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Abstract: Based on properties of Green’s function and by Avery—Peterson fixed point
theorem, the existence of multiple positive solutions are obtained for singular p-
Laplacian fractional differential equation with infinite-point boundary conditions, and
an example is given to demonstrate the validity of our main results.
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Introduction

In this paper, we will devote to considering the following infinite-point
singular p-Laplacian fractional differential equation:

0<t §1)1

with infinite-point boundary condition
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u(0) =u'(0) =--- = o V(0) =u*H0)=-.. =u""Y(0) =0,

ul(1) = Z miu(s), “Dgu(0) =0,

ep(DY, u(1)) pr (“DY, ulé;)),
i=1 (2)

Wherc AryeRt=0+x)l<f<2n—-1l<y<nmnzdy>ipl Laplacian OPCI‘atOI‘
op is defined as @)=l tepasLipri/g=1  and 0 <uc-

1 =12 0. 7eC(0i)=R, <RI RL) @] = [0, +eo)). andf(r‘.a-. ,T3)

has singularity at:-o.niw is the standard Riemann-Liouville
derivative,; uiis the estandard Caputo derivative.

Fractional-order system may have additional attractive feature over the
integer-ordersystem. For example, the analytical solutions of the systems

d . . .
—z(t) = at* !, DEx(t)=at®!, 0<a<l,

dt

are =0 amdal(@etMare) 120, respectively.  Obviously, the integer-
ordersystem is unstable for a = .1, the fractional dynamic system is stable
as 0 < a< 1. Moreover, fractional-order systems have been shown to be
more accurate and realisticthan integer-order models, and it also provides
an excellent tool to describe the hereditaryproperties of material and
processes, particularly, in viscoelasticity, electrochemistry,porous media,
and so on. Asaresult, there hasbeen a significant development in thestudy
of fractional differential equations in recent years, readers can refer to
(2, 4-10,15-17, 21-24]. Jong [12] studied the following p-Laplacian
fractional differential equations:

D,:‘; (pp (DG u))(t) = flt,u(t)), 0<t<l, (3)
with 7-point boundary condition

m—2

u(0) = 0, DY u(l) =Y &DY, u(m),

i=1
m—2

oru(0) =10, ﬂ,{ﬂm ul 1 " z HW,J{D,H u(n; ) }
i=1
(4)

WhCI'C 1<a,f€23<a+B8<40<y<la—v—1>00<n.é <1 is a ﬁXCd
integer,«; >0.0< & < < permits singularities with respect to both thetime
and space variables. According to introducing height functions, the
author obtainedthe existence and multiplicity of positive solution
theorems, and Zhang and Zhai obtainedthe existence and uniqueness
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of positive solution for this equation in [18]. In [19], Zhangand

Liu investigated the following infinite-point fractional differential

equationc. ERG=12..n.

(i=1.2,..., oo, E:-r:]‘j{ir;?;'_] < L__E;:jgir;f_] <1<1,p-
Laplacian operatorgp is defined as

wpls) = 8P *s.pg > L 1/p+1/g = 1, and f £ C([0,1] x
(0, +oc), [0, +00)).

The authors obtained the existence and uniqueness of solutions
byusing the fixed point theorem for mixed monotone operators. Jong[11]
obtained theexistence and uniqueness of positive solutions by the Banach
contraction mapping principlefor equation (3), (4). In [20], the author
considered following fractional differential equation:

Dg u(t) = f(t.z(t), D2 Fu(t), D2 u(t)), 0<t<l1,

o o

with infinite-point boundary condition
u(0) = u'(0) =--- = u"210) =0, ult(1) = anu:;{}-;:.
Jj=1

where »<o<asepiew-n is a Caratheodory function, ¢.<0n.and
(€)= i are two  monotic  sequence with lim  nt = o timen =
b.abe(0,1), 0,6 ® Dyu is the standard Riemann-Liouville derivative.
Theauthors established the existence of at least one solution for
this equation by Mawhin’s continuation theorem. Motivated by the
excellent results above, in this paper, the existence of multiplepositive
solutions are obtained for a singular infinite-point p-Laplacian boundary
valueproblems. Compared with [19], the equation in this paper is p-
Laplacian fractional differentialequation, and the method which we used
in this paper is Avery—Peterson fixed pointtheorem. Compared with
[12], fractional derivative is involved in the nonlinear terms for BVP (1),
(2), and multiple positive solutions are obtained for the BVP (1), (2).

