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Abstract: In this paper, we consider the sumsg = ¢ + ... + ¢, 0f possibly dependentand

varyingdistributions. By assuming that collection(,.....¢.}follows the dependence
structure, similarto the asymptotic independence, we obtain the asymptotic relations
fore((s§) 14, andE((s§ — »)")"., whereais an arbitrary nonnegative real number. The
obtained results haveapplications in various fields of applied probability, including risk
theory and random walks.

Keywords: sum of random variables, asymptotic independence, tail moment, truncated
moment, heavy tail, consistently varying distribution.

Introduction

Let » e v = 2. yand let (...} be a collection of possibly dependent real-
valued random variables (r.v.s) with heavy-tailed distributions. Denote

Sﬁ, ‘= é-l + T é_-n,- "

Throughout the paper, we assume that random summands have
consistently varying distributions. This is a subclass of heavy-tailed
distributions. We recall some definitions. We say that a distribution
function (d.f.) is supported on = if its tail7 =1 r satisfies 7 > oforans e

e A df Fsupported on Ris said to be heavy-tailed, written as F , if
for every it holds that
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" dF (z) = oo.

— 0

e A d.f Fsupported onr is said to be heavy-tailed, written as r <«
, if for every » >0 it holds that

F T
11111 sup (zy) < 0.

F(x)

e A d.f FonRissaid to be dominatedly vaying as r <, if for any
fixedve (0,1)it holds that

F T
11111 511p (zy) < 00.
F(x)

e Adf Fon r is said to be consistently varying, written asrc=,, if

F(x
lim [im sup (zy) = 1.
vt 200 F(2)

e Ad.f Fon r issaid to be regularly varying with index - >0, written
as rew, if for anyv >0, it holds that

, F(;r;y) B
lim — =
r—oo [ ( T )

It is well known (see, for instance, [5]) that
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The following two indices are important to the determination whether
d.f. Fbelongs to the aforementioned heavy-tailed distribution classes. The

first index is the so-called upper Matuszewska index (see, e.g., [2, Sect. 2],
[9,23]), defined as

1 F
J T = inf{ — log lim inf (—“j)
y>1 10% Y T =00 F(

Another index, so-called L-index, is defined as

F(x
L = limlim inf ()
yll w—oo  F(x)

This index was used by [16, 19, 33], among others.
The definitions of the aforementioned heavy-tailed distribution classes
imply that

FeD <+ Ji<oo < Ly>0,
FecC < Lp=1,
FER, = Lp=1, Ji=n~.

The classes and have been extensively used in real analysis and various
arcas of probability (see, e.g,, [2, 12, 25, 27]). The class of ¢. consistently
varying distributions was introduced as a generalization of the class = in
[8], and was named there as a class of distributions with “intermediate
regular variation”. The concept of consistent variation has been used in
various papers in the context of applied probability, such as queucing
systems, graph theory and ruin theory (see, e.g., [1,3-7,9,13, 17,22, 32]).

We explain some notations which will be used throughout the paper.
For two positive functions f, g, we write:
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flz) _

r) < T if lim sup
f( );HOO g(x) i m Sy g(f)
f( )

f(x) = O(g(f)) if limsup :

rz—oo (
fla) = g(x) if f(z)=0
g(x) = O(f

flz) ~ g(x) if lim fla

r—0oo Tr—0o0 (](,)

£z

() ©

( L)and
(f(2));
‘)

= 1.

In this paper, we suppose that the random variables ¢.....c. are
pairwise quasi- asymptotically independent. This dependence structure
was introduced in [7] and consid- ered in [14, 20, 21, 30, 31] and
other papers. In the definition below and elsewhere, we use the standard
notations:=* := max{0,x},z = max{0, ~z}.

Definition 1. Real-valued random variables ¢ ....¢ with distributions
supported on r are called pairwise quasi-asymptotically independent

(pQALI) if for all pairs of indices &< (1.2.....n).k 1. it holds that

. + o — e
lim (5}” > El ?) = lim P(E" & > z) =0.

T—>00 P(Ek >x) + P(El >r)  a—oo P(Efj > )+ P(Eﬁ' > 1)

The following statement is Theorem 3.1 in [7]. The statement provides
the asymptotic results for tail probability of sums of roarr.v.s having
distributions from class c.

