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Abstract: In this paper, we are concerned with the Kirchhoff-type variable-order
fractional Laplacian problem with critical variable exponent. By using constraint
variational method and quantitative deformation lemma we show the existence of one
least energy solution, which is strictly larger than twice of that of any ground state
solution.
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1 Introduction and main results

In this paper, we are interested in the existence of least energy nodal
solutions for the following Kirchhoff-type variable-order fractional
Laplacian problems with critical variable:

growth:

(a+ b[u]i(‘)) (—A)P Oy = |u|1@) =2y + Af(x,u) in L2, 0

u=0 inRY\Q,

where

NYORNT 1/2
u(x) — u(y)|? '
sy = // e u'N—{—Zs(r m dx dy :

R2N
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wb>0.50) RV xRY 5 01) i a continuous function, o is a bounded
domain in ®¥ with Lipschitz boundary, A>0 is a parameter,
N > 2s(xy) forall (z,y) € 2 x 2, (—A)»*0) is the variable-order fractional
Laplace operator, 4 < g(x) < 2*(x) := 28/(N - 25(x.2)) forall = € . The variable-
order fractional Laplace operator (-a): is defined as follows:

CANS() Ay p(x) — o(y)
(=A)p(x) = 2P) PSSl dy

BN

along any veccg(@. where py denotes the Cauchy principle value.
Ass() =coust. the variable-order fractional Laplace operator (-a)*0 reduces
to the usual fractional Laplace operator; see [14,15] for the concise
introduction to the fractional Laplace operator and related variational
results.

We now impose the assumptions on the functionss() and s that will in
full force throughout the paper. Firstly, we suppose that s : r¥ x&¥ 5 0.1) is
a continuous function satisfying the following assumptions:

(s1) 0 < s_:=ming )eryxry $(7,y) < $4 1= max(, yerny xpy 5(7,y) < 1

(s2) s(-) is symmetric, that is, s(x,y) = s(y, x) for all (z,y) € RY x RN,

From now on, for the variable exponents m. we set

m = essinf m(x), m = esssupm(x).
ref? xel?2

Moreover, we suppose that 7 c'®.») satisfies the following conditions:

(£1) timeso s 1)/ = 0:

(fZ) there exist 6(z) € (4,2*(x)) and C' > 0 such that | f(z, )| < C(1 + [¢|/@)~1)
forallt € Randall z € 2; forall. € Randall. €

(f3) F(a. )/ |t is a strictly increasing function of ¢ € R\ {0}.

A typical example of function fulfilling hypotheses 1)) is as follows:
[ty = [t]°@)=2¢ where t € Rand = € 2.

The main driving force for studying problem (1) includes two aspects.
On the one hand, when s() = 1 Eq. (1) reduces to the general Kirchhoft-
type model. Recently, some researchers also explored such equations in
the study of nonlinear vibrations theoretically or experimentally. For
example, Carrier [1] used a more rigorous method to deduce a more
general Kirchhoff model. Moreover, the nonlocal Kirchhoff problems of
parabolic type can model several biological systems such as population
density; see, for instance, [4]. In fact, the energy functionals of (1)
have obviously different properties from the case 5 -0, and thus, several
mathematical difficulties arise naturally in the study of the case v +0
by variational and topological methods. It is worth mentioning that
Fiscella and Valdinoci [9] deduced a new Kirchhoff model involving the
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fractional Laplacian by considering the nonlocal aspect of the tension
arising from nonlocal measurements of the fractional length of the string;
see [9, App. A] for more details.

In recent years, finding sign-changing solutions to the Kirchhoff-type
problems has been an attractive subject, and many interesting results
have been obtained. In the following, let us sketch some advances related
to the subject of our paper. Concerning the advances of Kirchhoff-type
problems in the bounded domains, Zhang and Perera in [26] applied the
method of invariant sets of descent flow to investigate the existence of
signchanging solutions for Kirchhoff-type problems; see also Mao and
Zhang in [12] for more related results via similar approaches. Using the
constraint variational methods, Shuai in [18] obtained that Kirchhoft-
type problems has one least energy sign-changing solution u, and the
energy of w, strictly larger than the ground state energy. After that,
with the help of non-Nehari manifold method, Tang and Cheng in
[19] generalized some results obtained in [18]; see also [2] for more
general Kirchhoff-type function in this direction. In [20], Wang obtained
the following results for Kirchhoff-type equation with critical growth
by employing the constraint variational method and the quantitative
deformation lemma: the existence of least energy sign-changing solutions
u. and the energy of u. is strictly larger than twice that of the ground state
solutions. Concerning the advances in the abstract Kirchhoff framework,
here we just review two papers as follows: by using the minimization
argument and a quantitative deformation lemma, Figueiredo et al. in [7]
investigated the existence of a sign-changing solution for the following
Kirchhoff-type equation:

-M ( / |Vul? ('_1;1.') Au = g(u) in {2, u=0 ondf,
2

where . is a bounded domain in

where o is a bounded domain in ® wm:rf-® is a continuous
function with some appropriate assumptions, and ¢ is a superlinear
¢t class function with subcritical growth. In unbounded domains,
Figueiredo and Santos Junior in [8] obtained a least energy signchanging
solution to a class of nonlocal Schrédinger—Kirchhof problems involving
only continuous functions by using a minimization argument and a
quantitative deformation lemma. Moreover, the authors also proved that
the problem has infinitely many nontrivial solutions when it presents
symmetry. In [3], Cheng and Gao studied the following Kirchhoff-type

problem, which involves a fractional Laplacian operator:

(”' b / o) )y, d;u) (—=A)Yu+V(x)u= f(x,u) inRY,

v — y| N+
R2N

where 0 < s < 1isaconstant, s satisfies subcritical growth. The authors
proved the existence of least energy sign-changing solutions for this
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problem by using the constraint variation method and quantitative
deformation lemma.

On the other hand, variable-order fractional Laplacian problems was
introduced by Xiang et al. in [25]. They studied the following variable-
order fractional Laplacian problems involving variable exponents:

(=AY + AV (@) = afuP™ 2 + Blu|?™ "2y in 2,

wu=0 inRV\ . >

Under some suitable assumptions, they showed that problem (2)
admits at least two distinct solutions by applying the mountain pass
theorem and Ekeland’s variational principle. Subsequently, Wang and
Zhang in [21] proved the existence of infinitely many solutions for
possibly degenerate Kirchhoff-type variable-order fractional Laplacian
problems by using the new version of Clark’s theorem due to Liu and
Wang in [11]. Very recently, Xiang et al. in [24] obtained the existence
of two solutions for a class of degenerate Kirchhoff-type variable-
order fractional Laplacian problems by employing the Nehari manifold
approach.

However, regarding the existence of sign-changing solutions for
Kirchhoff-type variable-order fractional Laplacian problems involving
variable exponents, there has been no paper in the literature as far
as we know. Hence, a natural question is whether or not there exists
sign-changing solutions of problem (1)? Another interesting question
is whether or not the same conclusion still holds for critical exponent
g(r) = 2(x) = 2N/(N—2s(x.2))? The goal of the present paper is to give an
affirmative answer.

The corresponding energy functional 7. #2) »® to problem (1) is

defined by

L t 1 .
Tpa(u) = %[u]j(_) + i[uﬁ(_) — )\/F(.I‘. u)dr — [ m\u\q“) da. (3)
2 9]

It is standard to verify that 7., belongs to ci(#;92).»)., and the critical
points of 7, are the solutions of problem (1). Furthermore, if we write

ut(z) = mnx{/’rf(;I‘)AU} and u™(x) = min{u(x),0} for u € H{;(')(!.):]. thCn CVCI‘y Solution u € Hl‘;(')(!))
problem (1) with the property that «+ £ 0 is a sign-changing solution of
problem (1).

Now, we give the following first main resul.

Theorem 1. Assume that (s1).(s2) and (£f1).(f3) hold. Then there exists
x>0 such that for all x> X', problem (1) bas a least energy sign-changing
solution w,

Another objective of this paper is to establish the so-called energy
doubling property (cf. [22]), i.e., the energy of any sign-changing solution
of problem (1) is strictly bigger than twice that of the ground state
solution. We have the following result.

Theorem 2. Assume that (s1).(s2) and (£1).(f3) hold. Then there exists

x>0 such that forall » > X+, ¢ = wtuex, Toaln) > 0 is achieved and 15w > 2.
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where Nix = {u e H"(2)\ {0}: (Tn)(w).u) = 0} and u is the least energy sign-
changing solution obtained in Theorem 1. In particular, ¢ >0 is achieved
either by a positive or a negative function.

Remark 1. As an application of Theorem 2, problem (1) with
5=9/10,2%(x) =5, and 6(z) = 9/2.

(a+ b['u.]g/m) (=A% = JulPu + Mul>?u  in £2,
u=0 inR>\

has a least energy sign-changing solution . with energy doubling
property.

2 Preliminaries

In this section, we first recall some definitions and results of variable
exponent Lebesgue spaces (see [5,6,16]), which will be used later.

Let N > 1 and 2 ¢ RY be a nonempty open set. A measurable function , . 2
1.0 is named a variable exponent.