Preliminaries and lemmas

In this section, we introduce definitions and preliminary results, which
are used through out this paper. First, we let# - ¢'[0; 1] be the Banach space
with the maximum norm

u|| = max{||ulo, ||n’||.;]}, where ||ullo = maxX;ep, 1] u(t)|, ||n’||.;] = max;cp 1| u’f‘f;||_

In this section, we introduce definitions and preliminary
results, which are wused throughout this paper. First, we
letr=c [0; 1] be the Banach space with the maximum
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NOEM ] = macx{{fuo, o'}, where [illo = maeerosg[u(®). oo = maxecro ') then we list a
condition below to be used later in the paper.

(HO) wro
9(t) € L4(0. 1) and f(t.z0.:2) < 9(0). | SUCh that (t) & L10.1) and f(t, o,71) < 9(t).

Now, we state some lemmas, which are basic and used in this paper.

(See [13, 16].) Assume that ccsvilmen , then msun-uo-ci—co o —co,

o, C;eRY (i=1,2,....n)

w.n-x and for alliewn. there exists an funcion

Lemma 2. Assume that cvo.1.men | then weco

I8 D3 u(t) = u(t) + Ot 4+ Cot® 2 4 .o L Cpt™ ™™,

where n is the least integer greater than or equal to o.c.cx =12,
Lemma 3. See [3, Thm. 1.2.7].) Let#-=v#, then H is a relatively compact
set i fand only if

a) H'isequicontinuous,and H '(z)isarelatively compact set for any
H:[0,1] x [0,1] - RL

There exists toe s such thatu#w) is a relatively compact set on E.

i) H is equicontinuous, and H'(t) is a relatively compact set for
any«eJonf: ;

(i) There exists < 7. such that is a relatively compact set on E.

Lemma 4. (See [1, 14].) Let P be a cone of o £ ¢was be nonnegative
continuous concave funcional on P ¢ be nonnegative continuous
concave funcional on P, and » be a nonnegative continuos funcional
on P Py <pemyoro<p<1 such that for some positive numbers L
b 6(x) < Y(x) and |iz| < Lo(z) forallz € P(@.1). Let A: P(@.h)— P@.h) is completely

continuous and there exist positive nembers e, ¢, d, with e< ¢ such that
following conditions are satisfied:

(S1) {w e P(D,0.p.c.d h): ¢p(x) > ct# o, o(Ax) > cforu € P(D,6, b, c,d, h);
(S2) ¢(Ax) > cfore € P(P,¢,c,h), and B( Ax) > d;
(S3) 0 & R(D, ), e, h)and (Ax) < e forx € R(P, 1, e, h) with (x) = e.

Then A has at least three fixed points 1,52, 53 such that e <rori=123 and
¢ < @(x1), e < (x2), p(T2) < ¢ P(r3) < e

Lemma 5. Giveny = :p.1ncw.1, then the solution of the BVP

DY ult)+y(t)=0, 0<t<l,

(5)
with boundary condition (2) can be expressed by
1
u(t) = ff_’r‘:;r. s)y(s)ds, te[0,1],
0 (6)
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where
oo L JETMPEQA -8 —AG -8, 051,
ST AT () | £T(y) Pis)(1 — 5)T L, 0<t<s<,
7)
in which
N 1 g —s\"" L
p('ﬂ_l“[’:r—i"_l_l"[ﬁr} a rrj(l_ﬁ) (1—s),
By
(8)
A=il - ZT;J-{;
j=
)

Proof: By Means of Lemma I we reduce(5) to an equivalent equation
u(t) = —I1, y(t) + Cy + Cot + -+ + Cot" ' + Crqt' + -+ + Cpt™ ™!

for CeRE=12...,n) From u(0) = w'(0) = -+ = ul=I(0) = ul+H(0) =
w0 -0 we have ¢ -o7:+1. Consequently, we get.

u(t) = Ciat’ — I y(t),
hence, we have
ulfl{‘t;l s !.]C'r;i-é-l. — IJ_EUI';'E_}
(10)
On the other hand, v -1, combining with (10),we get

[=

(1 —g)7+1 s
;y{s] ds — Z 1 {"‘"?—'y{,s] ds

Cn= | TrDA T(7)A

=1
(1 — s)T—"1P(5)
A

L Sy

y(s)ds,

Therefore, G(t; s) is as (7). By simple calculation we have
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it () P(s)(1 — 8)777! — (7 — DA(t — 577,
B o £
it T(7)P(s)(1—8)""}, 0<t<s<L.

