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Abstract: In this paper, we use the Fountain theorem under the Cerami condition to
study the gauged nonlinear Schrédinger equation with a perturbation in R.. Under some
appropriate conditions, we obtain the existence of infinitely many high energy solutions
for the equation.
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1 Introduction

In this paper, we study the existence of infinitely many high energy
solutions for the following gauged nonlinear Schrédinger equation with
a perturbation in R2:

9 1 oo
—Au+ AV (z)u + h |2 —I—/h s)ds |u
x|

= f(u) — pg(z)|u|?*u "

We first list our assumptions for our problem (1):

(V1) V € C(R2,R), and infx€R2 V (x) 2 VO > 0, where VO is a
positive constant.

(V2) There exists b > 0 such that meas {x # R2: V (x) < b} is finite; here
meas denotes the Lebesgue measure.

(H1) f € C(R,R), and f (u) = o(|u|) as |u] > 0.

(H2) There exists RO > 0 such that F (u) = [u0 f (t) dt > 0 and F(u) =
f(uw)u/6 —uF (u) 2 0 for |u| = RO.

(H3) f (u)u/ [u|6 > +c0 as |u| > oo.
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(H4) There exist 20, R1 > 0, and T € (1, +0) such that |f (u)|r <
20F (u)|ult for |u| = R1.

(HS) f(—u) = —f (u) foru € R.

(g)g € Lq' (R2),and g(x) 2 0 (/= 0) forx € R2, whereq’ € (1,
2/(2-q)).q € (1,2).

Problem (1) arises in the study of standing wave solutions for the
gauged nonlinear Schrédinger equation

doA1 — 0140 = — Im(d Do),
doAg — 03 Ag = Im(dD19),

, , L, .
1 A; — b Al = —5 @|2-.

where i denotes the imaginary unit, 00 = 9/0t, d1 = 9/9x1, 02 = 9/0x2
for (¢, x1,x2) R1+2, ¢ : R14+2 » C is the complex scalar field, Ax : R142
> R is the gauge field, and Dx = 0k + iAx is the covariant derivative for
x = 0, 1, 2. From the initial study in [8, 9] many papers on this system
appeared in the literature; we refer the reader to [1, 2, 4,5,6,7,8, 10, 11,
13, 14, 18,19,20,21, 25, 26, 28, 29] and the references therein.

When ) = 1, the authors [12] obtained the existence and multiplicity
of solutions for (1) with concave-convex nonlinearities pg(x, u) + vf
(x, u), where g has sublinear growth, and f has asymptotically linear
or superlinear growth. In [20], the authors studied the existence,
nonexistence, and multiplicity of standing waves for (1) (A = 1, u = 0)
with asymptotically linear nonlinearities and external potential, and in [1,
2,4,55,6,7, 11, 13, 14, 18, 19, 21, 25, 26, 28, 29], the authors studied the
existence and multiplicity of solutions (including sign-changing solutions
and ground state solutions) for gauged nonlinear Schrodinger equation

o0

—Au+ wu + (,iﬁ( ) + / @uz[ﬁ) ds)u = f(u), zeR%.

T | 2

||

Moreover, in [26], the authors also discussed the energy doubling
property, i.e., the energy of sign-changing solutions is strictly larger than
two times the least energy. In [10], the authors studied the existence and
multiplicity of the positive standing wave with f (u) + #k(x), where the
nonlinearity f behaves like exp(e | u | 2)as | u | —oo. Moreover,
they obtained a mountain-pass type solution when # = 0.

There also are some papers in the literature, which consider
perturbation terms; see [15, 17, 22, 23, 27] and the references therein.
In [15, 17], the authors used the famous Ambrosetti-Rabinowitz
conditions to study the existence of solutions for the following fractional
equations:
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1{(// |21) - ??p}s dz dy) (_ﬂ};i{. LV (2) 'U,|p_2-u_

= f(z,u) +g(z) in RN,
and
(I = A u+ AV (2)u = f(,u) +pé(@)uf2u inRY,

where ( -A)s is the fractional p-Laplacian operator, and (I A)s is the
fractional Bessel operator. Moreover, [17] also considered the effect of the
parameter A, p on the existence of solutions for their problem.