The variable exponent Lebesgue space is

LP@) () = {u 1 £2 — R is a measurable function: 7;,(,)(u) = / |1r,(.r) ‘p(m) da < oo}
7]

with the Luxemburg norm
[l ooy = inf{o > 0: 1y (07 ) < 1},

then r@© is a Banach space, and when » is bounded, we have the
following relations:

. P = P _
Inln{”“‘”ip(-)(_Q)r Hu‘lip(.)(ﬁ)} < ”p(-)(u‘) g lllﬂ.X{ ”u'”zp(-)(”): HUHEP(.)(H)}-

That is, if » is bounded, then norm convergence is equivalent to
convergence with respect to the modular 7,(.)- For the bounded exponent,
the dual space (270(2)y can be identified with v« where the conjugate
exponent p is defined by » =)/ 1. 111 <p<7 < then the variable
exponent Lebesgue space L) (22) is separable and reflexive. So we can see
that Hélder’s inequality is still valid in the variable exponent Lebesgue
space. Forall ¢ € 70(). 6 € 17'0(@) with p(s) € (1.<). the following inequality holds:

e

. L1 ,
]hﬁ@\ da < (—) + ?> H?HLM*)(Q)H(r"')”Lx»’(w)(n) S 2|\%9|\Lv<-'ﬂ>(ﬂ)| |Lv’(m)(m‘
Q -

p

Next, we give some definitions and results of variable-order fractional
Sobolev spaces.
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Define u:0)() as the linear space of Lebesgue measurable functions
from #* wr such that any function u = 0in R¥ \ 2 belongs to L*(©2) and

2 1/2

u(z) — u(y)
[’U-]s(-) = // = — ‘NHS( ) dx dy < 0.

Equip #+0)(2) with the norm

) )1{2.

el gy = (lullzzqey + [uli

Similar to the proof of Lemma 7 in [17], we can show that (;0@).11..) is
a Hilbert space. In this paper, we used norm I - ..., to study problem (1).

Lemma 1. (See [25, Lemma2.1].) The embeddings #;2(2) < #;9@) < #3:(2)
are continuous. Moreover, if v - 2., for any fixed constant exponent
t € [1,2N/ (v 24, 1;0(2) can be continuously embedded into v

The following embedding theorem shows that the variable-order
fractional Sobolev space is related with the variable exponent Sobolev
spaces.

Lemma 2.(See 25, Thm. 2.11) Let 2 ¢ RN be a smooth bounded domain.
Assume that s : rY <Y (0.nwap 25 0.) are two continuous functions
satisfying (s1)s2) and 2 < p(x) < 2N/(N - 2s(x.x)), respectively. Then there exists
¢, = C(V.5.5.5) > 0 such that for any u e #;9(2). it holds that

Ifue Hy' ' (02)

That is, the embedding ;) - o) is continuous. Furthermore, this
embedding is compact. If v < 1;9(2), then there exists ¢, = c(vpss >0 such
that

||’“-HLP(:::J(Q) < Cp[-u.]ﬁ(.)-

3 Some technical lemmas

Now, for fixed uen9@ winat 20, we define function o. ®fxrf >r and
mapping 7, : Bj x &} - &2 by

ou(e, B) =Ty (ut + fu™)

—

and
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Tule, ) = (((L,,A)’((w*—i— ;"5'{1,.’): (.u;u+>, <(I;,,)\)’(au+ + ;"5'{1’): J."’)’uf>). 4

Lemma 3. Assume that (s1).(s2) and (£1).(£3) hold. If . e u; ) win u* 40,
then . has the following properties:

(1)The pair (o.5) is a critical point o of with o3>0 if and only if
aut+ BuT € My

(ii) The function 0. hasa unique critical point (0..5.) on (0.5) x (0.), which
is also the unique maximum point of ou on 0.x) x0.. Furthermore, if

((Ty2) (), u) <0, then 0 < oy, B < 1.

Proof- (i) By definition of 0. we have that

Vou(a,B) = ({(Tua) (ou™ + Bu™), u™), {(Zox) (au™+ Bu~),u"))
= (l {(Tpr) (au™+ Bu™),0u™), %((ij))’ (au™+ Bu™). Bu” >) .
a /
Thus, item (i) holds

(ii) For any ue 1;9(2) vt £0, @y B
From (f1) and (f2), for any « > 0. there is c. > o such that

|fla.t)] <elt|+ CoJt’™ 1 forall t € R. ()

Then by the Sobolev embedding theorem we have

((Zp\) (ou™ + Bu™ ), au™)
> (a— )\502)(12Hu+H2 + ba:4‘|-11+||4 — ((};EJr (}:a)Cl ma.x{ H-u*”a: ||uJr Hg}
— AC.C4 ((:»:Q + (}:ﬁ) max{ ||'u+Haj ||u+ ||Q}
ChOOSC >0, SIlCh that (a — AeCy) > 0. Since ¢.0 > 4., WE have that (L) (o™ +
Bu).out) > 0 for o small enough and all 5 > 0. Similarly, we are also able to

prove that (7, (au*+ gu~).5u") > for 5 small enough and all « > o. Therefore,
there exists ¢ > 0 such that

(Tp ) (Grut + Bu), 610y >0, {(Tyn) (ou +81u7), 6107 ) > 0. (6)
On the other hand, by (£2) and (£3) we claim

fla, )t >0, t#0; F(x,t) 20, telR. (7)
Therefore, choose « - 5 - 5,115« 5.5 1 is large enough, it follows that

(Zy\) (Gsu™+ pu™), 65u™)
< a2t I+ b(63) o+ 03" o |l |

— (6;)1/ |u.+|q(w) dax <0.