Theorem 1. Let (c......c.y bea collection of real-valued voar r.v.s such that
oec forke{l...nt Then

P(Sﬁ > ) o~ Zf&(m).
k=1

The following assertion with slightly narrower dependence structure
and r.v.s from a wider class o is derived in Theorem 2.1 of [18].
Theorem 2. Let {z.....c.} be a collection of real-valued r.v.s such that
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lim supP(fk+ > ’ £l+ > u) = lim supP(fk_ > | fﬁ > u)

Tr—00 ’{1,2.’12 r—0o0 ’Ub;.b’

= lim '&supP(Ek+ > | § > u)

B0 g

=0

for all pairs of indices ricii2...n). In addition, suppose that
Fe, €D, T{A (z) =< Fe, (x), T-“ik () = O(Fg,(x)) {:OI' some k € {L.....n}, and E|&1|™ < oo for some

m € No:={0,1,..., }. Then
mn 1
L Fy,

n
ZLF{kE(5£’L1{§k>m}) § E((SS)I’LI{SE)I:}) S E(Elglb]'{fk>:1:})'
k:1 L oo

T—r00

k=1

In this paper, we obtain asymptotic relationships for

) ( (Si) § 1{5’% }:r_:'})

and

E((Si _ ',I:)Jr) o

(3)

roar, depen- dence structure. Asymptotic behavior of the left truncated
moments of random sums was considered in various fields of applied
probability, including risk theory and random walks [10,11,24]. In
addition, quantity in (3) is closely related with the Haezendonck-
Goovaerts risk measure (see, for instance, [15, 18, 28] and [29]). To get
the precise asymptotic equivalence relationship, we consider r.v.s with
d.f:s from classc. The main results on the asymptotics of (2) and (3) are
presented in Theorems 3 and 4 below.

The rest of the paper is organized as follows. In Section 2, we provide
formulations of the main results. In Section 3, we present the proofs of
the asymptotic formulas for the left truncated moments of s:. . The last
Section 4 deals with the examples illustrating the obtained results.
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Main results

The first assertion generalizes results of Theorem 1 which can be derived
from theorem below by supposing « = o.. In addition, for classc., theorem

wider dependence structure and for a real-valued nonnegative moment
order .

Theorem 3. Let {¢.....c.} be a collection of real-valued poar r.v.s such
thatr ¢ and E() < scforairk € {L.....n} and for some o > 0. Then

E((Si) 1{Si>w}) :1;:00 Z E(gfl{£k>f})'
kel (4)

The second theorem shows that the asymptotic behaviour of the left
truncated mo- ments of sums depends on consistently varying distributed
increments but does not depend on asymptotically lighter increments.

There 4. let {.....c.; be a collectin of real-valued r,v.s such that ,for
each ke {1.....n}, it holds that =, ccorP(sl > = o7 1)).. Suppose that r, cc
and B~ < coforaik e {1.....n}and some o > 0. Le: T € {1,...,n}be a subset of indices
k such that =, ec.. If the subcollection . * < 7} consists ofpoar r.v.s, then,

for each scp.a

~ D B(E Lgsn).

3
E((Si) 1{Si>w}) 300
kel (5)

and, for sep.q) it holds that

B((s§ - ))" ~ Y B((E )"

k€T ©

We notice that the basic index in the formulation of Theorem 4, which
is equal to one, can be replaced by any index i< {1.....n}.. In addition, it
should be noted that depen- dence of r.v.sg. k¢ 7v, as well as mutual
dependence between the setsi. <71 and ..k € 7}, can be arbitrary.

Proofs of main results

We present two auxiliary lemmas before providing proofs of the main
results.
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Lemma 1. Let ¢ be a real-valued r.v. such that ¢y <~ for some »>o.
Then, for any » >0, we have

B(E"1co0y) = #7P(E > 0) 1 p [0 P(E > )
T (7)

and

E((§ - ;‘L‘)Jr)p =D /(u — )P P(€ > u) du.
:’L‘ (8)

Proof. Both equalities of the lemma follow directly from the following
well-known formula

o0
En? =p [ uP7'P(n > u)du,

0 o)

provided that p > 0and v is a nonnegative r.v. (see, for instance, [26, p.
208, Cor. 2]).
Namely, by supposing- <, from (9) we obtain

(o]

E(gp 1{E>:1:}) =r /’UplP(fl{5>w} > ’H,-) du

0
T oo

=pP(& > ) [-upl du +p /‘uf’lP(E_ > ) du,

0 X

and equality (7) follows.
Similarly, by supposing -« ", from (9) equality (8) holds because
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E((¢-2)")"
=p /UPIP((E — ;'I;)+ > 'u.) du

0
[o's}

=p /u,pl(P((E o)t > u, > )+ P((E—2)t >u, <)) du

0
o0

=p /'u,p_lP(E > x + u) du.