Motivated by the aforementioned works, in this paper, we study
the existence of infinitely many high energy solutions under some
appropriate conditions, which are weaker than the Ambrosetti-
Rabinowitz conditions, and also consider the effect of the parameters and
the perturbation terms on the existence of solutions.

Now, we state our main result:

Theorem 1. Suppose that (V1), (V2), (H1)-(HS5), and (g) hold. Then
for any > 0, there exists A > 0 such that system (1) possesses infinitely
many high energy solutions when ) > A.

Remark 1. By virtue of (H1), (H2), and (H4) we can obtain a growth
condition for f. Using (H2) and (H4), for |u| > R2 := max{R0, R1}, we
have

[f(w)|” € aoF(u)|u]” = ay (Ef(-u.)u — F[u}) u|” < %U[u}“ur—l

and

Letp=(r+1)/(t— 1) + 1 =21/(r — 1). Then from (H4) we have p
€ (2, +),and

e
flu)] < T_\i.f HulP~t for u| > R..

On the other hand, using (H1), for all ¢ > 0, we have
f(u). < ¢|u] for |u| < R2.
Therefore, by the above two inequalities we have the growth condition

forf:

—
Iy
f{u)| < £|ul —I—C':|u|F'—l_. uelR, c = T_\;."f%'
©)

Note the relation F and f, and we obtain
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. -
ul* + —=|ulP, ueR.
3)

m| in

[F(u)] <

Remark 2. Let f (t) = t5(6 log |t| + 1), t € R,and t 0. Then F (t) = t6
In |t|, and we can check that f, F satisfy (H1)-(HS5). For example, if we

take T € (1, 3/2), we have

6ln|t| +1 . 67 1
lim ——— = lim — =10
[t]=+oc |f_|—1- |t|=+00 6 — 4T |f| T

Consequently, for |t| large, we obtain
(6In|t| + 1) <20
|t_|6—-ir G

< 201410+ — apF (1)1

and
O = [ (6]t +1)|" < 5

This implies that (H4) holds. Moreover, this function also satisfies
(H1)-(H3) and (HS5). However, this function does not satisfy the

Ambrosetti-Rabinowitz condition, namely:
(AR) There exists u > 6 such that 0 < uF (u) < f (u)u foru € R\ {0}.

2 Preliminaries

Note the parameter ), and we can consider the work space

(|Vu|? + AV (z)u?) dz < +:x}

E = {u e H'(R?):
B2

Then E is a Hilbert space with the inner product and norm

E = {-u. e H'(R?): [ (|[Vu* + AV (2)u?)dz < —I—:x}
R2

Moreover, by [24] we have that the embedding E < » Lr(R2) is
continuous for r # [2, + o0 ) and E < > Lr(R2) is compact for r # (2, +
o0 ), i.e., there are constants yr > 0 such that #u# r < yr #u# for 2 < r < o,

where #.# r is the norm in the usual Lebesgue space Lr(R2).
In what follows, we present the energy functional I: E > R for problem

(1) defined as
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I(u)= %/ (IVu|* + AV (z)u?) dz + B(u) — /F[u} dz + % [g[:r) u|?dz,
R2

R2 R2
Where
1 [ u? lmlr 5 : 1 [ u? w2\’
B(u) = 5/@(/51{ [r')d-r) dr = E[ e ( / E) da.
R2 0 R2 Bz

Note (3) and (g). We obtain that I is of class C1 and its derivative is

(T'(u), ) = f (VuV + AV (2)up) dz + (B'(u), ¢) —ff[u}c;;- dz
B2 B2

+ /g(a‘.)|u|‘5’_2u;da' Yo e E,
B2

where

+oo

20|y
(B'(u), ) = f (h|i,||§” + f h’{__ )-u-z(s}lds) u(z)p(z)der YeoeE.
B2

a
T

Lemma 1. (See [1, 13, 14, 29].) Suppose that {un} converges weakly to
a function uin E as n > . Then

(i) imn>+co B(un) = B(u),

(ii) limn>+oo#B’ (un), un# =#B’ (u), u#,

(iii) limns>+oo#B’  (un), ¢#=#B' (1), o,

(iv) #B’ (u), u# = 6B(u),

(v) B(u) < CO#u#d#u#2 < COy2y4#u#6 := Cl#u#6 for some CO0, C1
> 0.

