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Abstract: The paper deals with a stationary non-Newtonian flow of a viscous fluid in
unbounded domains with cylindrical outlets to infinity. The viscosity is assumed to be
smoothly dependent on the gradient of the velocity. Applying the generalized Banach
fixed point theorem, we prove the existence, uniqueness and high order regularity of
solutions stabilizing in the outlets to the prescribed quasi-Poiscuille flows. Varying the
limit quasi-Poiseuille flows, we prove the stability of the solution.

Keywords: non-Newtonian flow, strain rate dependent viscosity, quasi-Poiseuille flows,
domains with outlets to infinity.

Introduction

Asymptotic behaviour of solutions of elliptic and parabolic equations
in domains with noncompact boundaries was considered in [12], where
the first theorems on stabilization of solutions were proved. They were
called Phrigmen-Lindelof theorems. The stationary elasticity equations
in unbounded domains are studied in [15], and the stabilization the-
orems were associated there with the Saint-Venant principle. For the
stationary and non- stationary Stokes and Navier—Stokes equations with
no-slip condition at the boundary of the outlets, these questions were
studied in [1, 9-11, 21-24, 28], and for the viscoelastic lows, in [25].
For the non-Newtonian flows with viscosity depending on the gradient
of the velocity, the existence, uniqueness and asymptotic behaviour in the
outlets were studied in [13, 20]. Note that this non-Newtonian rheology
governs the blood circulation in vessels (see [2, pp. 84-89, 196-200]).
A part of theoretical interest for partial differential equations, this set
of questions is important for construction of asymptotic expansions of
solutions in thin domains. Namely, matching of the asymptotic solutions
via the boundary layer method leads ex- actly to the scaled partial
differential equations in unbounded domains with cylindrical outlets
(see, e.g., [16-19] for Newtonian flows and [14] for the power law fluids).
In particular, results of the present paper are used for the construction
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of an asymptotic ex- pansion of a non-Newtonian flow in a network of
thin cylinders, modeling blood vessels. In the present paper the results
obtained in [20] will be extended and generalized.

First, we reconstruct the pressure, while in [20], only the weak
formulation of the problem without pressure was studied. Second, in
order to reconstruct the pressure, we need to have more regularity for
the solution, so we will prove the third-order regularity of the velocity
and second-order regularity of the pressure in weighted spaces with
exponential decay at infinity. Of course, we need more regularity (..) for
the viscosity ., depending on the shear rate .. However, we will rid of a
restrictive condition of boundedness of (.(.).), which was assumed in [20].
Finally, we will focus on the questions of stability of solutions with respect
to the quasi-Poiseuille flows to which they stabilize in the outlets. These
new theorems are important for the construction of boundary layers of
non-Newtonian flows.

The paper has the following structure. In Section 2, we give the
definition of the domain with outlets. In Section 3, we cite and
prove some auxiliary results: embed- ding inequalities in domains with
cylindrical outlets and a lemma on the stabilization to a constant for
functions with exponentially decaying gradient. In the same Section
3, we recall some results for the stationary Stokes equation and prove
the weak Banach contraction principle. This theorem generalizes the
classical Banach fixed point theorem. This result is well known in the
mathematical community and is widely used. However, we could not
find the proof in literature. Therefore, for the reader’s convenience, we
present a proof. This generalization is used in the proofs of the regularity
of the solutions. The main problem for the stationary non-Newtonian
flow in unbounded domains with outlets is formulated in Section 4. In
Section 5 the quasi-Poiseuille flow for the stationary non-Newtonian
equations in an infinite tube is studied. A Poiscuille flow is an exact
solution to the equations of the fluid motion (Stokes, Navier—Stokes)
in an infinite cylinder with the no-slip condition at the boundary, with
a linear pressure with respect to the longitudinal variable, and with
the velocity vector having only longitudinal component (called normal
velocity) different from zero; this normal velocity depends only on the
transversal variables. A quasi-Poiseille (or Hiagen—Poiseuille) flow is an
exact solution having the same structure and corresponding to some non-
Newtonian rheology. Such flows for various rheologies were studied in
(2, 6,7, 26, 27]. Contrary to [20], where also the quasi-Poiscuille flow
was studied, we focus on the regularity issues. Finally, Section 6 contains
the main results of the paper: existence and uniqueness of a regular
classical solution (velocity and pressure) and continuity of the solution
with respect to the data of problem (stability). The proof of continuity

of the solution in the norm #?? for the velocity and L, norm for the
gradient of the pressure needs the regularity “plus one” of the solution. It
explains the difference of norms in Theorems 5 and 6
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Definitions of domains

Consider the domaino c & = 2.3, with J cylindrical outlets to infinity:
Q=00 UL 2). where 2. is a bounded domain,2n; = 0forj e {1,..., 7}, 2,002 =0
forj # 1. j.1 € {1...../}.and the outlets to infinity ¢, in some coordinate
systems 0 = .),...o¥) = .20, having the origins within the boundary
of domain ., are given by the relations

; = {;’L'(j) e R": V) ¢ Tj, ."'L'gj) >0},

where o are some bounded domains ingt, , cross-sections of the
cylinders (see Fig. 1). Assume that for any ke {1....). there exists a
5,>0 such that the cylinder (=0 ern 207 ea, 5, <2 <0} c 2. Denote do the
maximal diameter of the cross-sections « . We assume that the boundary
acisc*-regular and that 92no0, £ 0 has a positive measure. Evidently, there
exists a positive real number R > do such that the ball B = {z e r": |2 < 1}
contains2. We introduce the following notation:

Q2 = {:rf € (2 :rfgj) < k:}, Wit = k41 \ 25,

J
k
Wik = Wik—1 Uwjkp Uwjkia, NF = 0yu U Qi |
§=0

wheres~1.....2.mak>0 is an integer

2)
X

A
|
|
|
|
|
I
|
|
|
I

VAN

Figure 1
Domain Q.
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Auxiliary results
Embedding inequalities in domains with cylindrical outlets

Let ¢ creu-23, be domain with . outlets to infinity. We define ine
weighted function spaces. Denotes - (5.....5. define a smooth function .

o 0, x € (2,
op(x) = fI(J)q x € 0, (J)>2 J=1.... J,

and SET Eg(x) = exp{2¢p(x)}.
Denote by wi).i> 0., the space of functions obtained as the closure of

C(92)
1/2

H“HWEQ(Q) = Z /Eﬁ |D” r) | dx
|a|=0 ¢,

and set wy* - ;o Notice that for s>, the elements of the space
wizwexponentially vanish as 1l - +.

Lemma 1 [Poincaré’s inequality]. There exists a constant c>o
independent of 8 such that for any function «<wyw. the following inequality
holds:

Proof. For the proof, see, e.g., [20].
Lemma 2.
(i) For any function -y« the inequality holds:

|y

<

2(92)

< C UH4 12

“’HL’l(ﬂ) (2)°

(1)

ii) For any function «ew;*@., the inequali olds:
F y funct the inequality hold
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Iy

“Hmeﬁ)ﬂ;

;,z(ﬂ).

