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Abstract: Exponential stabilization of fractional-order continuous-time dynamic
systems via eventtriggered impulsive control (EIC) approach is investigated in this
paper. Nonlinear and linear fractional-order continuous-time dynamic systems are
studied, respectively. The impulsive instants are determined by some given event-
triggering function and event-triggering condition, which are dependent on the state of
the systems. Sufficient conditions on exponential stabilization for nonlinear and linear
cases are presented, respectively. Moreover, the Zeno-behavior of impulsive instants is
excluded. Finally, the validity of theoretical results are also illustrated by some numerical
simulation examples including the synchronization control of fractional-order jerk
chaotic system.

Keywords: event-triggered, impulsive control, fractional order, exponential
stabilization, synchronization.

1 Introduction

It is noteworthy that the properties of a number of practical engineering
systems, such as electromagnetic waves, chemical physics, and fluid flow,
cannot be adequately represented by integer-order dynamic systems but
can be well embodied via employing fractional-order models. Due to
their wide applications, fractional-order dynamic systems have attracted
considerably attention from various fields, such as materials science [27],
physics [8], pharmacokinetics [23], mechanics [10], supercapacitors [4],
and neural networks [ 1], just to name a few. Please refer to the monograph
[19] for more applications about fractional-order differential systems.
Stability analysis [2] is one of the important and interesting topics
for fractional-order dynamic systems. Many valuable methods on this
issue have been reported, such as robust control [11], fractional-order
controller design [28], adaptive control [9], sliding mode control [26],
impulsive control [25], and so on.

Impulsive control only introduces transient control at certain discrete
moments, which can achieve the control target through minimum
control amount [20]. Impulsive control has gradually become a
commonly used method in modern control because of its simple
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structure, lower control cost, and less information transmission [30]. It
also has been widely used in coupled systems [6], neural network systems
[37], chaotic secure communication [7] and system stabilization [33],
etc. In recent years, with the rise of research on fractional-order control
systems, many useful results have been proposed, for examples, impulsive
synchronization of fractional-order complex networks [17], impulsive
stabilization of fractional-order neural networks [31], impulsive control
of fractional-order multi-agent systems [18], etc.

It should be noted that most of the results focused on fixed time-
triggered impulsive control, that is, the impulse interval is preset. From
the perspective of actual effects, impulsive control inputs at some
moments are unnecessary, which will lead to the waste of system
bandwidth resources [36]. Thanks to the proposal of event-triggered
control theory, event-triggered mechanisms invoke data transmissions
if predefined conditions on the data are satisfied. As a result, network
and energy resources are consumed only when the data is necessary
for control, which can achieve the control object with less information
exchange. Thus, the design of certain event-triggered strategies have
received increasing attention in recent years for integer-order dynamic
systems [24, 34, 35, 37] and many references therein. Combining
the advantages of impulsive control and eventtriggered control, event-
triggered impulsive control (EIC) was proposed in recent years, where
the impulsive instants are determined by some designed event-triggering
functions and event-triggering conditions. Many scholars have carried
out a series of fruitful researches in this field, such as applying the event-
triggered impulse control method to synchronization analysis of discrete
time-delay complex dynamical networks [12], nonlinear delay systems
[15], input-to-state stability for heterogeneous multi-agent systems [13],
discrete-time delayed systems and networks [16], Lyapunov stability
problem for impulsive systems [14], consensus of multi-agent systems
[3], neural networks [22], and so on. Compared with the event-triggered
impulsive control for integer-order systems, there are few works on event-
triggered impulsive control for fractional-order systems.

Based on the above discussion and inspired by the research in [16,32],
this paper will study the exponential stabilization of general fractional-
order continuous-time dynamic systems including the nonlinear and
linear case via event-triggered impulsive control approach. The main
contributions are as follows: (i) The event-triggered impulsive control
method is applied to fraction-order continuous time dynamic systems.
The impulsive instants are defined by some events depending on the state
of the systems. Thus, the impulsive instants are not given in advance,
which is different with the time-triggered impulsive control. (ii) The
controller does not need to be updated continuously, and the Zeno-
behavior of impulsive instants is excluded. Some unnecessary impulsive
samples can be avoided by the control strategy and the online resources are
saved. (iii) Based on the stability theory and inequality technique, some
sufficient conditions on exponential stabilization of nonlinear and linear
fractional-order dynamic systems are presented, respectively.
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The rest of this paper is organized as follows. In Section 2, problem
formulation is introduced. In Section 3, exponential stabilization
is studied for nonlinear and linear fractional-order continuous-time
dynamic systems via event-triggered impulsive control, respectively. The
Zeno-behavior of impulsive instants is also excluded. In Section 4,
simulation examples are presented to show the effectiveness of the
theoretical results. Conclusions and future study are made in Section 5.

