

We first impose the following assumptions for the data of Problem 1.

(Hj) j: 2 xIxR—Rissuch thatjc..oecr@xn and

(i) for each e r. the function (.0 j(.t.r) is measurable on Q x I;

(i) fora.e. (x,t) € Q x I, the functional .0 jw..n) is locally Lipschitz
continuous;

(iii) there exist o,.5, ¢ £2(1) satisfying <l < o,0) + 5,01 forall§ € 9j(x, ¢, 1)
andall (x,t,r) € Q x [ x R;

(iv) there exists m;>0 such that « o > i npfor all
§€dj(x,t,r),n € dj(x,t,ry), (x,t) € 2 x I, andry, o € R.

(HO) J e L2(I: X,) and up € Xo.,

The weak solutions to Problem 1 are understood as follows.

Definition 3. We say that «: 1 x, is a weak solution to Problem 1 if
ur.0)=uw() 2 and the following inequality holds for all v & XO0:

/%T;IL)T'(T) da?+/,jo(a?,t,u(;r,t);v(x)) da + /7}(.7:)LKU,(37,15) dx

L0 RNV

RN
> /f(:r,t)q,z(:r)dm, ae. tel.
RN

Let us define function.:rx x, — Rby J(t.u) == [, j(r.t,u(x)de  for all
(v e 1xx,.. For function J, we have the following lemm

Lemma 4. Assume that (H; ) is fulfilled. Then the following statements
hold:

(i)t+ J(t.w) is measurable on I for allu € X,.

(ii) Forae t € 1, # 5 uw J(t.u) e R is locally Lipschitz.

(iii) For all (.we1xx,, we have Jo(t.u) < [,/ t.u(x) drand 0.0(t.u) ¢ and

Jo Oia, tu(x)) da.,
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(iv) There exists a constant ¢ >0 such that 9. v)lx, <¢;(a;()+5,()ullx,) for
all ((tw) e 1x x,..

(V) For any w,v € Xo, t € I, £ € 9J(t,u) and 1 ¢ aJ(tv),, the inequality is
satisfied (€ —nu—v) > —mje@?u— vl

Proof. Statements (i)-(iv) are the direct consequences of
[13, Thm. 3.47]. It remains us to prove conclusion (v). Let
wv € Xo 1 € LE€ (k) andy € 0J(t.v) be arbitrary. Statement (iii) indicates

(E—nyv—u)y=1(v—u)+(n, u—uv)
< Jtusv —u) + IOt viu —v)

< /ﬁ}j}u(ﬂ?) - U(‘I)}Q dr = m;lu - ”“%2(9)
Q
< mjc(2)2||’u- - U“,QXO:

where the last inequality is obtained by using Lemma 2. Therefore, the
desired inequality is valid.

The existence and uniqueness of weak solutions to Problem 1 is
provided by the following result

Theorem 7. Assume that H(K), H(j), H(0),and (2) hold, then Problem
1 has a unique weak solutionut.s.zocw'*u:x.), and the solution operator
T (f.x0) = ut- foao) 18 Lipschitz continuous from 12(1: Xo) x Xq into C(1: Xo).

Proof. Let H := X,. Consider the operator 4 : H > H defined for all u, v
€ HDby(au.s) = fon v@)x(ut)) .. We now claim that A is a continuous linear
operator. Foranyu,v € H, it has

(Au,v) = / v(z) L (u(z)) de = / [0(z) —v(y)] [u(z) —u(y)| K (z —y)dydz

= (u,v)x,-

It obvious to see that A is a linear continuous operator and 14ul - fjul..
In addition, the fact ¢4u - 40w~ o) = Ju— o3 for all u, v. € H implies that A is
strongly monotone with constant my = 1.

Let us consider the following intermediate problem: find »:7~#* such
that forallv e H

u'(t) + Au(t) + 0J (t,u(t)) 2 f(t), ae.tel,

u(0) = uyp. o)

Employing Lemma 4(iii), we can see that a solution to problem (9) is
also a weak solution to Problem 1. On the other hand, it is not difficult
to verify that problem (9) is equivalent to the following evolutionary
inclusion proble
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u'(t) + Au(t) + 0J (t,u(t)) 2 f(¢), ae.tel,
u(0) = ug.

(10)

Observe that 4:#-# reads hypothesis (Ha), hence, we are now in a
position to invoke Lemma 4 and Theorem 2 that problem (10) has a
unique solution u(-, f, ug) € W% (I; H). So, u is also a weak solution
to Problem 1. For the uniqueness part of Problem 1, it can be obtained
directly by using the standard procedure (see the proof of Theorem 2).
Finally, the Lipschitz continuity of the solution operator 7: (/.x0) = u(. f.x0)
could be verified by employing the same argument with the proof of
Theorem 2.