2)
Proof (i) Let us represent the domain « as a union of bounded
domains:
J oo
() = f)[}U l I Wik |-
j=1k=1
In every <+ we have the inequalities
H“Hqu I ﬁW”hV1%w k)
(3)

with the constant c independent of £. Multiplying inequalities (3) by
***and having in mind that « . in . we obtain

() e ()
Bxy UH A < (,:| OH.L ”1’1
Lt (wjk)

1
HC ulIWl’z(ujk-)'

unl 2p) S <e ””le z(m|

Here the constants depend on # only. Summing these inequalities over
k and j and adding the inequality I, <<l we obtain (1).
(ii) By same token, using the inequalities

||’”-||ioo(wjk) < (?’||'”-||%V2,2(w_,,-k)ﬂ ||“-||%oo(90) < C”“-‘H%/I/Q’Q(IZQ)*

we get (2).
Lemma 3. Let us define the half-cylinder 11+~ (v = .oy c v co e
(0.+00)}, , where 7 is a bounded domain in v with Lipschitz boundary.

Suppose thatp vewitur and

/ p(z.2") — 1)()‘20232 de'dz < ;—2 f |Vp(:zr) 262 da' dz.
m+ o+
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Then there exists a constant p. such that the following estimate holds:

/|pz z’ —p(‘ 22 qa' dz < ﬁz

Proof. First, we prove that the mean value #) = [, p(=.2) &+’ is a bounded
function. Let z > 0. Since #» =50) + ; #(narand since

da’ dz.

‘ 28z

I+

z 2
pl(rydr | < [ |p'(r) |2 26r qr [ 720" dr,

0 0 0

]

we have

1p(2)| < [p(0)] + ¢ / ‘f}’(z)|202ﬁz dz

+oo 1/2

< [p(0)] + ¢ f /|(‘92p(2,:r )| 207 42! dz < const.

It is easy to prove that there exists a constant py such that

lim. 4o 7(2) = po. Indeed,since #») is bounded, there is a sequence {zk} such
thatiim,.... 5z = o for some constant » <+ Consider

2k

1/2
‘ﬁ(z)—ﬁ(zkﬂ: [p'( )dr| < ¢ (//|3 plz %% da! dz) .

P4
Passing to the limit as # - +. we get

400 1/2
‘ﬁ(z) —po| < ¢ / / |02p(=. :n')‘zogﬁz da' dz —0 asz— +oo.
zZ a

Now, by Poincaré¢’s inequality,
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1
(;—Z]LU(H —plz | da’

< 2/ |p(z. ") - ﬁ(x‘-’)H@zp(z,ﬂ;’)| da’ + 2/ Ip(z.2") —
I . 2 12 g

< 2/ |p(z.:r ) —p(z) f |8zp(;:.:r )‘ dz

< C‘/|Vp(z,;1")|2d:r’.

Let: <¢<r <2 Integrating the last inequality from & to » yields

[ 1ot = pt6)
éf‘p(r,:;r;’) p(r)| Q! —H/pr ! | da’ dz

a

S C/ |V arp(r. 33‘!)‘2('117’ + C// |V;O(z,:x:’)|2d:r’ dz.
a é g

Multiplying both sides of the last inequality by and integrating with
7 from z to 2z yields

2 /
dax

20

2z 2z r

< c/f‘vwfp(r, ,'1:')‘2c2ﬁ"' da’ d'rJrc/em"//‘Vp(y. :17’)‘2(1:1:’ dy dr
z T z & o
2z

< c/f‘vwfp(-r, :1:’)‘202!5"' da’ dr

2z

+ %Ozﬁz (e*F7 —1) /] |Varp(y, :1")|202’3y da’ dy.

L 26 (e*77 —1) f |p(¢.2") — ﬁ(&)|2d:17'

From this it follows that

/|p(£ ") —p( £)| do’ < e z[:’»f- /[‘V (T, r)‘ 207 Q! drr

- (ff |Varp(y. ,7")|202ﬁy da’dy — 0 as & — +oc.
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Here we used that ¢ < -.2:. and so, § > +oo implies = + . By the
triangle inequality we get lm.. [, lp(=.) ~poas’ =0.. In order to finish the
proof of the lemma, we need an auxiliary inequality

+00 ot
FO) e dt < = / /(0 e at
0

(4)

(for the proof see [18, Cor. 7.1]), which holds for any function f'such
that T2 @R % 2Pt dt < +oo, limy, 4o (1) = 0. Applyulg (4) to f(z)= ([, Ip(z.2") — pol2da’)V/2, ,
we obtain

0

—+oo

/ C2ﬁz f |p(33 ;1;’) 71)“|2 da’ dz
a

0

. +oo 1/2,2
< 32 / e?#%|9, (/ |])(Z>.’L'l) — p[)|z dm') dz
T o
+oco 2
< 1 2Bz 1 | (7 “1)7 ||:) (‘! f)‘ 1,,/ 1‘4,
S 3 e o) — P da) 172 oz, a pol|Op(z, 2| da’| dz
0 7 o
“+oo
1 28z . "2 3.1
< 3 e’ | |O.p(z,x )} da’ dz. 0
TR o

Remark 1. From the last lemma it follows that if s, sseiwsmee < ~, then
there exist constants ».i = 1,2,...,], such tha

J
/ |p(:r:)}2 dx + chxp(?_;’j’:r&j)) Ip(x) —p; ‘2 da < c:'ng(;I:)Vp(:t:)’Q da.

20 =g, 7]

Stokes problem

Consider now the Stokes problem in the domain « with J outlets to
infinity:

—vAv+Vp=1£f, x€/,

divv =0, xe¢€ {2, V|,_f-‘)g = 0.
(5)
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Let H( 2) be the space of divergence-free functions ofiit(). It is well
known (see [3, 4, 8]) that there exists a unique weak solution v € H( o)
to (5), which satisfies the integral identity v/, vv - vnis - [, gar forarn e mo for
alln € H(Q) and the estimate V[0, < clfl:(o;

The following Agmon-Duglis—Nirenberg (ADN)-type theorem is
proved in [24] (see Theorem II1.3.2).

Theorem 1. Let | be an integer, / > 0. Let 0Q) € C*2. There exists a
positive B# such that for alls < .s1war e wire), the weak solution v belongs to
the space wi**«., and there exists a pressure function p with v < wi@) such
that the pair (v(x), p(x)) satisfies equations (5) almost everywhere in Q.
The following estimate holds:

HV”W‘IG+2>2(Q) + vaHW}e’Q(Q) S cC ”fHWg?(Q)-

Moreover, the local estimate
v WEF22 () T HVPHW‘;?(Q(K)) < ‘-"U|f“w§2(g(2m) + ||VV||,C§(Q<2K(2>)
holds with the constant c independent of K.
Weak Banach contraction principle

Theorem 2. Let X and Y be reflexive Banach spaces, x < v. july < 1« for all x
€ X. Suppose that M # X is a closed, bounded set, 1 # 0, and the mapping
T: M- M satisfies the inequalit

|Tx—Tylly <k|l|lx—ylly withk <1 Vz,ye M.

(7)
Then T admits exactly one fixed point ». € ar: 7. = a.
Proof. Let us define a sequencet-; by the recurrent formulas
;I; TlIJ_I_ J_ —_— Tu{, X u{ {] E i:\"I.
(8)

Since T maps the bounded set M to itself, there exists a positive
constant ¢0 such that|s.|x < wand |7z.|x < .. Since the space X is
reflexive, there exists a subse- quence (..} such that
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X . X - |
:I:nk — T, T:’C”k — Y s Lxs Yx = ﬂé)

For simplicity, we will not distinguish in notation the subsequence ..}
and the se- quence.}. From (7) it follows that

T, — Tapial|ly <E"[|xo— 21|y =0 asn — +oo.