2
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Similarly, we have (@) (out+5507).5507) <0.1ets, > 55 be large enough, we
obtain

(o) (O5u™+ Bu™),05u") <0 and  ((Zya) (ou™+d5u™) . 05u™) <0 (8)

for all a.5 € 5.5 Combining (6) and (8) with Miranda’s theorem [13],

there exists (a..5,) e R x &+ such that 7" 7.(a.8) = (0,0).i.c. aut+ su~ € My,

According to the proofin [20], we can prove the uniqueness of the pair
(Vs Bu)-

Lastly, we prove that 0 < a,. 3, < 1if (Z,.1)'(u).u*) < 0.
Suppose a. > 4, > 0. By a,ut+ B,u” € My we have

; 2 4 2 2
aaiH?ﬁH +ba;i”u+‘| +b(:u:i||fu+“ Hu H
, 2 4 2 2, 2
= aal||ut||” + bal|[ut||” + baZ B2 ut || |lu ||

uu

=\ / f(:r._a:u'tﬁ)(}:Hfu,JF(:l:r:+ / |r;1:u'u,+}qu) dax. (9)
2 2

On the other hand, by (.,)(.«%) <0 we have

(z||*r¢+||2 + J)H'U,J“Hll + z’)||u+H2H1fH2 < /\/f(:if. 'u,.+)u+d:17 + / ‘iﬁ‘qw) dr.  (10)
2 2

So, according to (9) and (10), we obtain

1 2 flr,aqut)y  fla,u™)
- 2, B ; A g
(l-(ai 1) HU- H = )\f l ((}:u’u,‘*'):‘ ('r1.+)3 (u™)* de

02

+ f (0@ =2 _ 1) |7 .
02

In view of (f3), we conclude that . < 1. Thus, we have that 0 <a,.5, <1.
Lemma 4. reic,s = wtiens,, 7). Then we have that i, . =o.
Proof. For any v e M, ». we have

a”uiHZ + b||uiH4 + b||u+H2||u’||2 = /\/f(;r, ui)ui da + f |u.:':‘q(m) dux.
I7)

02

Then by (5) and Sobolev inequalities we get
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a.”ui ”z < /\/‘ f(:};,ui)u.i dz + / |ui
0 Q2

1(®) dax

< ey ||ui ”z + AC. 1'1111'1{||u.iHQ._ ||fu,.:':||6}>
+ C' min{|ju™ Hg, | w* ||E}
Thus, we obtain
(0 = xeC)[u [ < ACe mingfor® |1 |} = Camin{ || [l 7}

Choosing = small enough such that «-c, >0 since 4.5.4.5-+ there exists
p > 0 such that

HuiH > p forallu € My . (11)

On the other hand, for any « € m,... it is obvious that (z,.)(). s = 0. Thanks
to (f2) and (f3), we obtain that

[, )t —3f(x,t) > (<)0 forallt > 0,
This fact implies that
O(x,t) := f(e,t)t —4F(x. 1) =20 (12)

isincreasingwhen ¢ > 9and decreasingwhen ¢ < 0 foralmostevery = € ©.
Then we have

a

Ib,/\(“‘) — Ib,)\(u) - %<(Ib,)‘)’(’u.), -'u,.> = —

11 2
Tl

From above discussions we have that z..w > o for all « e m,,, Therefore,
7. is bounded below on M. that is, ¢ = infuca, , Zoa(v) is well defined.

Let v e ;") win u* # 0 be fixed. By Lemma 3, for each a > 0, there exist
ax. By > 0 such that vt + s~ e Mia. By Lemma 3 we have

0< epa= inf Zpa(u) <Lya(aput+ Byu™)
uEMyp,

< g”(}:,\u++ Gau HZ + ZH(}:XU,Jr + Bau H4
< aoj Hu+ HZ + (1...,8?\||-u._ Hz + 2bas, H'u.-JFH4 + Zb;’j’iHu— H4.

For our purpose, we just prove that ax —~0and 5 »0as A .
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Let
— R« + +. [ —
T = {((},,\, ﬁ,\) c RO X R(] : Tu((_}.)\, ﬁ)\) = (0, 0) A > 0},

where 1, is defined as (4). By (5) there holds

111'111{052, mr%} / |u+ |(;(;:,-) dr + min{ﬁz, 3%} / ‘u’ |Q(w) da
Q Q

< /QK(JE)|21+|(J(IB) (‘1(1'+f(.rg(”7)|fu,
Q 0

+)\/f(a‘.():,\fzi.+)a,\'zi.+ do + )\/f(:;r:,_ﬁ,\u.)ﬁxu,d;r:
Q2 2

q(x) d

1r

= a.||(}:>\-u++ ;’3)\'21,_”2 + bHo:‘)\qu—i— f)’,\fu,._H4

< 2(1(};?”71*“2 + 2(1.,8;2‘”11_”2 + 4!}(1&”(1*”4 + 43‘);’5§Hu_ H4.