0

Lemma 2. Let ¢ and v be two arbitrarily dependent r.v.s. If #<cand
Pyl > 2) = o(Fg(x)), then

P(f +1n > :,r:)

Proof. Proof of the lemma is presented in [34] (see part (i) of Lemma
3.3).

Proof of Theorem 3.1n the case « = 0, the assertion of Theorem 3 follows
from Theo- rem 1 immediately. Hence, further, we can suppose that o is
positive. By Lemma 1, for all ->0, we have

~ Fe(x).

€T—> (10)

E((Sﬁ)al{siw})

pet B g 50y)
r9P(S§ > 1)+ a floo u1P(SE > u)du

- S P& > )+ o [CTurm Y P& > ) du
< max{ ‘P(Si > ) ffoo uu—l% Z:l P(& > u) d“’}
h e P& > 1)’ fIOO w3 P& > u)du
P(Sﬁj ) p P (S5 > u) }

S Fe () o S, P ()

< max{

due to right inequality in min-max inequality

) a1 Ly ay + -+ a, ai (L.
ming —, ..., — ¢ < Lmaxg —,...,— ¢,
by b, by +---+b, by b,,( )
prOVidCd that a; =0 and b; > 0forie{l,..., rh.
By Theorem 1 we get
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E((Sﬁ)(yl{8$1>;xg}) P(S,EL > ’IL)

lim sup — < limsup sup — =

w00 Dop—1 BIEI Nena))  avoe wzae Dopy ey (u) (12)'

Similarly, using the left inequality in (11), we obtain
P(S5 > u)

E((S5)“1, e
lim inf n(( ) G{S”>'L}) = liminf inf ————= = 1.
200 D mt B esay) — a0 e 3 Fe(u)

The derived estimates (12) and (13) complete the proof of Theorem 3.
Proof of Theorem 4.1f 7= (1.....n},, then relation (5) follows immediately
from The- orem 3. Hence, let us suppose that - #0 and denote

kel kelec

Summands in s are poar r.v.s with consistently varying d.f.s. Hence,
Theorem 1 implies that

P(S,T(Ll) > ) o~ Zf&(:{:).
keZ »

This asymptotic relation and inequality (11) imply that d.f. «oo-rees
belongs to the class ¢. due to the following estimate

po o PO >y S Falyr) L F (ya)
msup ——my—" = limsup =—=——"— < maxq lim sup = ,
T—>00 P(Sn > .IJ) T—00 Zkel’ ng (1’) kEL T—00 ng (I)

provided thaty (0, 1).
In addition, each r.v. ¢ | with index r<z satisfies condition p(g>)=oFe @)

according to requirements of the theorem. The fact that F£l and
asymptotic equality (14) imply that

P(|S,fb2)| >1x) =o(P (S.,(.Ll) > 1))
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because

P57 > #) _ P(Uperedlée] > 1) Yier Feu (@)
P(sy > x) Sher Falz) PS> 1)
< ez PUGI > ) Fe.(3) Yper Feu (@)
h Fe, (%) Fe,(x) P(S,{Ll) > ) ,

Where r=|Z°<n-1

Consequently, Lemma 2 and asymptotic relations (14), (15) imply that

SE > (1) 5 o T (o
P (S5 > x) o~ P(S\" > x) o~ E Fe, ().
Hence, the first relation (5) of Theorem 4 holds in the case 5 = 0. 115 ¢ (.a.
then using the first equality of Lemma 1 and estimates of (11), similarly

as in the proof of
Theorem 3, we derive that

. E((SrEL)ﬁl{Si)I}) . P(Si > ’IL)
lim sup 3 < lim sup sup — .
v ) s B(G g, >a)) roo uze ) ez Fe, (u)

lim inf {5 >} > lim inf inf (S5 > u)

% ez B L gon) T ™ 121 Der P ()

Relation (5) of Theorem 4 for # < .o, follows now from (16).

Importar imagenThe second asymptotic relation (6) can be obtained
in a similar way by using the second equality of Lemma 1, relation (16)
and estimate (11). Theorem 4 is proved.

Examples

In this section, we provide two examples illustrating our main results.