=

aG(t,s) 1
8t AD(y)

Lemmab. let wo--nuns+ciicusrciicswcr then the BVP (1), (2) has
a unique solution.

uttj—fﬂts (fH[s. JHI:}HI:}}dT')

(11)
where G(t; s) is as (6), and
Hits) = L [TEPEE 1 — 9P~ —Alt—5)71, 0<s<i<,
)= Z06) \ TP (1 - s, 0<t<s<,
(12)
in which
A=1- Zéiﬁf_11
i=1 (13)
it g =
Pla)= (.; & ('J;.J ) _
B afiﬁ (14)

Proof. Let 7=ci0.1).v¢) = 4,0, w0 Consider the boundary value problem
DEv(t)+3(t) =0, 0<t<l, o0 =0 vl =Z v(&;).
- (15)

By means of the Lemma 2 we reduce (15) to an equivalent integral
equation
v(t) = —I5,7(t) + C1tP ! + CatP 2 16

for - czi-12 Fromuo -0 we havec. -o. Consequently,we get

v(t) = CitP — 15, 7(t).
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for -cczi-12. From «0-0 we have c.-o. Con sequently, we get

u(t) = CrtP ! — 12, 3().

On the other hand,«w 7w« and combining with (16), we get

v(t) = CrtP~t — 12 g(t).

- / Il - sﬁlﬂ‘—l o " Z \‘ﬂ ‘J.:I_--i—l_{ -
= ‘-I{ B — — yis)as

0 =1 .y

1
(1—s)3-1P(s)
- = ~7(s) ds,

=

where .z is as (13), P(s) is as 14. Hence,

v(t) = ' I"H_ y(t)

i 1
8- g— )
Alt—8y" ., (1 — s f- *Pls) ;
————J(s)ds + — 7(s) ds.
I[3)A . A
0

Therefore, H(t,s) is as 12

Lemma7.Take 21te(0.1) l(/lf}] Frol il s (y—1)f2
then 0<6(t9) < r—pale), 0 LUUP e el Gt 2o, 228D s e, e se), thre
als) = (1) A by = A =B YT < 1 b = A = (= 1) x £ W) <L A=min{hy, o} < L

Proof. By direct calculation we get rwzo-cpi ey and so is
nondecreasing with respect to s. For =<+ 1-: we get  and obviously,

i L (o) 2, 1 B
0= n(3) -9 <y seb

Hence, for #s<n.0.i>n we have furthermore, <-<:<1for we get

and obviously, for v <+ < <1..weget G(t,s) > 0.on the other hand,
forv<-< ¢< 1. we have

ﬂwl—% Z_‘j I ’b ﬂil —(y=1)(d! - Zj 17]_:5 ))(1 _ S)'\—I—]fl 1
Al—‘(ﬁf)
(rlz.(}l)i) = ( ] 1'-i- (" —1) Z 3 ;r;j zzj_l ’i’J (1 s)"_‘ lf!—l
AF( 7)

= m ((‘,,- £ 1)2((’} - 2)("} = 3} &3t (A{, ;o l) » (1 . 1)1)

-y mE—i ). ??;6;_1) L—s >0,
=1 i=1

andoc. /o> 0 obviously holds for o<t<s<1 For t=p.0.
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HT(y)P(s)(1 — s)7=1 — A(t — s)1~!

Hep=" AT(7)
_, FTMP(s)(1 = s)77 71 — A — £s)7
- AT(7)
o A @ —ap Tt Nl s )
- AT ()
Al =0 DA —s) 77
g AT () =Mg(s), s€[0,1],

and fort< .0 we have

oG(t,s) P —a A = =874

. AT()
, 0TTAQ - Ay 1)~ 45T
: AT()
A(igi~! = (y =)0 — s)r—i-! _
d AT (y) = hag(s), se[0.1].