Furthermore, we are going to apply the results established in Section
4.3 to investigate the fractional evolution inclusion problem, Problem 1,
with periodic and antiperiodic boundary value conditions, respectively

Problem 2. Find function:®* x 1 - & such that

%(T 0) + Lru(x,t) + dj(x, tyu) > f(x,t) in2x(0,7T),
u(z,t) =0 in 2° x (0,7)

u(x,0) = ug(x) in L2,

?

Likewise, the weak solutions to Problem 2 are given as follows.
Definition 4. We say that u : [ » X is a weak solution to Problem 2 if
u(x, 0) = u(x, T) in Q and the following inequality holds for all v € X:

f ﬁugi;,t) v(z) dx —|—/_jo(a?,t,u(a:,t);v(a?)) dz + /’U(I)EKU,(I,t) dx

2 RN

RN
> ff(;r,t)q,z(:r) dr, ae.tel.
RN

Invoking Theorem 4 and the proof of Theorem 7, we have the following
existence and uniqueness result for Problem 2

Theorem 8. Assume that (Hx), (H; ), (Ho), and (2) are satisfied, then
Problem 2 has a unique solution .0 e w*(r:x,)

We end the subsection by considering the antiperiodic boundary value
problem.

Problem 3. Find function « # x1-= such tha
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du
ot
w(z,t) =0 in 2° x (0,7)
u(x,0) = ug(z) inl2,

(x,t) + Lgu(z,t) +dj(x, t,u) 3 f(x,t) in 2 x(0,7T),

)

Definition 5. We say that .. 1 - x, is a weak solution to Problem 3 if
u(x, 0) = —u(x, T) in Q and the following inequality holds for all v € X:

/ Ju(x,t)
ot
RN

> /f(:r,t)v(:r)d;r, ae. tel.
RN

v(z) d.rJr/jo(x,t,u(;r,t);v(x)) dx + /U(.r)LKu(x,t) dx

0 RN

Analogously, from Theorem 5 and the proof of Theorem 7, we have the

following theorem.
Theorem 9. Assume that (Hk), (H; ), (Ho), and (2) , then Problem 3
has a unique solution ..z e w2zx).,

Application to a dynamic semipermeability problema

The semipermeability boundary conditions can describe exactly behavior
of various types of membranes, natural and artificial ones, and arise
in models of heat conduction, electrostatics, hydraulics and in the
description of the flow of a Bingham fluid in which the solution
represents temperature, electric potential, pressure, and so forth.
The current subsection is devoted to exploring a comprehensive
semipermeability problem of parabolic type involving Volterra-type
integral terms and nonsmooth potential functions.

Let 0 <7 < to0c and be a bounded domain in r¢ with Lipschitz
continuous boundaryr - 9e. Denote by v the unit outward normal
on the boundary r. The boundary r. is decomposed into
three mutually disjoint and relatively open subsets I'y, r» and =
such thatr-rnununand measr)>o. In the sequel, we denote by
Q=0x(0T).% = x(0,71).8 = x(0,7),and £ =1y % 0.7).. The classical
formulation of semipermeability problem is described as follows.

Problem 4. Find . o such that

Ou(z,t /
(at’ 2 + Lu(z, t) + 0j (x,t, u(x, 1)) + /E(f —s)u(z,s)ds > fo(x,t) in Q,

0

u(z,t) =0 onXy,
¢

7811,{(,7;. 2 = fa(x,t) on X, Ou _ F(/ ’u(m, s)‘ ds) sgn(u(x,t)) on g,
vy

COva
u(z,0) = up(x) in £2,

0
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where o0 denotes the conormal derivative with respect to the second-
order differential operator & - -5, @/, 0/05)).,, and sgn stands for the
sign functio

In order to deliver the weak formulation of Problem 4, we
are now in a position to introduce the following function spaces
H={veH®):v=00n}adV = and V = L? (Q). However, from
Korn’s inequality and the condition meas) > 0., it finds that H is a
Hilbert space endowed with the inner producti. - f,Vu). 7o) s for all
uv € H.

Also, we impose the following assumptions.

(Hy)a: 2 - r is such thataij € a; € L2(2)fori.j = 1.....d. and there exists
a constant m, > 0 such that »7 _,a,@es > me? foran € & andac. o e 2.

(H;j ) 1% - ris such that:

(i) j(-, -, r) is measurable on Q forall r € R and there existse € L* (Q)
such thatj(-, - e(-)) € L' (Q);

(ii) j(x t,+) is locally Lipschitz for a.e. (x, t) € Q;

(1) 19i(e.t.)] < oy +eplrl forall € Roae. (2.1) € Quithey, € L2(1) and ¢pj > 0;

(iv) there existsm, >0 satisfying@ —&)n ) > mln—np  for all
&1 € dj(x,t,m), & € Dj(x,t,1r2), 11,72 € Rand forae. (z,t) € Q. and for a.e. (X, t) = Q

(HF ) r.rxz e, is such that:

(i) F(-, r) is measurable on . forall r € R.