Therefore, =) is strongly convergentin Y and 7, % ,... From (8) we obtai

N Y 9)
Ty =4 Tp_1 — Ys = Ty,

(10)
Thus, 7. - Ta.lly <kl — .l —0asn - +.as N > +00, and hence,
T, = ysy.
Relations (10) and (11) yield 7. = =... The uniqueness of the fixed point

is obvious.

Formulation of the problem

Let n = 2.3. w. A be positive constants. Let » be a bounded C? -smooth
function ez = such that for all y e rre+072,

v <A Ve <A V) <A [VP(rW)] g4

where A is a positive constant independent of .
Consider the steady state boundary value problem for the non-
Newtonian fluid motion equations in the domain.

—div ((vo + Av(3(v)))D(v)) + Vp=1f, x€ (2

divv =0, x €2 v]ge =0, (13)
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where b~ is  the  strain  rate  matrix with  the
elementsd, = (9v,/ox; + 0v;/02,)/2.,
A(v) = (dig,di3,dag,d11,dos, d33) if n = 3, and“}(\’) = (da.diy,do) ifn = 2,0 Fe WS (). 8> 0.,

We look for the solution v having prescribed fluxes F; over the cross
sections o; of outlets to infinity

v-ndS=F;, j7=12,...,J,

(14)

where
J
1

J= (15)

Here and below an integral over o, . is understood as an integral
over any orthogonal cross- section of o, Note that this integral for a
divergence-free vector function is independent of the position of this
cross-section.

Since div v =0, equations (13) can be written in the form

12
2
divv=0, =z €2, V‘g-‘)ﬂ = 0.

Av + Vp = Adiv (v(§(v))D(v)) + £, 2 € (2,

Non-Newtonian quasi-Poiseuille flow
Existence of non-Newtonian Poiseuille flow with prescribed pressure slope

The non-Newtonian Poiscuille flow with the strain rate dependent
viscosity was studied in the book [2] and recently in [20]. We will need
below some extended versions of theorems proved there.

Let us recall the definition of a quasi-Poiscuille flow for equations (13).
Let o be a bounded domain with Lipschitz boundary in r»-1.. Consider
in the infinite cylinder 77 = R x o the Dirichlet boundary value problem
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— div ((?/(} + Av (’;(u)))D(u)) +Vp=0, xzecll

divu=0, =xe€ll, ulog =0,

WhCI‘C Y(v) = (d12, d13, d23,0,0,0) if n = 3, and ¥(v) = (d12,0,0) if n = 2(below we Wlll Ne@ that
for the quasi-Poiseuille flow, dii = 0).

Define a quasi-Poiseuille flow as a couple(vr,.7r,) such that ve. o) = wr.0),
0,...,0)T,and Pr. () = —az1 + 8. 0.5 € R o = (22.....2.),, Wherevr, is the solution

of the following problem:

—% div,. ((1/() + /\f/("}P(?:‘pﬂ)))vmf’b‘p“) =a, 2’ €o,

do — 0.

7
VP (16)
HCI’C 4(v) = (di2, d13,d23,0,0,0) if n = 3, and 4(v) = (d42,0,0) if n = 2, and o 1s thC givcn
pressure slope
Theorem 3. Let oo e ¢ . For anya, > 0, there existsr = Mo(a0) such that
for all xe .2 and any <0, problem (16) admits a uniquel solution
o, € W20 W32(0). The solution vPa satisfies the estimate

[vp, lws2(0) < clal,

(17)

where the constant ¢ depends only on o.
Proof. Let £ be an operator W) nws@) - w2 nws2e) such that for any
v € W'2(0) 1 I32(), v — £o is a solution of the Poisson problem

[0
)

AV =h(v)+a, x€o, Vlae = 0,

(18)
Where
h(v) = ;A div, (r/(f}'p(w))vmrz;)
= ;)\ [V(AIP('“))AH:’?*’ + (vy’/(i"P("-")))T(v:ﬂ’ (”}P("-")))T : V:IJ’T-"] :

Using the embedding w:¢) - v~ and conditions (12), we obtain
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”h(?”)iiiz(g)

/N

X2 ([lo]2

< N2 ([0lfZyaz(m) + 0lliyoagm)-

/’H%VM(U))

Analogously,

|erh(v)‘ < (:)\(’Vfi,v |V,I;r ’l»‘| =+ |V:2L.wu ? + iV;i,U|2|V;,;wu )

+ |Vfﬁ.;’u

and using, in addition, the embedding, w2 < w21, we derive

||V,£:h,(@:)||ig(a) < A ([[vllivaz (o) + lvllvaaig) + v

Vil

Define in w20y nit2w)a closed bounded sets., - e w2y a1 [ullwssw) < Rob..
Assume thatv ¢ 8. Then (19) and (20) yield the estima

|k + ol 2(0) € < N (R + Ry + Ry) + (::|ar:i(22i)

Then for the solution of the Poisson equation (18), the following
estimate holds:

< e\’ (R + Ry + RS) + (::2|(:}:(|2§)

Set A5z = csagf?and 53 = 213 and suppose that

1 [
AN =\,
(*1(2 4:\[[f —+ 84’\[{?) *

)\2

Then from (22) it follows that jzo3..., < #:.. The last inequality implies
that the operator £ maps the closed bounded set s, - 1 c w2 i) onto
itself.

Let us show that £ isa contraction in 2. Multiplying equations (18)
by an arbitrary n € w2 and integrating by parts, we get

f/()

1
0l Vo (ﬁq;) -V dz’ = —5/\ f y(ﬁp(-r:))vxr?: -V da’ + « f 1 da’.

a a a

Thus, for any vi.v2 € Bs,. , the following equality holds:
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VQU Vo (Lvy — Lug) - Ve da!
1 _ ,
= —§Afr/ ("}'P(Ul)) (er?;l — V;,;r?)z) -Vyernde
1
5 / (v(3p(v1)) — v(Yp(v2))) Varvs - Vi da!
=.J1+ Jo. (23)

Using Young’s inequality, we obtain

A\? ‘
/|V‘,,,a-'r:1 — Vavg|* da’.
)
a

I

1% <
J1] < % / |Vn|* de + Cy
a
Using (12),
- gy 2 y :
|J/(’}“P(’U1)) - V('“:’P(’f-fzm < sup |V';;V(U)|2|Vm'?»‘1 — Varva|?
Y
< C2|v:r’ v — Vg U2|2:
we have

Ce

2)\2 2 2 !
» /|V,,,.r'u1 — Vv |*|Vprva]* da
0

1% P
2] < f Vo) da’ +

[e3

AN

' Ea

a
1 . 5 A2 . .
% j |V,L.:'r)\2' dz’ + (j/ sup |V;L.m2|2 / |V — V,L.m2|2 da’
0
a a

N

Yo 2 g,/ (.'53}\2 2 2 9.1
— [ |Vun|”da’ + —||'r:2||W3,2(a) |Vrvy — Vrvo|* da
8 J, )

a

A

1/

2
150 . (f;gA . -
— [ |Von?da’ + R3[| |Vavy — Vaws|* da
8 Jo 0

a

Therefore, taking in (23)y = v - c». we derive the inequality

0]
2

0

4
A? ; ,

+ " [(ff:iR(Z) + C-:;] ||V;x,-'(?-’1 —v2) sz(a):

Var(Lor = Loa)[ 12y € FVar (L0r = L02)[ 12,

and it follows that
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VU

Hvrxr’ (L"f"'l - E'“Q)Hiz(o) < /\ Hv U1 = HLQ("

Let
2
Vg

—1(05 + {L‘;;Ra)

Then for any»<on.operato £ is a contraction in '#e). with the

2
Ag = min{ A2,

contraction factor

4(@3 + (3;;R;2])

2

=\ 1.

and by Theorem 2 there exists a unique fixed point . of the operator
£, which is a solution of problem (16).
From estimates (20), (21) applied to the fixed point vPu it follows that

|h + (}:H%Vl,g(ﬂ) < (f:)\2(1 + R;"; + RS) |lve, %,3,2(0) — (ﬁ:|(}:\2

and thus ,by (22)

|%V3=2(o) + Co |(}:‘2.