2 Problem formulation
2.1 Caputo fractional derivative

The Caputo and Riemann-Liouville (RL) fractional-order derivatives are
the two broadly used to model the fractional-order dynamical systems.
Since the initial conditions for fractional-order differential equations
with Caputo fractional-order derivative take the same form as for the
traditional integer-order differential equations, in this paper, we will
adopt the Caputo fractional-order derivative to model the continuous
time dynamic systems.

Definition 1. (See [21].) The Caputo fractional-order derivative of =)
of order « < (0,1) is defined as follows:

a5

cDg: x(t) = F(l ) (t — 1)~ %2 (7)dT,

to

where ro)-rais the Gamma function, and »= denotes the derivative
of a(r).

For convenience, in the following, <oz« will be denoted asoi=0 if no
confusion arisen, where # denotes the initial time.

Note that the differentiability of function is required in the definition
of Caputo fractional-order derivative, but a number of function may
not be differentiable. The right upper Dini a-order derivative of «) is
introduced.

Definition 2. For ae (0,1), the upper right Dini fractional-order
derivative is defined by

Dytx(t) = I“(lla) (t — 1)~ *D* (1) dr,

to

where () =timsu, o 1)) is the right upper Dini derivative of =)
Definition 3. (See [29].) For a Lebesgue-integrable function ¢:lat &
the fractional-order integral of order «< (0,1) is defined as follows:
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L
()

Lemma 1. (See [21].) If «>0.6>0u0.00) 0ot , then
It is obviously that Lemma 1 also holds for the upper right Dini

fractional-order derivative.
Mittag-Leffler function defined as follows is often used to study the

dynamic behavior of fractional-order dynamic systems [5]:

Dy %p(t) = (t—7)* () dr.

a

&ﬁz)_ZFaj+6)

Especially, when 5-1. Mittag-Leffler function with one parameter is

o0

a(z):Ecx,l(Z) = *

2
< I'(aj + 1)

Lemma 2. (See [21).) Assume that o>05>0 and acr . Then

t
—1
f Eo(qv]v? ' dv = (t — t0)" Ea,pi1 [q(t — t0)].
tg
Lemma 3. (See [29].) Let 0<a <1 Then b.ut-wr) is nonnegative, and
the following statements are true:

i Buut-w)) is monotonically nonincreasing and o< B.lut - 101 <1 for t> 1

when u<o.
il Bulutc - )] is monotonically nondecreasing and Euut 10 > 1 for 1> 1

when u>o.

Lemma 4. Let o<a<iueR and vyweo<wwo+ow. where o0 is a given

COﬂflﬂ%OquM?’lCl‘lOﬂ. Then

W (t) < W(to)Ea (u(t —to)*)

+ /(t _ T)a_lEoz,oz (M(t - T)&)'l?(T) dT, t = 1.

to

Especially, when o0 =o. the following inequality holds:

595



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 3, ISSN: 1392-5113 / 2335-8963

W (t) < W(to)Ea|[p(t —t0)*], = to.

Proof. Since prwo < wvo+o0. , there exists a nonnegative function H)

satisfying

DEFW(t) = wW (t) + 0(t) — H(t),

and then
t
W(t) = FL / V=1 (r
1 t
m/ —H(T)] dT, t;to
to

Let wo=st-w.00-#0-a¢-w. Then

e —t0) =p(0) + 7 [ (6= to =" up(s) + q(s)] d.
0

Denote v=t-t, we have

p(v) = p(0) + uDy *p(v) + Dy “q(v), ~=0.

Taking the Laplace transform on both sides, we can obtain that

p0)  nP(s) , Q)

S s¢ s¢

P(s) =

where P) and o) are the Laplace transforms of »» and )
respectively. Then

sa—1 1

P(s) = —p(0) + ——Q(s).