In order to obtain our main result, we need to introduce the Fountain
theorem under the Cerami condition (C).

Definition 1. (See [16].) Assume that X is a Banach space. We say that
J satisfies the Cerami condition if

(C)J € C1(X,R),and forallc € R,

(i) any bounded sequence {un} C X satistying J(un) > ¢,J’ (un) » 0
possesses a convergent subsequence;

(ii) there exist o, R, p > 0 such that foranyu € J-1([c — o, ¢ + o]) with
#u# > R, #]' (u) #ttutt 2 P.

Lemma 2. (See [16].) Assume that x-@=% , where Xj are finite
dimensional

subspaces of X. For each k # N, let v =&’ x, 2 =& %, . Suppose that J
€ CI1(X, R) satisfies the Cerami condition (C) and J(—u) =J(u). Assume
for each k & N, there exist pk > rk > 0 such that

(i) bk = infu€ Zk NSrkJ(uw) > +o0,k > oo,

(ii) ak =maxu €Yk NS p kJ(u) < 0, where Sp = {u € X: #u# = p}.
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Then J has a sequence of critical points un such that J(un) > + as n

- 00,
3 Proof of Theorem 1

Lemma 3. Let sequence {un} converge weakly to a function u in E, un(x)
> u(x) a.e. in R2 as n > . Then

T(up) =T(ty —u)+Z(u)+o0(l) asn — oo, "

(T'(un). @) = (T'(un —u), @) + (T'(u), @) +0(1) Yo Easn— %y
In particular, if
T(ug) — e, I'(u,)—0 asn— oo,

then

T(uy, —u)=c—T(u)+o(l) asn— oo,
(6)

and

(IF{Un —u), iﬁ} =o0(l) YpeFE asn — oo. )

Proof. From the compactness of E <> Lr(R2), forr € (2, +0), we have

U, —u weaklyin E|
tn — u  strongly in LP(R?) for p € (2, +00),

2
u, —u forae.r < R-.

Let wn = un — u. Then we have
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w, — 0 weakly in E,
w, — 0 strongly in L?(R?) for p € (2, 400),

w, — 0 forae r e R%

Since un uin E, we have (un — u, u) » 0 as n > oo, which implies

#un#2 = (wn + u, wn + u) = #wn#2 + #u#2 + o(1) asn > oo,

Note Lemma 1(v), and we have B(un — u) < CO#un — u#4#un — u#2
>0asn- oo,

Consequently, to obtain (4), by Lemma 1(i) we only need to check that

/ (F(un) — F(w,) — F(u))dz =0(1) asn — oo

[}
o

®)
And

[g{ﬂf)ﬂunﬁ — |wp|? — |u|?) dz = 0(1) asn — oo.

* ©)
Note the definition of (, ), for all n # N, we have (un, ¢) = (un - u, ¢)
+ (u, ¢). Moreover, since wn 0 in E and by Lemma 1(iii), to prove (5), it
suffices to show that

sup [(f(uﬂ) — flwy,) — f(u))gdr =o(1) asn — oo

lell=1-
R

2

(10)
And
up [ 902 fual"2um — i — w92 (2 ) — ul?2u) il

llell=1.
RE

=o0(l) asn — oc. (1)

We first prove that (9) and (11). Using the inequality from page 13 in
[17] and the Holder inequality, forqq’ /(q’ —1) > 2, we have
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f 2)|wa|?dz < [lg]g llonllty,

q—l

‘/Q{T)Uunﬁ — |u|?) dz| <
B2

— 0 asn — oo

[RQ

Hence, (9) holds. From Lemma 1 in [3] there exists Cq > 0 such that
#un | q—2un- | uq—2u# < Cq | un-u| g-I. Therefore, from (g)
and the Holder inequality we only need to prove:

sup ‘ [ 9(@)wal*wnp dz

leli=1 1,
< sup [ ga)lwal !l da
I|#«“|I=1i2

s’ I=aq
<l / |;a|ﬁdsr) ( f wnf ¥ o)