Hence, . is bounded. Let (.} c r* be such that », - «asn - «. Then there
exist ag and 8, such that (as,.5.) = (a0, 8) asn — cc.

Now, we claim ay=s=0. Suppose, by contradiction, that
ag > 0or By > 0. By avut+ 5,0 e M, for any n € N, we have

aH(}:)\n ut+ B, -zf||2 + b||(:u:)\n ut+ B, 'tf||4

=\ / [z an,ut+ By u”) (an, 0™+ By, u”) de
02

+ f s, ut + By, u |1 da (13)
2

’H‘lanks tO ax.ut = agut and By, u” — Bou in HJH(.Q).

/ f ( X, o, uwt+ By . -u._) ( ay, ut+ B3 AU ) dax
9,
o / f (:1:., aou’ + ,{3{]71.._) ((:.}:Uu.Jr + _,{:?()-u._) dr >0
Q

as n — oo. It follows a contradiction with equality (13) from two
facts: A, — oo as 7 — o0o. and {a,u*+ 5,07} is bounded in #;"(2). Hence,
ag = fy = 0.

Therefore, we conclude that 1. o = 0.

Lemma S. There exists >0 such that for all x>, the infimum cx
is achieved.

565



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 3, ISSN: 1392-5113 / 2335-8963

Proof. By the definition of ¢, there exists a sequence {u,} ¢ m,, such
that tim, . Z(u,) = ... Obviously, {u.} is bounded in ;" (). then, up to a

subsequence, still denoted by {u.}, there exists « e #;"(2) such that uw, — .
Since the embedding #;"(2) - (2) is compact, for all ¢ € (2.2*(x)). we have

U, —u inL'(2), wu, —-u ae. xc

HCnCC, uf —ut aer e, and

vt inH V), uf 5 uF in LI(9).

1, 0 e}

By Lemma 3 we have

Lyx(out + Bu, ) < Iya(u,) foralla, 3 > 0.

Then by Brézis—Lieb lemma and Fatou’s lemma we get

. . g y + 0, —
hél_l} gf Iy z ((,t w, + Bu,, )

2 32 .

> I;,,A(a:u++ ﬁu_) + % T}EI;O ”u: — u’LHZ + ap r}g%o ||*u,; — u\_”z
4 . . 34 . .
N ey A e e A

bt T
)‘4 (hm e, — u Hz)z

IREETEAS
lim Hun —u H ) +
) n—roo

n—rod

bat (

a(x) X () i
_ ] a b — uﬂqm dr — f : u, — -u."qu) dx
q(x) q(x)
2 17}
o? bat 2 bot . ax{od, ol
2 I}, )\((}i’{lJr—F ﬁ’ui) —+ ﬂ141 + £A1”U+HZ -+ (—‘tAf —_ —Ian{n a }Bl
’ 2 2 1 q
N a.ﬁzA N bﬁ‘*A “ 7”2 N b3t 2 max{af, oﬁ}B
—Ag + —As||lu — A - ——— " Bs,
5 A2+ - Aafju T2 7 2,
where
. 2 . _ 112
Ay = lim ||uj[ — fu,.+|| , As = lim H-un —u H :
TL— 00 T — 0O
By = lim |*u+— u™ 4(=) By = lim |u_ — 'f;_|q(m)
n—ooo ! - lg(x)’ n—oo ! - lg(z)

That is, one has
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4 ax :i,,:q
Tor (0 + fu- H& AL L‘ Aflurt]? + 22 Affm&
q
32 fo’ { d ax{p2, 37
5 Az + T Af|u ||+ A5 - M&gam (14)
q

forall «>0 andall 5>0.

Now, we claim that .+ 0. In fact, since the situation «~ # 0 is analogous,
we just prove «* 0. By contradiction we suppose «* 0. Hence, let 5= 0
in (14), and we have

,  max{aZ,o¥
A AL - max{at, a®} o« s foralla > 0. (15)
q

Case 1: B, -o.
If 4 = o, thatis, ut — ot in #29(2). From Lemma (11) we obtain |l.*| > 0. which
contradicts our supposition. If 4. > 0. by (14) and Lemma 4 we have
aa’? bat

0 < 5 A+ ;A%écb,;\—ﬂ) forall @ = 0 and A — +o0.