S* — 1 S* — 1
Thus, by the inverse Laplace transform we have

p(7) = P(0)Eq (1v*) + () *v* " Eaa (#7%)-
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It follows that
W (t) < W (to)Eo (p(t — to)®)
t
+ / (t— '.")C’ﬁ_ll*]'c,c’ct (u(t - T)O‘)ﬂ(‘r) dr, t=>to.
to

The proof is completed.
2.2 System model and problem statement

Consider the following fractional-order continuous-time dynamic
control systems with « < (0,1):

pa(t) = f(x(t),u(t)), t=to, (1)

where «() € ®* and u() e ®" are the state and control input, respectively,
/R xR™ o e satisfles 0,00 =0, and there is a positive constant u such that

| f(@1,91) — f(z2,y2)|| < Uil — 2| + lillyr — y2l|-

In order to use the benefit of impulsive control and reduce the
frequency of the controller update, the following event-triggered
impulsive feedback controller (EIC) is used:

(2)

where «¢;) denotes the left limit of function z¢) 4t t.g: R >R h: k" - R"
satisfy 90 =010 =0, and Lipschitz conditions, ic., there are positive
constants &, such thatk g - 6wl < &llz -yl I1hz) - k)1 < e - 41 The impulsive
instants #. are defined 1terat1vely by

tper = inf{t: t > tpand F'(¢) =0} (3)

in which ro is called to be the triggering function defined as

F(t) =

)] = Bl @

where s¢ (0,1), and () = =(w) - () represents measurement error.

Definition 4. The fractional-order continuous-time dynamic system
(1) with EIC (2) is said to be event-triggered impulsive exponential
stabilization (EIES) if there exit » >0, x>0 such that
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(0] < Ma(to) Je¢).

Definition 5. If there exists a constant 6>0 such that
infiew{ti — 6} > 6> 0, where ¥={o.1,...}, then the impulsive instants « are
called to no Zeno-behavior.

3 Exponential stabilization results

In this section, we first discuss that there is no Zeno-behavior for the
impulsive instants determined by (3). Then we prove that system (1) is
exponential stabilization under the EIC (2) with some given conditions.
A corollary for linear case is also presented.

Theorem 1. There is no Zeno-behavior for the impulsive instants t.
determined by (3).

Proof. For t € [t, 1), calculating the right upper Dini «v-order derivative
of Jew, we have

Dyt |le®|| < || De e = || D =@)]]

|

[f (@), u@®) || = [|f (2(t), u(t)) — £(0,0)]]
)] + o] = )] + )|
I ||z(te) — e@)|| + lala||= ()|

Lle@)|] + (h + Llo)||=(t)-

NN N

By Lemma 4 one can get

Then it follows from Jeei =0 that

le®)|| < (1 + Lla) ||z (te) | f(t—r)“—lEa,a [l(t—7)%] dr

[

= (I1 + lila) ||z (te) || (t — tr)* Eayat1 [l (E — te)?].
The next event will not be triggered until Feso.ic. ewni-sisei=o. Thus,

Bllet)]| < [lettar)]

<|
< (L + L) ||e(t)||(teet — tr)* Easasr [l (B — )] (5)
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If leei=0 for some fixed «, then one can get |« =0 for any > 1.
which implies the stability of system (1) is reached. Thus, without loss of
generality, we assume that J«)i =0 Then by (5) we have

(Iy + lile) (tkgr — th)“Bayasr [l (Bey1 — te)*] 2

Let 75 suppenfters -t Then

B
(51 + 1112)Eq a41[LT?]

Therefore, there is a 6 = exp{(1/e) (8/((1 + 1) Baia 7))} > 0 such that s -t > 0> 0,

(tg+1 — te)”

that is, there is no Zeno-behavior of impulsive instants.

Theorem 2. Assume that the impulsive instants — wr=12..., are
determined by (3) and swesiten — 1 <T < oottt — 1wy 20> 0. Then system (1)
with EIC (2) is EIES if the following inequality is satisfied:

Iy 1o (1 + lylp + 55%2)T]
T g

where o<1y <1, 8¢ (0,1).