”Q”q’"f' qq’ ||1Ln| qq; — 0 asn — oc.
-1

Consequently, (11) is true. Note that we can use similar methods in
Lemma 4.7 of [30] to prove (10). In what follows, we prove (8). Using
the ideas in [17, 22, 23], we have

1 1
Flu,)— Flu, —u)=— / (%F(un — tu}) dt = /f{-un — tu)udt.
0 0

Hence, from (2) we obtain
|F(un) — F(u, —u)| < e1ug|[u] +erul® + Ccy |un [P~ u] + C, |ulf

for some €1, Cel > 0, where p > 2. Therefore, together with (3), using
the Young inequality with ¢ (for all ¢ > 0), we obtain

|F{un} — F(w,) — F{u)|
5; C1"51-[?:1 ['r:_“":"”"2 + CE,—"'l |“’|2 + EL|a‘r'j'3’TijD + C—"’:Cq-'fc Iuljﬂ']_

Consequently, we consider the function fn defined as

fo(2) := max{|F(u,) — F(w,) — F(u)| = C., c. H(|un| + |un|F), 0}.

Then
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0 < fn(-'l"} = C‘.vn__lf__':i(-_T-_-'.J_-'l|'L|'*|-:1| + C-_-'l_sl CE_C:l_C:|u|p = LI{RE}

and by the Lebesgue dominated convergence theorem we have

/ﬁ.l{l‘-} dr — 0 asn — oo.
R2

(12)

Note that
|F (un) = F(wa) — F(u)| < fa(2) + Cey 0n, €(Jun]? + [un]?).

Using (12) shows that (8) holds.

Compare (4), (5) with (6), (7). We only need to prove that #I' (u),
¢# =0forall¢ € E.Note| Lemma 1(iii), (10), (11), and (un — u, ¢) > 0
as n > oo, It suffices to check that [R2 f(wn) # dx = 0(1) as n > c. Note

the arbitrariness of # in (2), and wn » 0 in Lp(R2), p > 2. Therefore, from
(2) we have

E[ f(wn)p dz

< / (elwa| + eclwalP~1)|p| dz

2

i

< e llwalllloll + covpllwnl 2l

— 0 asn — oo.

This completes the proof.

Lemma 4. Suppose that all the assumptions in Theorem 1 hold. Then
[ satisfies the Cerami condition (C).

Proof. For all ¢ € R, suppose that there exists {un}nEN # E is
bounded and

I(un)>c, I’ (un) >0asn - oo,

Using #I’ (u), ¢# =0forall¢ € E in Lemma 3 and noting Lemma
1(iv), we have

T(u) =T(u) — %{I’(u}.@

1 1 1 .
= §||U||2+ /F(H}dﬂ‘-JrH(E _E> fg{;r)|u|‘?cl-.r.

2 12

This implies that
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gl + [ E)de =Z0) - 5@ @) -3 - 5) [o@hiras

R2 B2
. 1
<T(u)— E(I’{u).,u).

Recall wn = un — u. From (6) and (7) we have

%“U“z n '/F(u] de =T(u) — _(I’(u u> — 1 (E — 1) / () |u|? dae

R2 R2

< T(u) - é(f(uj., u).

AsV (x) < bon aset of finite measure and wn - 0 in E, we have

fwalp = [lwnPde < 5 [ W@lwoPdz+ [ funfd

]]Q'j Vb Vb

— 2
< M]||uﬂ.,|| +o(1).

Combining this and the Hélder inequality, recall p =27/(t— 1) € (2,
+o00), fixedv € (p, +00), we have

Junly = [ wal?do = [ w5 o

r—p

(v—p) v— v—2 2v—p) | r—2 }D’%
(flu! |TZ_V pd_-l) (/|wn|[P_TT]p_—E d:r)
B2
=1 =
= (/Iu:ﬂ 2dm> (/|wn|u di")
B2 p2

v—p
1 v 7 vie=2 v —p) vip—2)
: (E) % a2

1 v—3 v{lp—ﬂ‘.n
= (E) Yo' o |wy||P  for-y, > 0.