Therefore, the proof of Lemma 7 is completed.
Lemma 8. Let 5 -0 then the Green functions defined by (12) satisfies:

i.  H:paxp1-r is continuous and Ht.s) >0 for all #scn.u
i, #'H{1.s) < H(t.s) < H1, s for all sc 0 in whicha/@) @) - 3/r@)a - 8-

Proof. The proof is similar to Lemma 3 of [20], we omit it here.
Now we define a cone K on C1[0; 1] and an operator A : Kc'vas
follows:

K= {u e CH0,1]: u(t) >0, w'(t) > 0, t € [0,1], tlell[“i?lh uD(t) > ollull, j =0, 1}-

thre 0<o=hl(y—9)/i<1l,0<h<h = —0"1)/T(H) <i/T(y—i),y and
1 1
Au(t) = /G(t: s}gq( /H(S.T)f(T. u(T),u'(7)) d'r) ds.
0 0

Problems (1), (2) has a positive solution if and only if u is a fixed point
of Ain K.

3 Main results

Lemma9. The operator is continuous.
Proof. First, by the integrability of f and (HO) we get
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Au(t)
1

- G(nsm( / H(s,7)f (7. u(r), /(1)) dr) ds

0
1

0
_E)Afl—s7 =1, (] F(ﬁ) 1f(r,u(f)1u'(f))dr)ds
1

0

grh_z q1/ sy 1 (jn‘(rdr)
4]

0
1

- z‘T’q [[] [ '}’ i— ld‘?
0

I(y —)A( JT »3))‘? s

1pq fo 7)dr) b )
T(y —i)A(AT(8))e~

so we have that A is well defined on K. Moreover, it follows from the
uniform continuityof G(t; s) on [0; 1] [0; 1] and (HO)

|A'u(fg} - Au(t1)|
1

g

0

M
(Ar(8))e—1 /

1
G(ta,s) — Gty e)lupq( [ )P~ lf(T u(t),u' (7)) d'r) 8
0

G(ta,s) — G(iy, S)l ds

\

Thus,u - con.. - « we have that Furthermore, by the uniform continuity
of ac(t, /0t fort.s € [0,1]., we get

i

(Au)'(t) = [aféi L ([H[s T)f (7, u(r), o T)}dr) ds € C[0,1].
[

Let w.ue&.u, +uinc'p.1. Since o= are uniformly continous, there
exists M >0 such that

mm{{btf 8), %} <M, tsel01].

On the other hand, since «. — wincto,11. , there exists A > 0 such that .«
[in=1,2,...),.and then u < A.Furthermore, by (HO) we have

1
[H[s T)f (7, u(T),u'(7)) dr < / (1—7)8-1f(r,u(r),w'(1)) dr
0

1 ;
= W /Ll - T)'f Lo(r) dr,
: 0
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so, we have

1 1
wq( /H(~9, T)f(T, 20, 21) dr) < Ww([(l —1)P~19(7) d'r)
0 e 0

— _ﬁ-'ir[] . [17]

hence, for any = > 0. there existss-o such, for any s, e 0.1 2. 2%.21.27 €
0.4 s —sal < ot —o3 <ot a2 <aby  (17) and  Lebesgue  controls
convergence theorem, we have

1 1
Pq ( [H(.&l.r)f(r. -::'[‘}.1'{){%) —a,cq( /.HI:S}T)_JF(T: Tﬁ._;r'f]dr)% < E.
D [i

(18]

By ju.-u - for the above; . o there exists N such that for all n>N, we
et lu, () — u(t). [ul.(t) —w'(t)] < |lu, —ul < 5 Hence, for any for any hence,
for any<0..n- v by (18) we obtain

| 1
g.:q( /.H(.‘:‘._T_]f{?'._ e (T), uy, (7)) d'r) —g.-:-q( /.HI:S._T]f{T,?L(T},U’(T)dT})
0 0

<e. (19)
[19]

Thus, for n> w1 .1 bye (19) we have
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| (Aun)(8) — (Au)(?)]
1

|
/G(t, s)@q( /H(s,‘r)f(T Un (7)), ul, (7 )) d‘r) ds
, :
1

]

1
D/G ,5) (D]Hs*r}f'ru(‘r} u(‘r))d*r)ds
1
Gt ( (/HsﬂfT%(,nﬁnw)

w

0

1
(/H S, T]f T abu (T )t ('r)) d’r)) ds

0

0
/1@@ (szr m(»r)u()dr))l

0

0
1 1
G ( ( H(s 'r}f('r (7)), ! ('r)) d’r)
|5
_— ( / H(s,7)f (7, u(r),u'(1)) d'r) ) ds
0

< Me,

and hence, we get A, = Aullo > 0. (4w, — (Au)llo — 0 (n — oo That
is, [[4un — Aul| = 0 (n = oc), namely, A is continuous in the space E .