The inequality is absurd. Anyway, we have a contradiction.
Case 2: B, > 0.
One the one hand, by Lemma 4 there exists x>0 such that

cpa < A= 111111{(,7,;2: C{;"_f}rﬁ/ (@=2) forall A > \*

On the other hand, since 5, > 0. we obtain 4, > 0. Hence, by means of (15)

we have
292/ (g—2
(aA,)/? /(a=2) ao’? ol
AL | ——— < max ¢ — Ay — —Bl
B, D<a<l
2 q
ac hat ol
<maxqy —A; + —Az — —By ¢ < oy
D<o 2 q

which is a contradiction. Hence, we deduce that .+ > o.

Second, we prove B, = B, 0.

Since the situation s.-o0 is analogous, we only prove s-o By
contradiction we suppose that 5, > .

Case 1: B, > .

According to B.B,>0 and Sobolev embedding, we obtain that
A, 4, >0 Let

max{a?, a7}

t
aa” bat - B, foralla > 0.
q

pla) = —Al Az
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It is easy to see that ¢(a) > 0 for o > 0 small enough and () <0 for o <0
large enough. Hence, by the continuity of «(«) there exists a > 0 such that

ac’ ba* ,  max{aZ,a’}
—A L+ —A7 - :
4 q
2 . q g
acy bat max{a?, o
= max{ —A; + Az {od, }B 1
s=0 | 2 q
Similarly, there exists 4~ o such that
a/3? b :3’4 ~ max{s, 59}
Ao + B
2 q
2 -4 q q
af’ hi max{ /34, 59}
— max ‘—A 9 Az B
s=20 | 2 q

Since .41 0.3 is compact and . is continuous, there exists (.4, e 0.4) x 0.5
such that

o(y, ) = max o« [3).
(ex,8)€]0,a] x]0,5]

Now, we prove that (.4 < 0.a < 0.5 Note that if 5 is small enough, we
obtain

o(a,0) =Ty ((I'?_L-+) < Ip.A ((:v,“u,Jr) + T\ (31.{-_)
< Iy ((:er + ;Tﬁ"u_) = o(a, 3)

for all «e.4. Hence, there exists s 0.4 such that
o(a,0) < o(a, fy) forall a € [0, al.

That is, any point of (.0 with o<« <a is not the maximizer of «. This
yields that (.5, ¢ 0.6 x {0} Similarly, we obtain (w.6.)¢ {0} x0.a1. On the
other hand, it is easy to see that
aa’® ba? + at o max{aZ, ()ﬁ}

o A |ty ettt (16)

and
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b3* ,  max{pL, B}

32 b3t
E A+ g |+ AR T S B > 0 (17)
for ac (0,a), 8 € (0,4]-
Then we have
A< ac? ba ba” 2 max{aﬂ,aE}B bnz H'”Jr”
4d
132 b 34 5  bpt BpL. 31
“; g+ B g+ Pz - ma*‘{' D,
a
and
a3? b3 max{ 3%, 57 ()94
A< ﬁ Ay + f Az {q } ﬁ Az”?-’- ”
(mf_2 bt 2_ ba? . max{ad, o
I T o Pt - R

for all acp.a. and all 5 € .5 Therefore, according to (14), we conclude
ol B)<0. (@, 8) < 0 for all o € 0.a] and all 5 ¢ j0.3. Thus, (aw..) ¢ {a} x 0.5 and
(o, 5u) ¢ 0.6 < {7} Finally, we get that (a..5.) € (0.a)x 0.5). Hence, it follows that
(. 8) is a critical point of «. This implies that a.u*+ 5,4~ c M,». From (14),

(16), and (17) we have

Ch, X\ = Ib,)\ (O’-u 'U.-+ + :ﬁgu?--’»'_)

ao? bak 2 bal o  max{al al}
U U + w A2
5 A+ 5 AlHu H + 1 Al — J B,
32 b3: o bpd ax{34, 39
G ”Az ”AZH"U,_Hz L qu Inﬁé{{ﬁq o }Bz

> Ib A (n’uu + :‘gu,u ) Ch\s

which is a contradiction.

Case 2: B, =o.
In this case, we can maximize in . <= Indeed, it is possible to show

that there exist 5 <R such that

Ib,;\(auu*%— ;.’iu_u_) <0 forall (o, 8) € [0,a] x [By, 00).

Hence, there is (.. 5.) € [0.4] x 0, <) such that
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(O, Bu) = max a(a, 3).
(cx,5)€]0,a] x[0,00)

In the following, we prove that(..s.) < ©.a) <=+ It is noted that o(.0) <
ol fora e p.a) and 4 small enough, so we have (.5, ¢ 0.a) x {0}.. Meanwhile,
a(0,8) < o(e. ) for 5 € [0.00) and « small enough, then we have (a..6.) ¢ 0=

On the other hand, it is obvious that

...‘

f ax{al, o’ ba :
A< %8 )r4v A2 max{a?, « }B iAg”?ﬁHz
4
,32 313 y 3134 )
& Ay + ’ Hz L A3 forall 8 € [0, 00).