Example 1. Let r.v.s c....c, satisfy the assumptions of Theorem 3.
Suppose that for each k, r.v.e is a copy of rv.c:= (1+u)29., where u.g
are independent, « is uniformly distributed on interval [0, 1], and ¢ is
geometrically distributed with parameterq € (0,1),1.e.p@=1=0 o 1cn,.
We derive the asymptotic formulas for

E((Si) (_Y]'{Sf;>;:r:}) and E((Sﬁ - J;)Jr) «
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in the case of 0 < o < log2(1/q), where s§ ~ ¢ + - 1 ¢, as usual.
Due to considerations on pages 122-123 of [5], » cc\x. In addition, for
+> 1., we have

Fe(z) = ip(u > é - 1)P(g — 1)

=0

= > (2 — %)(1 —9)d'+ > (1—q)d

log, x—1<I<log,y x [>logy @

= (2 — leoﬁ) (1 — g)gllorz =) 4 gllogz #]+1

= qlo%27((2 - 200820)) (1 — g)g~(oga ) | 1= (loga2))
_ plogs Q((I*(logz z) | (1— q)q—(logz x) (1 _ o(log, w)))
= %821 f((log, 7)),

where symbol |« denotes the integer part of a real number a, symbol «
denotes the fractional part of a, and function fis defined by the following
equality

flu)=q¢ "+ —qqg"(1-2%), 0<u<l.

For the function f, we have

f(0)=7f(1-0)=1; fu) =1, welo,l);

2—q log _ :
u) < U _ = 4 logs((1—g)(1—1/logy q)/(2—q)) : »
f(”) S f(”max) 1 logz qq 2 2 _ an

L e(0,1).

Upax = 108, ———m8
max 2o (1 — q) log%

Consequently, for =>1,

1210
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:ijlog_Z(l/q) < F& (I) < Cq:rflul:’,z(l/‘z‘)’

1
log, 7

E("1{eay) 2

= 1
logy 5 —a

pa—loga(1/9) € [O 10g2 l) ’
. ’ g/

C,log, L 1
E(ful{g>,,;}) < q - 2 q :L.aflogz(l/d)f = |:0 10g2 _)7
q

<2 27a
log, kel
o0
E((¢-2)")"<aC, [(u — x)* ylos2
€T

1 1
=a CqB(nr, log, i a):r”_log?(”"'), a € (U, log, E)

« 1 . 1
E((¢—x)")" =z aB ((1, log, — — nr) polem(1/a) -y e (0, log, —),
q q

where B denotes the Beta function
1
Bla,b)= [ t* "1 -t dt, a>0,b>0.
0
These relations and theorems 3, 4 imply that

nlog, % nC, log, é

Iaflogz(l/q) 5 E((Sé r(}'flogz(l/q)

«
_— 1 € ~ -
log, é - T—00 n) {Sn>x}) w300 108y é -

fornen.ge (0,1)and oc w0/ and

E((Sﬁ - -’13)+)Q S naCyB (af, log, % — o:) ,T_a_bgz(l/(ﬂ’

Tr—r0oQ

E((S‘5 - :1:)+)a = no;B(a:, log, Lo o:).r“_log?(l/w
700 q

forall nen e (0, 1) and acooma/0)
The derived asymptotic formulas imply the following particular cases:

M i-logy(l/e) < E((S.g _ T)*) A pl—loga(1/q)
log, é —1 25300 " 2 5oo log, % -1

E((S5 — =« 2 pe , :

E((S5 —x 2 < . 4 g2 loga(1/a)
(( ) ) r500 (logy é — 1)(log, é —2)

2-log,(1/a)

ifq € (0, 1/4).
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Example 2. Let r.vss ¢ 6.6 n > 2, be pQAIL Suppose that & is
distributed according to the following tail function

Fe,(x) = exp{—|[log(1 + 2)| + (log(1 + ) — |log(1 + J:)J)l/g}, x = 0.

or other indices # < {2.....n}. let us suppose tha
For other ind let ppose that

F&k (:I;) — 1{3:<[)} + e_mﬂﬁl{m;g}.

Like in Example 1, we write asymptotic formulas for the left truncated
moments

E((55) 1 (555,y) and E((S;—2)")"

in the case of suitable a.

It is obvious that p(s| > «) = o7, ), and, further,r, < ¢\=rdu to results of [9]
(see page 87)

Therefore, Theorem 4 implies that

e}

B((S5) Lstony) ~. B(ELeon). o€ [0.0)

T—r 00

E((S5 — :1:)+)a ~ E((& - ;1;)+)Q"5 a€(0,1)
Consequently,

P(SS - :1:) N exp{ L g(1+a )J + (log(l + ) — Llog(l + :rr)J)l/g}f

T—r00
1

P(S§1>e”—1) ~ —,

n—oo e’

and, for . € (0, 1),

L S B((SY ) S © jant
2
O am1l o ¢ +y ame a—1
— E((S: —x < T
sin (o) ! o (( " T) ) + 5o sin(amr )T
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