Lemma 10.4:7-7 s complctely continuous.

Proof. From Lemma 7 we have oo =orcpi.y
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tl;l[gulc](ﬁlu)(t) —tlél[g,){ /C(t s ( H(s (), t’('r))d'r) ds

1
e
1 1
< /tléllgglc]c(t s (O]H (7), u'(’r))) ds
1
/

o

1

< g(s)w( H(s,7)f(r,u(r),u/(r)) d’r) ds,
! 7|

dG(t 5]

max (Au)'(t) = max
t£[0,1] te[o, 11

1
é/m dG‘(t s)
te[0,1]
1

[ i g(sm( / H(s,7)f (r,u(r), /(7)) dr) ds,

0

H(s (7 u(r),d/ (1)) dr) ds

H(s (T u(r),d/ (1)) dr) ds

(!
(Z

thus, [Aullo, [(Au)llo < fiy (i/T(y = )a(s)pq( fyy His,m)f(r,ulr), o (1)) dr)ds,
consequently,

[ Au|| = max{]| Aullo,

(Au)'[ls}
1

1
< /mg(s)pq (G/H(S?T)f(ﬁ u(T),u (’r}) d’r) ds

0

On the other hand, for all v-r.<.0by Lemma 7 we have

| 1 1
(Au)(t) = /G(t,s)apq ( / H(s,7)f(r,u(r), v (7)) d'r) ds
0 0

1

519(8)%(/3(8}?)}”( Ju(r), (7)) df)

0

W
Dk"‘“‘s'—‘
"“
i~
o
wn

1

51
= = ;)/F(A_ }g(s (/Hsr (7, u( )u('r))d’r)ds

1

= Fil /G(t,s)g:q( /H (s,7) f('r}u('r),u ('r)) d'r) ds,
0

I'(a—i) §

Hence
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min{ Au(t), (Au)' (¢ )}

|
> mm{hl ha /1“ Q(S)aﬁq(/H(s,'r)f[T, u(t),u'(7)) d'r) ds
i

T(cr i)

Al
> #)muu ] ],

Thus, 4 cr.

Now we will prove that AV is relatively compact for bounded
v c k. Since 'V isbounded, there exists p-0 such that for any
weV,|u) <D Forte1ueV, WE have

/ (/H” m}u(w)

J Y =hn # _\B— ’
Sml}/‘(l—s) IVQ(O]ZF(B) (1—7)° lf(r__u('r).u (’r)) d'r) ds

1

1
:  aNREE ;
: ['(y — i) A(AT(B))2 ! G/(l s) ‘rq(b/v‘(ﬂ dr) ds

__ W (fo9(r)dr) (1 - sy < 400

D(y —i)AAD(B))T—! v —i

|Au (t)|

Similarly, for r<eue<r we derive

?‘:‘-’q rg dT) (1 " S)'}._?'
T(y —i)A@AT(B))Y y—i

(Au)' ()] <

which shows that AV is bounded. Next, we will verify that wvy is
equicontinuous. Let ¢, e (0.1, < 2. ucv. We get
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[(Au)'(tz) — (Au)'(t)]

< [(t5 )
1 1
i0(7)P(s)(1 - 8)7"" ( e 5
X : ©q H(s,7)f(r,u(r), v (1)) d'r) ds
.U/ AL(y) /

ta

2 1
1 . .
+m—_l)of{tﬂ—5> . (!H{sr}f{ (), w/(r)) d )
ty 1
1 5
‘m/(“‘sf 2%(./“‘)” e )

0 0
< |{t:'—l cn t:’—l)g

1
(1 —s)7—-1 ( 1 ey o
—— —— (1 —7)""f(7,u(r),' (1)) dT) ds
(7) / I'(y—1) ,O/AF{,B)

ﬁ-f(] Y —2 g — / _ ¥—2
*m{/ o= ae= [ 4

0 0

1
iipg(Jy P(r) dr) |t =)+ ffﬂ /(1—5}“-—2ds

S AT (v — i) (AT(B))e ! : -1
% [
Furthermore,
t 1
/{t — )T 2 ds =171 /{1 — 8)7%ds.
0 0