2

Hence, we obtain that o(a.5) <o for all ser;. Thus, (a..5.) ¢ {4} x®;. Hence,
(s Ba) € (0,a) x B+, That is, (a6 is an inner maximizer of & in .4 x®{.
. Hence, a.ut+ 8.0~ € My». Then it follows from (16) that

Ch, X\ = Ib,)\ (O-'u ut + .Bu U )
max{al, a¥}

q

aa? ba 2 bal .
2 A1—|— 2 AlH’U,—i_H — 4 Af—

u Az

| a2 biﬁ 2, bp,
2 Az AzH’U H 1

> Tz ((}.'u ut + ﬁu't.{-_) = Cp.\,s

which is absurd.

Therefore, from the above arguments we have that 5, = 5, = 0.

Finally, we prove that e.»  is achieved. Since «* # 0. by Lemma 1, there
exist a4 >0 such that

.l_|— —|_ _."3?.',:”'_ E ME}_’A

u

L

Furthermore, it is easy to see that (@.)@.«*) < 0. By Lemma 3 we obtain
0 < awi <1 Since w e M according to Lemma 4, we get

Ty A ( uu + Buu,, ) < Ib,;\('u.:f—I— u;) = Ip ().

Thanks to (f3), B, = B, = 0. and the norm in #; is lower semicotinuous,
we have
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ey < Iy a (1) — —< Ty \) (). 1)

. : 1 1 . A o N
< %Hﬁl\z + / (4 - q(r)) |79 da: + 1 f [f(z,0)u — AF (2. 0)] dz
2 0
SN 1 1 - A
< %Hqu + f (Z — —q(I))|u_|q(.r,) dr + 1 f [f(r w)u — AF (., -a” de
7] A
1
< liminf |:Ib.)\(“n) - _<(Ib ,\)’(Un). U..”>:| & Ch.\-
n—r00 4 ’ ;

Therefore, o = 5. = 1. and e is achieved by w =t +u e M.
4 Proof of main results

In this section, we prove our main results. First, we prove Theorem 1. In
fact, thanks to Lemma 5, we just prove that the minimizer u for e, is
indeed a sign-changing solution of problem (1).

Proof of Theorem 1. Since u € M. we have

<(Ib,)\) H, ub > = <(Ib )«. ’Ub u,b > = 0.
By Lemma 3 and Lemma 4, for .5 &, x.)\ 1. we have
Ib A (nub ’3?15 ) < Ib?,\ (-u.;r -+ ub_) = Cp\- (18)

If @) #0. then there exist s >0 and ¢ > 0 such that

H (Zp.2) H >0 forall ||[v— up| =

Choose » < 0 uint 2.5/t 1o
D=(1-7,1+7)x(1—7,1+7)
and
g(a, B) = au, + Pu, forall (a, ) € D.

In view of (18), it is easy to see that

cx = max Iy yog < cpy.
o1

Let ¢ = min{(csn — €2)/2.00/8} and S5 == B(up.6). by Lemma 2.3 in [23] there
exists a deformation » e ¢(0.1 x 0, p) such that
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a) n(L.v) =vifv & (Zpx) *([con — 22, cpn + 22] N Sas):
b) 1 @At NSy C (@)
C) Ty a(n(1,v)) < Iy a(v) forall v € H[;'(')(.(Z)

First, we need to prove that

( %f)lzé(DIbA( (l,g(o:, ;3))) < Cp.x- (19)

In fact, it follows from Lemma 1 that z.6(.5) s <as+- That is,

g(a, B) € (Tpn) o "e.

On the other hand, we have

. 2 ) 2
|g(cv, B) — up||” = ||(a — D + (B — 1)y ||
< 2((a = | |* + (8 = 1 lu, [|*)
< 27w || < 62,
which shows that g(.5) e s; forali (a.5) € D.
Therefore, by (b) we have 7, (1(1.9(.1)) < @ - =. Hence, (19) holds.
In the following, we prove that #(.4p)) n m.x # 0. which contradicts the

definition of a.
Let h(e. B) :==n(l.g(a, ).

Tola, B) = (((Zo) (96 B)) ). (T ) (g B) . ))
= (((Ib z) ((}ub Bu, ) U, >< Tp.n) (c}:-u.b + Pu, ),u;})
(e (0 8), 2 (s ),

and

¥y (o, B) == (i<(l'b,,\)'(h(a, 3). (h(e, fﬁ’))+>, %<(Ib)\)f(h(ﬂ 3). (h(a, 3))})

By the direct calculation we have
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e I 7 R T T
Do (1,1)

— [ (q(x) — 1)|-ub+|qu:) do — /\f(')af(:r. ) (?1.;)2(1:1?,

02 02
oo, g ) 2 e o2 (o, B [ o
0 T N s R T T
02 (a, B N2 . el — .
D g I+ o+ ol s I
f(q(.r) — 1)|-uﬂq(m) dz /\faﬁf(m.ub)(ub)zdm.
£2 g2
Let
_ dov (1,1) da (L,1)
M = 1 2
@, (,B) | oy (@)
)] (1,1) 5l (1,1)_

By (£3), fort #0. we have
Orf(x,)t? —3f(x.t)t >0 forae x € 1.