[vp, [Fya2(o) < X (1 + Rg + Ry) v,

If 1<, the last estimate implies (17)
Operator relating the pressure slope and the flux

Definer = J,un.tnar the flux corresponding to the pressure slope —a..
Note that in the case of the steady Newtonian flow (the steady form of
Navier—Stokes or Stokes equations), F(a) is proportional to «. This case
corresponds to the value A =0, and 50, () = xa., where » - [, 70 ar a5 and
#» is a solution of the Poisson equation

g ~ ~
—? 2 Up =1, € o, vp = 0, 2’ € Oo.

We consider as well the operator (function) corrector of the non-
Newtonian flux with respect to the Newtonian one: ¢() = (@) - ro., and
prove that for sufficiently small 1> 0.¢(e) is a contraction.
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The next lemma is an extension of Lemma 2.3 and Corollary 2.4 [20].

Lemma 4. For any o, > 0, there exists a numberx, - u0) such that for
any A ¢ (0.n]and every fo| <ao, the solution v of problem (16) is a Lipschitz-
continuous function with respect to o in the normiv. - ... Moreover F(«)
is a Lipschitzcontinuous function with respect to a.

Proof. Letew2o)nw*2(o)mdvy, ct2@)nw2 be two solutions of problem
(16) corresponding to o = a1 and & = 2, respectively. By Theorem 3 these
solutions exist if A € (0.A(a0)). Moreover, the following estimates hold:

(_'}:'{]L = 1 2.

:Uch,é W3:2(g) <c

Using the integral identities

1
VU /V VP, V:J;"ﬂ da’ = —5)\/1/(’}}3(1}13,“ ))V:IJ’T"'PW ’ V.’rj"” da’

+ (}:,;ff) da’. i=1,2. Vpe W"%(o).
o (24)

subtracting (24) with i - » from (24) with i - 1, taking » = v, - vr., and
using arguments similar to those at the end of the proof of Theorem 3,
we ge

Hv.’r’ L'Pu - v ' UP,

g

|;L2(U)

y /|V p(ve.)) —v(BEr(ve,))|IVove, Vovp,, — Veop,, | dzf
0
+ % / ‘i/ ’P(IPQZ )vaﬂb‘pﬂl — V. 'UP,, 2da’
|(117(u|/\1 P., —¥p,,|da’
< el Vo, — Vovr, (120 +la lollve., —ve., L2 ).

where (7] = mes(o). 103 <win{o(00). 1/i00) = 11, , then from the last inequality it
follows that

vaf(’(,lpal — VP, HL?(a cs\/ |ol|lar — as.

(25)

Further,
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‘F((‘l) - F((}2)| < / |?;P(x1 ('T’) - ?;Pr.vz | (12’ \Y |0- ||l Prxl tx2
o
< o/ |||V (?,’p{yl —Up,, ||L2 < er/|o||ar — asl,

|22(0)

Importar imagen and this estimate completes the proof.

Lemma 5. Forany aq > 0, there exists a number % = x(a0) < \i(00) such that
for allsc 0. the operator »'c() is a contraction on the intervali-ao.adl.

Proof. Denotein, () = aiip(a'), fa,(2') = asip(a’), where |ai| < ao. Where
o < a.. Then o, ~vr, and i, v, satisfy the following problems for m = 1ana m —2:

I N A .
—%Amr(e.!(m —vp,, )= 5 divy (v(3p(vp, ))Veve, ), ' €o.

rr

(.l"‘“"m. o ’UP“7") da — 0

Subtracting one problem from another, we get for = v~ e e
the following relations:

120y )\

_? oW = 5 div, (V( /P (7 Poq))v:f:"?-"P(n

-V (’:!"'P (UP(XQ )) Vi UPas ) ’ s a,

w|oe = 0.

Applying a standard a priori estimate for the solution of the Poisson
equation with Dirich- let conditions, we obtain

Hv ! U'”L?(a) ( — HV ,’P(I P(J!l))v.’lfﬂl"'P(Xl - I/(;).IP(.UP(XQ ))vr’ UPas ”Lz(a)'

and by using similar arguments as before we obtain from inequalities

(17), (25) for » < (a0
[Varw| 20y < coMao + 1)||V;,;: ("Hp" — IPHQ)HLQ(U) < er M|y — .

So, finally,

‘ / wda'| <

a

< Vlallwllzzo) < e/ |o]|Verw|| r2(o) < cgAar — aal.

Since

]'u; dr’ = (kay — F(ay)) — (ko — Flag)) = G(az) — G(ay),

a

we have
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T G(a2) — Glar)| < ess™ Aoy — asl.

S0, 1f A < Aalan) = minfai(an).n/es). men G/ is a contraction with the factor q = cgx
-N<

Remark 2. The same proof shows that if the constant k" is replaced
by another constantx- > o then for any a0 > 0, there exists a number
X, = My(a0) < Ai(no) such that for ally e 0.4 the operator x-'6()) is a contraction
on the interval (-ao.ail.

Lemma 6. sgn(F(«)) = sgn(a).

Proof. Inde

ol (o) = / avp. da’

a

— / % divwi ((Vl] + /\V ("}P ('f,-‘Pu )) ) V:HI’UP“ ) vp, d.’l‘-!

a

= / % (I/U + Av (ﬁ-fp('f,!p” )))me’(.»‘p” - Varvp, dr’ = 0.

a

Lemma 7. For any Fy > 0, there exists »: = A7) such that forall » e 0.
and everyr ¢ (.5, there is a unique pair (o , ) satisfying (16) and such
that () = [, vr. ) ar = .. Moreover, the following estimate hold

’i}p{kHer,Z(J) ~.<\ C Fl ‘(}:'l i; (lf?L)
2

Proof. F is a Lipschitz continuous function. So, for any fixed Fo, we can
find a number oy = ao(Fg) such that for all X € (0, min{A;(eo), A2(0)})s

Lemma 4 holds, and for o € [—a, o], we have [#(0)| < . so.
|6 E(a)| = |7 F(a) — a+ o] = [s1G(a) + o] = ||a] — |s1G(a)]].

Since by Lemma 4, F(«) is Lipschitz continuous and, by Lemma 5,
%x"'G() is a contraction, we conclude that there exist constants 0 < 4; <

ay suc

arla| < [k7TF(a)| < as|a

Therefore, for everyr ¢ (-r. 1), there exists at least one o e [-an(). ol

such that F(a) = F
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In order to prove the uniqueness of a, we argue by contradiction:
suppose that there are two such number a; and &y, i.e., F(a;) = F(ap) = F.

Then, by definition, | 'G(a;) — 'G(a2)| = |1 — @2|. But this contradicts

the fact that x'G(a) is a contraction, and so a; = a,.