Thus, we obtain

ipq(Jy O(7) dr [Ca]
S AT — 1) (_far{B ya=1

|(Au)’(t2) — (Au)'(t1)

c ¥—2 y ot 7—1]| : T
+m/{1—3] ds !fz —f--l E. U-EI‘
0

From above and the uniform continuity ofi-t, 1~-2, and together with
Lemma 3, wecan derive that AV is relatively compact incwu. C1[0; 1],
and so we get that 4: & - & is completely continuous

Let ¢ ¢ be nonnegative continuous convex functionals on ».s beva
nonnegative continuous concave functional on P, and be a nonnegative
continuous functional on P. Then for nonnegative numbers ¢, ¢, d, h, we
define the following convex sets:.

622



Guo a,1 Limin, et al. EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR A CLASS OF INFINITE-POINT SINGULAR P-
LAPLACIAN FRACTIONAL DIFFERENTIAL EQ...

P(p,h) = {:1‘- =B | w(z) < h},

P(p,¢,c,h)={z e P | (D{T) ¢, p(z) < h},
P(p,0,¢,c,d,h) = {z € P | e < ¢(z), 8(z) < d, p(z) < h},
R(g,¢,e,h)={z e P|e< L,(:t.’) w(z) < h}.

We will apply the following fixed point theorem of Avery and Peterson
to solve problem (1), (2).

Let the convex functionsu() = 6w = 4 = |«| on P, and define a concave
function where ¢ are the same as in Lemma 7.

Theorem 1:Assume that there exist positive numbers e,c,d,h with < - . s -
max(i et 2)e s /0@, and k> d. such that

(H1) ¢ (fof{t x,y)dt) < h/r for (t,z,y) € [0,1] x [0, h]%;

(H2) ¢ (f(, (L, f(t,z,y))ds = ¢/(hQ) for (t,z,y) € [3,€] X [e, d]?;

(H3) oq(fo f(t, =z, z,y) )dt)<e/r for (t,x,y)€[0,1]x[0, €], wherer = z'fulg(s) ds/
(C(y =) (AL(B) 1) Q = fJ sla—F-1)g(s5)ds.

Then problem (1), (2) hasat least three fixed points 1,42, #3 satisfying

|ui]| € h, i=1,2,3,

[20]
y
R min{ 111111 lu (t)]. 111111 |u1(t |} e < ||lusl|,
tefy,L €.t [21]
111111{ 111111 |Hg ()|, 111111 |u2 t}|} < e, |lus|| < e.
tr:l
[22]

Proof. Let.-==». By condition H1 we get

| Aulo = max. |Au()

. 1
gﬁ!g( (G/Hsar 7 u( Jd'}')

i

h
" I(y—i)(Ar(8))s! fﬂS““?ém

0
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”(A-u)’ﬂﬂ = max ‘ (Au)’ t}i

t€[0,1]
1 1
oG
=/ éi S}ipq(/H(S._T)f(T u( 'r)}d'r)
0 0

i : h
T To-a@rEy | TSt

|
=, SO

Consequently, we obtain s - 4 < ». This together with Lemmas 9 and
10, means that: 4:7@# - F@.7)is completely continuous.

Take u(t) - cet05. ¢ e p.1. By simple calculation we have wer .. -
and SO {u € P(®,0.¢,c,d,h): ¢ < ¢(u)} # 0. Foru e P(ﬁ‘g &, c, d, h).‘ by (Hz)

o(Au) = mln{ mln |Au(t

. |(Au) (ﬁ)\}

te(
1
>ﬁfg(55(q1(ﬁ 1} (/H]_T)f(?' u(T) T))dT)
0
¢
(a-1)(B-1) 3. _
>hfg{s]5 dShQ 5

3

which shows that condition (S1) is satisfied.
Take v« r@ocnmiau e Since 4uc P we obtain

B(Au) = mm{tlgﬁrn | Au(t)|, mjnf]‘ (Au)’ f}l} o||Au|| = od > ¢,

which implies that condition (S2) holds.
Next, we will verify that condition (S3) holds. For v() =0 we have
0 R(®,v.e,h). Let ue R@®,v,e,h) and vw) - i —e. by (H3) we get

|Au(1‘.]|

te
1

H{‘fl"(,' s}pq(fﬂ(s ) f (7, u(r }d'r)

0
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i
ST —a@@y ) 1 v-”q(o (. u(r). u m)d*r)
1
= 2
v = ECLES

0

and

IcAwY[lo = max [(Aw)' @)

1

1
:éJr g( }pq(U/H i), () dT) n
= F(‘y—’f)(ZF(_ﬁ))q‘—l 0/.9 s)ds - ‘Qq(/‘f T, u (T))d'r)

e i
< ;F(“f @B D/Q(SJ ds < e.