(i) there is Ly > 0 such that e reni<iim - forall 1, r; € R, ace. x

€ L.
(iii) F(-,0) € LX(I3).
(HE) eecu

(HO) fo € L*(Q), f2 € L*(X2), uo € H.
It follows from Riesz’s representation theorem that there is a function

f:I1sH™ (Q) such that .0 - j, iweae j, nowar Tforally € Hand allt € L
Using a standard procedure, it is not difficult to get the weak
formulation of Problem 4 as follows.

Problem 5. Find a function u : I > H such that u(0) = u0 and for all
v € H,

<u’(t) + Au(t) +/E(t —s)u(s)ds — f(t), v— u(t)> +/j0 (tu(t);v —u(t)) de

0 2

+/F</|u |d9> (Jo] = [u(t)]) A" >0, ae.tel,

I3 0

where the operator 4 : H > H is defined

(Au,v) / Z a;j(x 8352) ();53) dr, wu.v e H.

1,7=1
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We also consider a function 7. 1x - & defined by vtt.w) = f, it .t ar forall
(t,u) € I x H. It is obvious that under hypothesis (H; ) the following
lemma is available

Lemma 5. Assume that (H; ) is fulfilled. Then the following statements
hold:

(i) t > J(t, u) is measurable on I forallu € H.

(ii) Fora.e. te7,% 5uws J(t,w)  r is locally Lipschitz.

(iii) For all (t, u) € I x H, we haves(.u < f,'@..u=)dx and 9J(t, u)
# 1,0, t,u(x)) de.

(iv) There exists a constant >0 such thatwseoi<eeo o for all
(tu) € 1x Moo

(v) We have hes.u) > -me i, and n € 9J(t, v). Hereen > 0 is such
that e < el foratu e .,

Let us define the operatorsR : L* (I; H) > L* (I, H) and S : L*(I; H) »
L*(I; Y) by Ru(t) := Rt 0 E(t — s)u(s) ds and Su(t) := Rt 0 |u(s)| ds for
allu € L2 (I; H), where Y =L 2 (T3).

Remark 4. It follows from [21, Exs. 4 and 6] that R and S are two
history-dependent operators.

Moreover, let us consider the function ¢ : v « # — & defined by (4 =
Jrolar ay < vadw e wfor all y € Y and u € H. The following result
establishes the wellposedness for Problem 5.

Theorem 10. Assume that (Ha), (Hj ), (HE), (HF ), (HO), and ma >
mj ¢ 2 H are fulfilled, then Problem 5 has a unique solution u(, fo, £, uo)
e W (I; H). Moreover, the solution operator (fo, 5, ug) 7> u(-, fo, £, uo)
is Lipschitz continuous from L* (I; V') x L 2 (;L*(I'2)) x H into C(L; H).

Proof. We first study the intermediate problem: find u : I » H such that
u(0) =upand forallv € H,

(u/(t) + Au(t) + Ru(t) — f(£), v —u(t)) + JO(t, u(t);v — u(t))
= ¢(Su(t),v) —o(Su(t),u(t)), ae.tel.

In fact, the inequality above could be rewritten to the following
inclusion problem: find u : I > H such that u(0) = u0 and

u'(t) + Aul(t) + Ru(t) + 9J (t, u(t)) + Oep(Sult), u(t)) 3 f(1), ae. t(Ellj)'

However, Lemma 5 reveals the fact that a solution of problem (11) is

also a solution of Problem 5. Based on this fact, we are going to utilize
Theorem 3 for concluding the existence of solutions of Problem 5.

From hypothesis (Ha) it is not difficult to prove that A is a continuous
and strongly monotone operator with constant m. i~ m... Notice that
ay € @) orij ~1,. .., d, we can obtain the inequality 14u < caull for all
u € H with some ¢ > 0. Besides, by virtue of condition (HF ) and the
definition of «, it gives that ¢ satisfies condition (H+) (see [21, p. 251,
Thm. 113,]).
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Therefore, all conditions in Theorem 3 are verified. This theorem
implies that problem (11) has a unique solution u(., fo, £, ug) € W2 (1;
H), which is a solution to Problem 5 as well. On the other hand, from the
smallness condition . - &~ Hmj it follows a standard procedure to obtain
that u(-, fo, £, ug) € W* (I; H) is also the unique solution to Problem S.
Moreover, the Lipschitz continuity of the solution operator T : (fo, 2, xo)
7+ u(-, fo, £, xo) could be verified by employing the same argument with
the proof of Theorem 2.

Conclusions

In this paper, a class of nonlinear evolutionary variational-
hemivariational inequalities involving history-dependent operators is
introduced and studied. We propose a new methodology, which is
based on a hidden maximal monotonicity, to deliver the well-posedness
results of the inequality problems under the periodic and antiperiodic
boundary conditions, respectively. These theoretical results extend the
recent one obtained by Han, Migérski, and Sofonea [7]. Moreover, to
illustrate the applicability of the abstract results established in the paper,
afractional evolution inclusion and a dynamic semipermeability problem
are investigated, respectively.
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