Continuity of the non-Newtonian Poiseuille flow

Theorem 4
(i)For any ao, there exists A = Mo such that for all »<oand every
at.as € (~ao,a0),, there holds the estimate

H’Upul —Up,, HT«VQ 2(0.) |(}1 — (¥2].
(27)

(ii) For any Fj, there exists A, = (7 such that for all » < 0] and every
F.Be (-1 1), there holds the estimate

a1 —_ ." 1
|LJ-P(.1:]_ (tz Hvﬁrg 2(5") |F]- |
(28)
Whereff[ vp, (2)da’,i=1,2
Proof. () Let Fo>0.00 >0 such that a <cr with ¢ from (26), and
let » = (o) be the number defined in Theorem 3. = X\ (7) be the

number deﬁned in Lemma 7. Then due to these theorem and lemma,
forx € (0.min{x. A} and every ai.as e (-a0.00), there exist solutions (vpy , o)
and (vps , o2) of problem (16) such that e, cw*@), and the following
estimates

IPH wa% 2(0) X C‘(}J 1 = 1:2._

hold. Moreover, o <cr. The difference = - satisfies the equations

Y
-2 (vp,, —vp,,)="h(vp, ) —Nh(vp, )+ (a1 —a2), x€o,

2
vloe =0, (29)
Where
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h(u) = %)\divﬂ (v (5P (1)) Vpru)
- %)\ [V (Av'fp (“)) A:}t’u + (Vyu (’}P(U)) )T (Vm: (V,I;i U.-))T . vw,u] .

It is easy to calculate that

|h vp,, ) —h(v paz)‘
< cA |Vz
+ |V21;p‘!1

wmvrn)| |vz
Vo P ]V ?,-Pal

oy

V(ve,, —ve.,)|

’ + ‘V?Pa |V2 '“Pf,l o {Pf¥2)|)'

r!2

r)z 2

By using Sobolev embedding theorems we get the inequality

”h(ﬂpal) - h(ﬂpaz)”Lz(U)
< ()\(HVZ (?)pal — ?"P(,Q ) HL2(0') —+ ” UPQQ HW'3~2(0) ||’Upu1 — /UPuQ ||W2=2(0)
+ e, vz lve., —ve., llwee@) + lve, lwse2 @) lve., —ve., lw22()

<A (Fo + F§)llvp., = vea, llw22(0)-

Therefore, the classical estimate for the Poisson equation (29) yields

H(T"Pal - f' “2 HW2 2( ) = C*)\(El + ‘F‘(?) ||fUPr11 - IUPQQ |W2’2((7)
T el = azl. (30)
If <1/ 7). G0 impties (30)
I - .r T o
”f 'Pu, P, ”w'z 2(0) S I(}l o|.

Thus, inequality (27) is proved.
(ii) Let » = x5) be the number defined in Lemma 7. By the definition
of the function (o) - r(a) - xa we have

G(ar) — Glas) = (F(on) — Fa2)) — k(on — as).
Thus,
lorg — an| < r{._l‘F((}:l) — F(ao)| + ‘hﬁ-_lG((]:l) — kT G(a2)).

Since for sufficiently small 1, the operator «c() is a contraction (see
Lemma 5), the last estimate yields

|(.}€1 — C}:'2| Q H'..-_1|F((J{1) — F((},’z)‘ =+ ’}"‘(}f
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with » <t and thus,

g — o] < c|F(ar) — F(ag)| = c|Fy — F»

From (31) and (32) follows (28).

The non-Newtonian flow equations in domain with
cylindrical outlets to infinity

Existence and uniqueness of a solution

Consider the domain ¢ c »* with J cylindrical outlets to infinity. We
assume that the boundary ocisciregular. Consider in @ problem
(13)-(15). Denote - /.12 Let Fy be a nonnegative number. By Lemma
7 there exists a number 19y depending on Fy such that for everyx € (0.1
and for any set of fluxes (Fy, ..., Fj) such that F < £, there exist ] pressure
slopes «; and corresponding J quasi-Poiseuille flows Vpy; (x) = (vpy (x7),
0,...,0)" € W*?(q;), defined in cylinders 17, = {x (j) # R », x70 # 7
£ 1 #R},j=1,...,], such that F(ocj )=Fj

We define cut-off functionsyi associated to each outlet Q; as C (3)-
smooth functions vanishing everywhere in € except for the outlet €);,
where they depend on the local longitudinal variable . only, are equal to
zero if .v < 1, and equal to one if .¢'> 2, and put

J J
-3« N
VX _ /X“,*-\'}-JP('&‘f 3 PX —_— Xj{_},j.l,-l .
J=1 j=1
It is easy to see that for i -wvie =3/ e, @,

supph C 22\ ),
Moreover, from the condition =/.5 -0 it follows thats..w . Finally,

estimates (17) and (26) yield

J

[Allwr2.2 (0 < f?‘Z ||’f«-‘Pf_t_,j. w225, < cF.
j=1

Sinceh € new22e®) by resultsin [S], there exits a vector fieldw e iz
wa2ow) such that divwe) = - and
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W]

W32(@) S C A W22(2®) S (;;F).
3

Moreover, since suppica®w , W can be constructed such that
suppw»”. Extend the functions W and V ‘ by zero into the whole Q
and set

V,(z) =W(z)+ V,(x).
Then

~—~

divV, () = 0. vx(fﬁ)lgyfg =0,

/i}x(:ff) n(x)ds=F;. j=1,....J.

and for » 2\, the vector-field v, coincides with the velocity part
ve, o) of the corresponding Poiseuille flow. Note that the vector field W
has zero flux.

By denotingin (13)

V:u+{ij p=q+ Py,
(35)

wherer, - 5/ v, we obtain the following problem:

—div[(vo + W(H(u+ V) D+ V)] + V(g +Py) =f i,

divau=0 in {2, u=0 ondf2,
fu-ndSzO._ jg=1,...,J
o (36)

Theorem 5. Assume thatoeisc'. Then for any s > 0mar, > o. there exist
numbers A, = Ao(Fo. fo) > 0and 8. > 0 such that for all »e .4, 5 €0.5) and for
any r ¢ wi*() satisfyingri,., < and any set (F1,..., FJ ) with = - 57 52 <’
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, problem (13), (14), (15) possesses a unique solution (v, p)* admitting
representation (35) with v e wi*@) v € wio),

The following estimate holds:

12(9) +F?).

;2 (2) + qu”z 1, 2(0) (
(37)

Moreover, there exist constants q;, qa, . . . , qy such tha

/Iq( )Izd; +Z[OXI) 251 ‘q _qj|2dl
20 =10,
2 f (
< (::/Eg(:zr)‘Vq(;r:ﬂ dr < (::(||f||ivé,g(m +F?).
0 (38)

Proof. Define K as the operator w;?w)nuw - w*@ nue such that for any
ue i), vg e Wi, is a solution of the problem

L".[]

- AKU + Vg =H(U + V,)+f,
diV KU = 0: }CUI()Q — 0._

(39)
Where

10 -~ -~

HU+V,) = —AV — VP, + Adiv[r(3(U+ V,))D(U +V,)].