Consequently, we havew =< Thus, condition (S3) holds.By
Lemma 4 we get that (1), (2) has at least three positive solutions %1, #2,
u3 satisfying (20)—(22).

4 An example

Consider the following infinite-point p-Laplacian fractional differential
equations:

ey (@ 4977 (62y) € (0,1 x [0,3] x [0, 3],
ft,z,y) = ﬁ(\fju 9% (t.z,y) € (0,1] x [1,20] x [L,20],

i (t,z,y) € (0,1] x [100,00) x [100, cc).

where
DY2 (ea("DifPu)) () + f(tu(t), o' () =0, 0<t<1,
u(0) =/(0) =u”(0) =0,  w"(1) =) nu(§),
j=1

Dy 2u(0) =0,  s(Du(1)) =Y Ges(Dy u(Ey)),

Cearly
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4993
Arti2(1 — t)1/2 = (1)

f(t.z.y) <

and

1

1
03 4993 11
; —1,42 lmdt i 0
/ﬂ(t}dt Am /t 47 (2'2)'
0

0

so . is integrable, condition (HO) holds.
We take = o/i5.¢ = /15,5, = 200770, = 16 - 15, by simple calculation we have

s &)

A =il = g~ 1.45809,

j=1

L (8 & § 2 (8w
B-1 _ -
A=1- Zciéi T3 Z f2 17z ~ 0.7215,
i=1 j=1

(1—s)—i-l 1 1/
s) — — 1— )12,
9(s) A WG R

Hence, we have
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g(s)ds

-3
Il
ﬂ
—
-
|
o=y
e
L) =~
ﬂ
—
-
=
L=
I
AR
S—

1
—5)Y%ds

2 1
= : 1
['(Z —2)(0.72150(3))1/2 [ 1.4589(

0
B 8 1 4.3039
T 3% 1.4589 x (0.7215 x 0.5)1/2 3/4 " gp3/4 "

¢ 3/2 3/2
1 2/(4 11
L= . d. = e—— — J— —_— s
/g{g) : 1.45893((5) (15) )

i)
., 4/15

: . 1
= [ s DE-Dgs)ds = [ sH/2V2__—__(1- )24,
Q [@ g(s)ds [@ Tanag\l —8) 7 ds

E 3}15
4/15
= 0.6854 / s/4(1 — 5)Y/2ds = 0.0278,
3/15
1

7 -t ag L :
hy = AT ~0.1938—= ~ 0.1093 < 1,
l () VT

Al i—1 __ ~ =1 EQ—Z 1
(i — (= DET) 043361
() VT

and as m<m<ih=mn Let e =1/2,¢=1,d = 20, h = 400."
’Then for (t,z,y) € [0,1] x [0,400]2, W for

! 1
499 1992 (1 1
:Pq(‘[f(t,ﬂ?,y)dt) =§03/2(‘/mdt) = e B(E’ E)
0 i

;
—124.75 < % ~219.23,
T

hy =

~ 0.2446 < 1,

so condition (H1) of Therem 1 hold. For ¢.«.4) < o.0<1.20<120 by MATLAB

software we have

w(/ﬂﬂiﬁﬁawﬁ)

0

1
1 (— A 4992
>oapn| [ =(P) - === 1 -1/ '— 22 dt | ~ 345.56
pm(]ﬁ(() r )= 0 e ) 345,56
0

1 c
> = — ~333.33,
0.1093 x 0.6854 ;> s1/4(1 — 5)/2ds  1Q
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therefore, condition (H2) of Theorem 1 hold. By the same method
with proofing (H1) we get (H3) hold, so all the conditions of Theorem 1
hold. Hence, the BVP (23) has at least three positive solutions #1, #2, u3
SALiSFying v <o = 1251 <u u<omi=1nsm1 <ot
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