<0,

Proof. For te ). calculating the right upper Dini .-order derivative
along the solution of (1), we have

Dyl < [[D5 2@ = ([ (@), u@)]]
< hlr] + hffu®]
\<\31H1(1‘)”+31H0 (tr) H
= hljz®)| +Lllg(= fJ e(®))]|
< hffz@)] + hlex(t (f)H
< (I + L) ||z ()| + .112“ e(t)||- (6)

By the definition of impulsive instants « and triggering function (4)
one can derive that

le@| < Blle(@)]| = 8llz(@) +e@®)]| < Bll=®] + Bl

and then

e <

15
1 — 3 H;r.(t)H. (7)
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In term of (6) and (7), we have
(87 _
Dgx(t) = Az(t) + Bu(t), t=0,
It follows from Lemma 4 that

;’9[1[9

o) < [|e(t)|[Ex Kzl i+ 28 :9)(1% - tk)a]_ ®)

and then

) i .
el < el 2a ] (1 -+ i+ 252 ) s — 07

Notice that
=) = IR (E))[| < tsflz)]|

< 3|z (te—1) || Ba Kll +lils + fz_ll;) (tr — tk—l)a]

< B|le(t_,)| B Kzl g, 4, Bl )(tk ) tk_l)“]

1-0
< lg”.’ﬁ(tk_z)”Ea [(ll + il + fl_ll;) (tk—l _ tk_z)a]
a5
. Byl
<< Bfleo)|| 1] Ea l(h +lhls+ 1;) (t; — ti_l)"‘}
=1

Recalling (8), we have

' - Bul2\, . a
ol <l { TT 2 (1 s+ 225 )17

X Eq {(51 + Uyl + fl_ll;) (t— tk)cx]-

SinCC 0<I3<1,T > suppen{trrs — tr}s and infren{trsr —te} >0>0. T}len
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=@

* Bl Byl
A E] HEa b+l + 1;)TQ}}EQ[(A+M2+11§)T"‘]

k

s (v ) (v )
k+1

e 25)])

(t—to)/0
< zgf—fﬂ)/T-l{Ea Kzl + il + f“;)w} } +2||z(to)

= ls_lexl){lnzfs(tto)}{Ea {(11 +lhls + f llg)T‘]]}

< =t { 2.

In Eo[(Iy + hia + 222)T]
X exp{ 7 ) (t— tg)} . Ha:(tg)H
{E ((h + Ul + 7 Bhly )TQ]}
I3
Inly  WEa[(li +hils + §22)T°)
X exp{ T + 7 (t—to) ¢ - [|=(t0)]|-
Denote

{E,[(l1 + 1112 + %)TQ]}E

M —
l3

and

l1l2 o
N CTRLE (RIS =\

we have
lz@)]| < Mla(to)|le™*), & > to,

which implies that the fractional-order continuous-time dynamic
system (1) is eventtriggered impulsive stabilization with the EIC (2).
According to Theorems 1 and 2, consider the following linear system:

Dy x(t) = Ax(t) + Bu(t). t = to, 9)

where = ¢ B 4 ¢ B, B ¢ R, andu@) e ®»,, and the event-triggered
impulsive feedback controller is designed as follows:

601



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 3, ISSN: 1392-5113 / 2335-8963

‘U(t) = Kua(t) fort e [tg;.f,z#l).
.'lf(f) = CA.;I‘.(fi) fort = t. k=1,2,....

(10)

where & e ™ ¢, ek are the control gain matrices determined later,
impulsive instants z are also determined by (3). Then we have the
following corollary.

Corollary 1. Assume that the impulsive instants . k=12... are

determined by (3). Then system (9) with EIC (10) is EIES if the following
inequality is satisfied:

ny  InEa[(l4+ BK] + ALEE e
T 0

where supgen {th1 = tr} < T < oo, infren{tess —ti} > 0 > 0, v = sup, {[[Ck [}, and o< ¥y<1L,0<B<1
. Furthermore, there is no Zeno-behavior for the impulsive instants

determined by (3).

<0,

4 Simulation examples

In this section, numerical examples for linear and nonlinear cases will be
presented to illustrate the theoretical results.

Example 1. Consider the following linear fractional-order continuous-
time dynamic system:

Dyx(t) = Ax(t) + Bu(t), t=0, (11

where v = 0.9, 7 € R?, A ¢ R*?, B € R*?, and u € R?.
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5
10 |/10 T T
r1(t)| |
8r z2(t)| [
z3(t) |
6 | - - |
4 '
A~
H
a—
=

0
oL
4L L L L
0 20 40 60 80 100
Time
Figure 1.
States response without impulse control.
Assume that
-0.3 -0.12 -0.15 08 0 0
A= 1022 0.3 0.25 |, B=]10 12 0|,
-1.2 -0.5 -1 0 0 0.6

and
0.1000 —0.1875

0.8750
K = 0.0167 1.0833  0.2083
—2.0000 —0.8333 1.6667

If there is no impulsive control for system (11), that is, the controller

(10) is replaced by u® = k2. Then we have
(12)

Ga(t)=(A+ BK)x(t), t=>=0.
Let the initial condition for system (12) be =) = [-08,1,05. The state
of system (12) is depicted in Fig. 1, which shows system (11) with the

continuous control «(») = k=() is unstable.
Now, we apply the event-triggered impulsive control on system (11).