After subtracting and adding the expression:cv.nv., we write . in the
form

H(U + V) =g+ Adiv[r(3(U + V) D(U + V) — v(3(V,)) D(V,)],

where ¢ -0, aaw6@009, - vr. The function g has compact support,

supp c 2® . and
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—(ZF2

(40)

<c

Note that

VV(;?'(U + \/\fx)) = (vyy(y)‘y:ﬁ(UJH’}X))Tv;’/ (U + {}X):

V;/(q({‘fx)) (vyy(y)‘y:ﬁ(vx))va}"({}x):

where v: * is the Jacobian matrix ofs.and

. 5 T . S
[A (V2 l,— fy(U+VX)) Vi(U+Vy) */\(vy’/(y)lyzﬁ(Uﬂ?X)) VV'(VX)H%(Q)
< ()\sup Hvyy HV U|\£z(_())

A (vyu<y>|y:w+\7x)) VA(Vy) = MV, w) VIV

< cAsup ‘V‘;u(y) | |V“',/(\A/'X) ‘ |VU|.
Y

Since

Adiv[v((U + V,)) D(U + V) — v (5(Vy)) D(Vy)]

= Adiv [v(4 (U+VX)) (U) + (r(3(U+ V) —v(3(V,)))D(Vy)]
=\ (5(U + V) - D(U) + A5 (U+V )) div D(U)
(V.

AV (U + V) = V(5 )) VX)
+ (¥ (U+VX)) v(¥(V ) an

by using (12) we obtain the estimate

M div[v((U + V) D(U + V) — v(5(Vy) D(Vy)]|
< edsup |V,r(y)||[VU|(|VPU| + |V2i}x|) + eAsup |v(y) || VU
y y

+ cAsup ‘Vyr/(y)HVQU‘ |VVX|
y

+ cAsup ‘Viy(yﬂ|VU||V‘7X|(|V2VX| + ‘V2U‘)
y

< eAA VU|\V2U|+|V2U|+|VUHV2AX|
+ VAUV, |+ |[VU||VV, | (| V2V, | + [V2U))).

Using the embedding inequalities (1), (2) and estimates (26), (33), we

obtain
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|||VU||V2U|||L2 %up EI/QVU| k& U||£2

< el| ULy

() = () = 22 (02)’

19911920250

/|VW| v2ul? 1I+ZZ/

iV )PIVPUP de

Q) J=bk=2,
< sup |[VW(a )| / |V2U| dx
re(3)
Q)
J o oo
+ (ZZ sup (Jve, >+ |V, G VP, ?) /Eﬁ V?‘U|2d:;:
1 k= 2:60’, .

Wik

2
g(',’”W”ﬁ,s,z(Q(:s}) / }VzUi dx

23
J

+(Z|lb Zi /b |V2U|2d:r
=1 k=2

J o oo
chz( / |V2U\ (1J+ZZ/E,9|V2U|2(1:::) (FZHU”W”(Q)'

2(3) =1 k=2

Let us estimate the integrals containing the terms wupvy,qe:v,:and

v2v, 2ot Inequalities (1), (2) and (3) yield

[V VIV U
/ VW \VU|2<1;+ZZ/E,9\V2 \; Ve, )| [VUP do
02(3) J=1 k=2
< sup |VU(:1;)| f‘V2W| da
reN3)

203)
J

— 1/2 1/2
+ZZ(/|V XjUP,,) | dl) (/EEVU|4(17?)

=1 k=2
< e[ Ulya2p Wz ooy s o, oYY IULE Wi (os0)

j=1 j=1 k=2

LE2 2
S (,F ”U”W;’Q(U)

Similar considerations give us also the estimates
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IV VA IV VIV U )

< / (VW[ |VW 2 + |V2W[* |V V]2 + | V2V YW 2) VU2 de

2(3)
+ZZ[Eﬁ|v (Ve )| ( iVr., ) |VU[? de
j=1k= 2,
< cFHUly Wi2(a)
|IVV,||VU] \V2U|||£2m c F2||U||§V;,2(m

Collecting the above inequalities and adding (40), we derive

HH<U - V HLZ’(U) (Fz + )‘Z(HU”4 52062 + HUHZ 5202) - FZHU”Z 22 (52)
+ F4||UH2 Wy 2(92) + FZHUWL o2 (02) )) &B
Similarly,

}Vdn [y( U—I—V ))U(U—F{}X)—V('-)"({}x))l)({}x)“
< e((|VPU] +|V2U[") (1 + VU + [VU[[V V)
+ [VAU[[VV |+ [V2U[ V2V | + [V2U VU] [V2V,|

+|V2U WV, |+ [V2U||[ V2V, ||V V, | + [VU[(| V3V, |
VIV + [PV [+ VPV, P vV

The s;-norm of this expression is evaluated according to the following
scheme: in each product of gradients, the first-order termsivuj wa v9,/ are
evaluated by suw,c, (vU@) amasup, e, (v, 1. the second-order terms|v:ujana|v2v, jare
evaluated in the ¢, -norm, finally, the third-order terms (voujuma vy, are
evaluated in the snorm. Then we apply the embedding inequalities of
Lemma 2. So, for the gradient of H, we obtain the estimat

||VH(U + V HEQ(H) (Fz + /\Z(”U||W3’2(_Q + ”U”y\ﬁ 2(2) + ”U”iv”

(£2)
+ FZHU”() “‘2(_(1) + FZHIJH4 32(_(2 + FZHUHZ 72(”)
4 2 6 2
T FUyz20) + FIURys2 o) ))- ((4422))

From (41) and (42) it follows that the right-hand sider - r+nv- v, of

system (39) satisfies the estimate
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||R||Z 1, 2(9) (1(”sz 1, 2(”) + Fz) + /‘\Z(Z(H.U-”6 3.2 (£2) -+ ||.U-||4 ;,z(ﬂ)

+ ”U”W3,2(Q) + F“'”U”?/VF‘Q(Q + FZHU”W3 2(02)

F2\|U||“' 22 + F4||U||2 - + Ff’||U||2 2

(£2) (2) (£2) )

Then, by Theorem 1, for sufficiently smalls > o, the solution (KU, q) of
the Stokes problem (39) is subject to

IKU

W;’Z(.Q + qun

Wg?(£2)
< (_'Z3||R||Wé.2(n)

< (_'f4(||f”iv1,2(9) + F2) + A2C5(||U| 6

WS’Z(Q + ”U”

Wg?(£2)

+ U2 Wi () F2\|U||;*Ng,2 +F?| Ul Wi ()

+ PIUI gy + P02 ) + PO s )

3,2
Wi (2) )

Assume that

'32(9) 2(4(||f||wl 2({2)+E33) _J[).

Then from (43) it follows

IRl ) + I Vally,

(£2) 5 (12)

< §Mﬁ FesAPMA (MY + M? + 1+ FEM? + FM* + Ff + I + F),

and if) satisfies

A< ! = A2
T 2e5(MA+ M2 41+ FM2 + FRMA + F3 + Fl + F§) v

we obtain the estimate

HK:IJ”‘2 qz HV(]”Z 12 1[2

(@) " (2) S

Thus, by (44), the operator K maps the ball & - wew @ w0 <00 into itsel
Let us show that K is a contraction in the space H(2). Multiplying
equations (39) by arbitraryn € #(2) and integrating by parts, we get
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al fVUCU) -V dx

2
02
= - f v(3(U+V,))D(U +V,) - Vpda
02
+ A/u(ﬁ,f({“fx))D(ffX) .V d:}:+/(g+f) pde.
§2 £2 (45)

From (45) it follows that for anyv, v.<s,. the following equality holds:

% V(KU, — KUs) - Vi dz
{2

= A/V(A,f(Ul + V) (D(Uy) — D(Uy)) - Vpde
2
- A/ (v(3(U + V) —v(3(Uz + V,)))D(Us + V) - Vpda