Then, since u € M. we have

(e, )

(e, B)
do

ap

(a3
det M = Pule 8)
a

> (0.
(1,1)

(L:1)

wy 98 day

Since # (.5 is C' a function and (1,1) is the unique isolated zero point
of . by using the degree theory we deduce that degw,.p.0) = 1.
Hence, combining (19) with (a), we obtain

gla, ) = h(a,3) ondD.

Consequently, we obtain deg,. p.0) = 1. Therefore, v (as.5) = 0 for some

(a0.50) € D sO that

'ﬁ(lag(ﬁmﬁﬂ)) = h(ag, By) € My »,

which contradicts (19).

573



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 3, ISSN: 1392-5113 / 2335-8963

From the above discussions we deduce that #. is a sign-changing
solution for problem (1).

Finally, we prove that . has exactly two nodal domains. To this end, we
assume by contradiction that

up = uy +uo +uz withwu; 0, uy >0, us <0
and
suppt(u;) Nsuppt(u;) =0 fori # j, i,j =1,2,3,

and

(Zpx)'(u),u;) =0 fori=1,2,3.

Setting v == u + us. we see that v* = wandv- = ws.ie. o* #0. Then there exist a
unique pair (a,.5,) of positive numbers such that «.u + 5.u € .. Hence,

. A
Ty (g + Byuz) = .

Moreover, using the fact that ((.)).u) - 0. we obtain (.. <o
From Lemma 3(ii) we have that

(a,.3,) € (0.1] x (0. 1].
On the other hand, we have

0=

A=

b . . b . .
(Zo ) (), uz) < Ty a(uz) + il\'?i-lllzllusllz + gllvzllzllu:sl\z-

Hence, by (12) we obtain
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Ch,A\ < Ib,A(ﬂ-uul + .B'UUZ)

1
= Ib,A(Q'Uul + .BU 'U,Z) - —_l <(I=‘J.A)!((}'UJU'1 + .ﬁv '”'2) ? (Q’vul + ﬁ'u?’f'z )>

_ . . A
= %(H(:k,ﬂule + ||,3(,.u,2||‘2) + y / [f(:}:Toz,,'f.f,l)(r:ruu,l) — Al (x, (ir.,u'u.l)] da
2

/ [f(:r, Bouz)(Byug) — 4F (x, .B.Uuz]] dx

Q
1 1 1 1
- q(x)), . q(x) 1 - Bq(:ﬂ) 1w q(x) o
+/(4 Q(l’))au a7 4 /(4 r}(:‘r:)) ol da
9]

Q

_|_

INp

1
< Iy a(ug + ug) — Z<(1:,._).)'(’U«1 +ug), (ug + uz))

1 b b
= Ty a(u1 + uz) + Z(Ub,»\)’(“)a“:f) + Z”“l 12 [|us|* + 1|\“2||2||“3||2

b .
< Iy a(ur) + Iy a(uz) + Ipa(us) + y (Juz]|® + [Jus|®) |lu|?

b . . . b . .
+ Z(Ilmllz + s 1) [z |1* + Z(Hmllz + [ ][?) s ||

= Ig,,)\('u.) = (l’g,__)\.

which is a contradiction, that is, us=0 and w has exactly two nodal
domains.

By Theorem 1 we obtain a least energy sign-changing solution = of
problem (1). Next, we prove that the energy of w is strictly larger than
two times the ground state energy.

Proof of Theorem 2. Similar to the proof of Lemma 5, there exists i > o
such that for all A > x; and for each & = 0., there exists =<, such that
Zia(w) = ¢ > 0. By standard arguments (see [10, Cor. 2.13]) the critical
points of the functional 7., on A, are critical points of Z.in #;"(2). and we
obtain @,y -o. That s, u is a ground state solution of (1).

According to Theorem 1, we know that problem (1) has a least energy
sign-changing solution u, which changes sign only once when 1> .

Let

Lex = s, 1) Suppose that w = w + . As in the proof of Lemma 3, there
exist @ >0 and 4, >0 such that 4 cnix5, w <M Furthermore, Lemma 3
implies that «.;-#. < ©.1- Therefore, in view of Lemma 3, we have

Lk . s - / oy . o T J e
2¢” < I{;,,\ (('kuhl ty, ) + I“’:'\ (-S'u,h iy, ) < Ibsf\(('kuif Uy, + 'Sub ty, )

< Iy A (ug + *u.;) = ChA-

Hence, it follows that « >0 cannot be achieved by a sign-changing
function.
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