Let
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-0.1 0 0
Cvo=| 0 -02 0 k=1,2,....
0 0 -0.15

Assume 6 = 03,7 = 0.07, by simple computation we can choose ¢ = 0.0155

and y=o2 Thus,

= —0.7810 < 0.

ny IE[(|A+ BK| + EL2ELyTe]
+ 9
T

Therefore, by Corollary 1, system (11) is EIES.

121 T T T T T T T T T ]
x1(t)
= ;I‘Ql:‘ﬁ) 1
.T;_:l:f)

0.8}

06 7

0.4}

-0.2 I B

-0.6 [, 1

0 10 20 30 40 50 &0 70 80 90 100
Time

Figure 2
States response with EIC.
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I'mpulsive instants

1.2}

11—%&.\({,w(!ny C u: ks ! W * w ey

081

06~

04r

0.2r

10 20 30 40 20 60 70 80 90 100

Time
Figure 3.
Impulsive instants.

The simulation results with the same initial condition «() = (08, 1, 0.5". as
no impulsive control is presented in Fig. 2, which shows the fractional-
order system (11) is stable with the event-triggered impulsive control
(EIC).

The impulsive instants are depicted in Fig. 3, which implies the Zeno-
behavior is excluded.

Example 2. Synchronization of fractional-order jerk chaotic systems.

D% (t) = Ax(t) + f(x(t)). (13)

WhCI‘C a=0.99, f(z) =0, 0, |z| +1]T, and

0 1 0
A=10 0 1 1.
0 —-0.95 -0.6

Construct the slave system as follows:

Dy(t) = Ay(t) + f(y(t)) — u(t). (14)

where u() is the control input and will be designed later.
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Denote ) = @ (0~ (0),2:0) - w25 - 5@ as the synchronization error.
Then by master system (13) and slave system (14) we have

D5(t) = Ad(t) + f(x(t) — f(y(t)) + ult). (15)

In order to avoid continuous update of the controller, the following
event-triggered impulsive controller will be used:

u(t) = 5(tk) = :E(tk) — y(tk) fort € [tk,tk+1),
6(t) =Cé(t) fort = tx,
where the impulsive instants tk are defined by (3). =) and e in (4)

are replaced by sw) and é) - 5). respectively. The control gain matrix C is
given as follows:

0.2 0 0
C=1]0 03 0].
0 0 0.3

Then one can choose that 1 =25042,1, = 1,1, =035 Let = 02, T = 007. By
simple computation we have ¢ = 0.0354. Thus,

nly , In Ea[(l + lils + 522)T°]

= —-34 .
T 2 3.4885 < 0

Therefore, by Theorem 2 the zero solution of system (15) is exponential
stability, which implies that the exponential synchronization between the
master system (13) and slave system (14) can be achieved.

Let initial conditions be = =13 -2, 15" and v = [-0s,0,047. The simulation
results are depicted in Figs. 4-6, which show that not only the
synchronization between the master and slave system with the event-
triggered impulsive controller can be achieved, but also the Zeno-
behavior of the impulsive instants is excluded.
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w(t)

Time

1 1 1 L 1
80 90 100

1 1 1 1
40 50 60 70

-2
0 10 20 30
Time

Figure 4.

States of master and slave systems.

Figure S.

Chaotic phenomenon of master system and slave system.
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e(d)]

31l¢t)

90 100

Figure 6.
ke(t)k and Bkd(tk)k.

S Conclusions

Combining the advantages of impulsive control and event-triggered
control, event-triggered impulsive stabilization of fractional-order
continuous-time dynamic system is discussed. The impulsive instants
depend on the states of the system and are not given in advance.
Based on the stability theory and inequality technique, some sufficient
conditions on exponential stabilization of nonlinear and linear fractional-
order dynamic systems are presented, respectively. It proves that there
is no Zeno-behavior for the impulsive instants determined by some
designed events. As an application of the obtained theoretical results,
the synchronization of fractional-order jerk chaotic systems is also
presented in the simulation example. More general fractional-order
dynamic systems and eventtriggered impulsive control problem of multi-
agent systems will be considered in future study.
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