2
- -]1 + ]2 (46)

Applying Young’s inequality, we have

. 2eA\2 A2 .
] < %/|Vn\2da’:+ (V—/\VUl VU da
0
2 {2

Since, by (12),

PEUL+ V) = (31U + V) [
< sup [V, u(y)| [ D(U) — D(Uy)[” < cA2|VU; — VU, 2,
y

we gCt
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2eA2A2 { .
1] < 2 f|v 2de + /|VU1 — VUL ?|V(Uy + V)  da
4]

”“f|v |2dr+ : sup|v U, + V)| f|VU1VUZ|2dr
0

ref2

1 2c\2A?
/“[IV |2 da + ¢ (HUsz ?2(9)+.F() /VU1VU2 dx

26A2 A2
”“/|vn|21 + = . (M2 + F2) /|VU1VU2|2(11

taking in (46) - v, -xu. we derive the inequality

VU HV (KU, — KUZ)H;ZLQ(Q)

: SeeA2[1 4+ M2+ FE
0| G00U, - K|, - 2 LM 1G]

‘V(Ul = Us)|72(0)

(2) o’
Therefore,
. SAceAZ[1+ M2+ F? .
HVUCUI N }CUQ)Hi?(.Q) <N | 12 d Hv(Ul - UZ)HiQ(Q)'
Let
2
?/{]

A7 = Az,
o = min L R A2 1 R

Then for any »cou., the operator K is a contraction with the
contraction factor

Sdee A% 1+ M2 + F?
(= \* e [ 5 [}} < 1.
L’”

and, by Theorem 2, there exists a unique fixed point U of the operator
K , which is a solu- tion (together with the corresponding pressure
function ¢) of problem (36). Estimate (37) for the fixed point . and the
pressure . follows from the fact thatu c 5, (see inequality (44)).

The existence of the constants ql, . . ., qJ and estimate (38) follows
from Lemma 3 and Remark 1.
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Continuity of the solution with respect to data of the problem

Assume that we have two sets of fluxes ...&")wa.. r satisfying
condition (14) and two functions . € ;). Let V¥ ad v flux carriers
corresponding to fluxes ....5") w5, respectively (see formula
(34)). Denote by u®.q®)and (u®.4@) the solutions of problem (36)

corresponding to flux carriers v.v¢ and right-hand sides ¢ ¢>. Assume
that

FOO < . Hf(i)HWQQ(Q) <o, i=12.

(47)

Denote

J
(1) 2)
Q—jZlF;l _F;}Z

2 : 9 (12
T Hf(l) - f(Z)Hwé’Q(Q)'

Theorem 6. There exists 4 — 4,(r.s,) such that for all xc (0.4, and
following estimate holds:

[u® — u®

2 (1) NG .
|‘W2=2(!2) +[[V (¢ —q )HL?(Q) < @l ((58‘)
Moreover, if @ wmi@ware normalized by the condition e« dr =

Juwa®@ax, then the limit constants .....4"] at infinity of qm (x) and the
corresponding constants ¢”.....q5"” of () satisfy the estimate

J
}qb,gl) — (]§2) },3 < ceQ(InQ)”.

1=1

Proof. Due to condition (47) and inequality (37), v ¢ 5. c witie). v <
by < W@, e -non. where By and by, are balls of the radius M and
M., respectively, M, M, M, are positive numbers defined by Fy, fy of
condition (47). The differenceu- v - u¥ e wi*@ satisfies the equation
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—vpAu + Vyq
— g+ £+ Adiv(v(5(u® + VD)) D(u® + V)
(V) DVE) — v (3P V) D(® + V)
(V) D(VE)).
divu =0, 11‘;)9 - 0, (49)

Where,,,quu:»,ga WAV A div(r(A(VIO)DVE) - v i = 1,2,

From (28), (33) and (40) it follows that suppes <o

lg™ — g ”LQ(Q("‘)) Z‘F(l

(50)

Since wewsrw.vie o, there exists an intege
| W22 (Q\_Q(’fcg) =+ ||VQ'H (f}\f}(-‘bQ)) “*<- C)
B/a (51)

Obviously, for every sufficiently large K,

. o < Q.
Wéfd(fz\fz“‘@)) 52/4(:’2\9“93’) <@

with the constant c; defined by FO and f0. In particular, condition (51)
hOldS lf cre~RaeB/2 —

We assume without loss of generality that &, >1..
Let us estimate the norm ... Consider the function

p(r) = Crp (v)u(x) + D(x),

WhCI'C\'w' Cholay) forz € 25,
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1, t e {U, f{IQL
Ck’Q (f) — COSQ(% ikQ ) L c U{:Q: 2!&?(3],
0, t e [2]4?(3_, +O<)),

-~

and

div®d = —V (i, (r) -u(r) in ke
@ =0 onoNk) =, .

Let us construct ..
Notice tha

J
supp (Vi () -u(x)) C U {ren;:0< a:gj) <2kq}
j=1

and

Therefore, for any .t =0.....2t - 1= 1......we ha

o\
Vi, (1) -u(r) dz)" =0,
T j
and there exist functions «. <. satisfying the equation

divd;i () = =V(i,(x) -ulx) inwjp,

and the estimate
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HV@J,;LHLQ(MHJ é C”VQ&'Q . UHLz(wjk) é C;{I(ElHllHLz(wjk)

with the constant ¢ independent of £ and ;. Extend ¢, by zero to
0. Putting D(x) = v/ x4 #.. we obtain the function belonging to
iU/, 0,000, which satisfies equation (53) and obeys the estimate

7.—1
HVQJICHLQ(U;'ZI 25 315) < (.:L'.Q HUHLQ(szl Q2; 2;?(24))
3

with the constant ¢ independent of kQ.
Since, by construction, ¢ is solenoidal and supp ¢ <= , multiplying
(49) by ¢ and integrating by parts, we obtain

%) f |Vu\2 dr = —ly f Ckcg ‘vu|2 dx

f2tkQ) RERN oke)

— 1 / VuV(, -udr + v f Vu-Veédr

0FQ) Q*Q)
+ 1y f (g+f)-pde+ A f M(u(”,u(z)) ~pdr
2B*Q) Q)
—A N(VO. V). pdr
QkQ)
6
= Z I{ls
=1
Where
M(u(l), u(z)) = div(v (¥ (u(l) + {\/'SCI)))D(U(I) + {7;1])
— (3 = V) D+ TE)).
N(VD V@) = div(v(3 (VW) D(VY) — 0 (3(VD)) DVE)).

Let us estimate the right-hand side of (55). First of all, we notice that

1198



Grigory Panasenko, et al. Steady state non-Newtonian flow with strain rate dependent viscosity in domains with cylindrical outlets to infin...

/|th|2d:1:§c / IV Ciig, I [u]? da

0kqQ) 02kqQ)
vo [ laaPvurar s [ vera
0(2kQ) 0(2kQ)
<c |Vul? dz,
QPkQ)

where, in order to estimate the last term, we applied inequality (54).

Moreover, by (50),(51) and (54),

K| < ¢ Vul*der < cQ,

o2\ n*kQ)

|]{2| < VUVCkQ -udx

2k -
Q) »
< < f \Vullu|dz < £ f |Vul?dz + ¢ / |Vul|? da
]ﬁ‘Q fiIQ
2kQ) Q) o\t
< / Vul? die + ¢ Q.
]ﬁ?Q
kQ) (57)
1/2 1/2
|K3] < L’()( / [Vul? "Ll'i-') ( f VP d:r)
0ZkQ) 2kQ)
c .
< / (Vul? dz + cQ,
]{‘Q
nt*Q) (589)
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0] < @) (IelBaouy = [ 1EPac) 42 [ Velas

0kQ) 22kQ)
<e(e)Q+e¢ / Vul?da + ¢ / |Vul? da
Q%) o\n*e)
<ceQ+¢ / |Vul* da.

e (59)

Substituting estimates (56)-(59) into (55), for sufficiently small & and
sufficiently large kg, we obtain

% / IVul? dz < cQ + A / M(u(l): U_(2)) “pdr
k) 2FQ)
+ A\ / N (Vg{l)? Vgcz)) X da.
QkQ) (60)

Consider the term K¢ containing nvt.v¢).. We have

GV DY)~ G (V) DY)
= div(o(s "5&)))( (Vi) - D(VE)
VGTEN)DVE))

Therefore,

NV, V(Z))‘<((‘V2V(1)||V( v - v®) |+\vz VO @)

+ [V V“ NIVVE T+ [V(VE - V) [[v2v)]
+[v( VS’ -VE)|[vv ||V3Vx”|)- @

Arguing as in the proof of Theorems 3 and 5 and using (17), (1), (47),
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VORIV (VY - VO ar
23q)
= [ ‘VZW{]}WV({"E(” — {"E(Z)H:zdﬂ:

o)

J2kg
+ec ZZ[W VIRIV(VE - V) dr
i=li=0]
gf—‘”W{l]”z V()"I”MI,EZ{I‘;[’IJ\J

W, ?(:zm ”

+;:f V2V v (VD — V@) de
{H3)
N qu I+1

w0 [ [IVVORVEE - V@) sl @t
==

J
S CZ |FJ§1} - F_‘.?g) ‘2
i=l
g ﬂ-(} il

+;ZZI [ |V{”Hifn-2cnj}|wi”—‘}i‘”ilfw.z{o]d?“’

i=11=0

141

J g 2k
272
<eSFD FOP LN |FY - FOPY E:/drm
i=l1 =1 |

j'= =l

—

J
<ce((1+27k0)) Y |FY — FPI < e nq).

=1

Estimating analogously the other terms in (61) and using (52), we
derive

IN(VO V) [ de < eQ|In Q).

(62)

Thus, similarly to (59), we get
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Kal<e@) [ IN(VOVO)Pdrre [ jpPds

ZkQ) 2kg)

<eQ|InQ| + ¢ / |Vul|? dz

n2Zkg)
<eQ|nQ| + ¢ / |Vul|*dz + ¢ / |Vul? dxr
n*kQ) 2\ *kQ)

<eQ|nQ| + ¢ / |Vul|* dz.
Similarly, we have
‘M(u(l),u(z))‘

< (V0 V) |9+ V)~ (a4 9))
(V)
(V)
+|V(u “)+V§g>)—v(u(2>+v(2> Hv2 2)+V(2>)|
+ |V vy - v(

= Z’ﬂ[l.
1=1

Arguing as in the proof of Theorem 5, we obtain

Mfdavgc( f 1V2u® *|Vul? dr + f V2V Vu)? de

(2kQ) (2kqQ) 2kqQ)
+ / VO P V(O V) e
(2kq)
o[ ORI - V) a)
(2kq)

<c (|u(1) |ﬁ/l/3’2(9(2kcg)) Hul|12/Vz’2(Q(2kQ))

(”WU)HW 2(@) T Z VOIS 2(a;) ) lalie s ooy
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J
. 2 2
+ (Hw(l) — W(2)||W2_2(m3)) + E ||V§<1) - Vf)wzsz(sﬂ”""?)))
j=1

X Hu(l)Ilf/‘l,g‘g(ﬂ(qu))

J
2 2
+cln@) (Hw(l) ”w-‘ﬂ(:z(ﬁ)) + Z ”Vgcl) “L’VB:z(a‘_,))

i=1
J
= = (9112
<YV - V;Q)Htvw(a_,-))
j=1

< C(Hquw..z(Q(sz)) +QInQ|).

Estimating the integral containing wv¢rwey - v, we have used the same
argument as in the proof of (62) (see Lemma 2).

The other terms i.i-2..5 can be estimated similarly (for Ms,
we estimate |[#u ®)| in L*-norm via W*? (Q)-norm of u®
andv7?| va ws2(o)-norm of %, and we derive the following estimate for the

norm of M(u My (2))
o (2 .
/ |M(u(1): u(Z))‘ dr < C(”uHiV‘M(Q("Q)) +QInQ)).
2(2kg)

(64)

This gives the estimate for Ks:

|K5| < ¢(e) / |M(u(l),u(2))‘2dx+s / lp|? dz

(2kQ) 2kQ)

~ 2 2
<QmQl+= [ VuPdrt clulf. o,
2*Q) (65)

Substituting (63), (65) into (60) and choosing ¢ sufhciently small, we

obtain the estima

] |M(u(l), LJ_(“z))‘2 dr < e(||ul)? k) T+ Qn Q).

Ww2:2(0
12(25(2)
(66)
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Now we apply the local ADN estimate (6) to the solution (#,9) of

problem (49),
2 2
‘|u|‘w2,2{9(k(3)) + ”vanz(Q(kQ))
“-<\ (‘((u)l 111(2‘ + AH“H%{/2,2(QU‘=Q)) + Hvu‘li‘z((z\!z(kg)))
2
S (’(Q| In Q‘ + AH“Hw2,2(|Q”“Q)))' (67)
Applying estimates (50), (66), (64) and (62) to the right-hand side of
(67), we derive
2 2
HUHWQ,z(Q(kQ)) + ||Vq||L2(_Q”"Q))
< F((l)' an‘ + )\Hu‘|34f2,2(!2(k(3)) + Hvu‘li‘z(g\g(kg)))
2
< F(CJ| In Q‘ + )\Hu‘lwz,z(g(kcﬂ))' (68)

Thus, if ck < 1/2, from (68) follows estimate (48). Let us estimate the
differences oo~ j-1....0.

Let the pressure «»- - be normalized by the condition
fowawar—o. Then q satisfies the inequalitylilioe, < d¥iltwe, Denote

G") = [, o 20 a | Since fo, la@) = qoffde < +oo (see Lemma 3),wc can assume,
without loss of generality, that kq is chosen such that r,uee e -k <a.,
Then

ko1

/ (rjj (T(l?)) — ¢jomes rrj) d.r(lj)

ko

= ‘ ] (g(x) = gjo) dx

(kq, ko +1)xa;
< y/meso;().

So,

< ymesag||q(r) — q.?'“HL2(Q_,—\Q(’“Q>)
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ko+1 kqo+1
mes a;]q;0| < (7 (T(l')) — qjomes ;) dri‘j) + / g (’I‘S_J)) d.T_(l‘?)
ko kQ
ko+1 =)
< ,/mes (rj\/@ + / ((jj(;pgj) — ko) + f (1) dt) d.r:(lj)
kQ ;I‘(lj) —k‘Q
1 ko+1
< /mes (rj\@ -+ [67 (,r(lj)) dr(lj) - f ‘6} (Tg_))) ‘ dquj)
0 0

< y/meso;/Q + gl 22y vmesa; + [Vl L2 (o) ymes o/ kg + 1
< /meso;/Q + ClIVall 20y + ClIVa|lL2 () V[ In Q)
< CV/Q|InQ)|.

and thus e < comar.
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