JI:J\

From (H1), for all € > 0, there exists § = 8(¢) > O such that | £ (u) |
<e | u| forx#R2andu < 3. Without loss of generality, we can choose
this 8 > R1, where R1 is defined in (H4). Therefore, we have

|t <o [ wiPa<g

|wn | Ry lwn | Ry

w,||? + o(1).
On the other hand, when |wn| > R1, from (H4) we have
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flwn)w, dz = / Mwﬁ dr

: y Wn
[wn|ZRy |wn |z Ry
" T 1/7 (t—=1)/T
w ar
< f(wn) dz |wy, |™T dz
. Wn ]
lwnl|2Ry |wn|2R1

.

1
a'oF(-wn)d:r.) ||u.'ﬂ||§

=
fwn|>Ri
2{v—p)
— e 1 pl{r—2) Qlf:{vr-l_—ﬂ.‘.- 2 )
< (@M)'"{ 7 W wa|[? + o(1).

Consequently, from (7) we obtain
0(1) = <J’(u!?1)3 'wn>

= |lwn|* + (B (wn), wn) — f flwy)w, dz + ;L/g(:c)|-wn|'? dz
R2 R2
2-‘.21—23

> 1= £ (i (L) R e o
Z |1 =53 — (! ) oA Yo |lwn||* + o(1).

Thus, given the arbitrariness of ¢, there exists A > 0 such that wn 0 in
E when} > A.

This implies that un » u in E, and Definition 1(i) holds.

Finally, we prove that Definition 1(ii) holds. We argue indirectly, i.c.,
suppose that there exist c € Rand {un}n &N # E such that

T(up) — e, |un| — oo, |IIF{'U71)||”“H|| —0 asn— 3&3)

Then we have
_ 1,
c+o(l) =I(u,) — E<I (-un).,-un>

1 1 1
= §||-uﬂ.||2 + /F(uﬂ) dr + ,u(a — E) /Q(-’!‘-Hunlq dr
R2 B2

R (14)

Using Lemma 1(iv), (13), and (g), we obtain
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_ ||uﬂ||2

||'”’n||2
— <I"{un}:~ un} _ (B’{un)e un fR" uﬂ 'Hn. d:l “v ng g{$)|1;_?1|q d.r

el el el Tl
A
< limsup| E () tn) | Joo £(ttn)ttn d gl Vg Il
- [PNE HE e
., i dI’

< lim sup M_

—* 00 ||'i‘.£-”|| (15)

Letvn = un/ #un# . Then #vn# = 1, and there exists a function v E such
that vn > v weakly in E, vn > v strongly in Lr(R2) with r # (2, + o0 ), vn(x)
> v(x) for a.e. x # R2. Define a set On(a, b) = {x # R2: a < un(x) < b} with
0 < a < b, and consider the following two possible cases.

Case 1. The function vis a zero function in E, i.e., v = 0,and vn 0 weakly
in E, vn(x) > 0 for a.e. x € R2. From (2) we have

flug)uy, Flun)un, 5 - ,
|Iu'n|rj * . |i! | | ”| dz ( + CERI ) |1"n| dax
DH{D Rl} n(U._RI_) ﬂnf_{}_.RIJ
< (E + CERf_Z)/ |1.‘m|l2 dr — 0.
“ (16)

On the other hand, by the Hélder inequality, (14), and (H4) we obtain

f f{.t’tﬂ)'l;ﬂ dr — f f[uﬂ);!""‘ |'Uﬂ|2 dx
[tz || ||

2n(Ry,00) 2 (Ry,00)
i - % r:l
W o
Qu(fioe) Qn(Ray0)
N 2
< fg;t!-n) cl:c) ( / |0 |P d:r)
Qulhioe) 2u(Fr,00)
1 2
T P
< ( f a'DF{un)da:) ( / |vn P d:c)
n(Ry,00) 2n(R1,2)
1 2
< [agle + 1)]7 ||vnllz — 0.
jao(e + 1)} [l -
Combining (16) and (17), we have
Sy gy [ Sy, [ S,
[t | [[n |2 : [[n |2
= 2y (Ry,00)
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which contradicts (15).

Case 2. The function v is not a zero function in E, i.e,, v(x) = 0,x €
R2. Hence, if we set A = {x € R2: v(x) =/ 0}, then meas A > 0. Forx €
A, we have limn>eo un(x) = 0, and hence A C Qn(R1, ) for large n. By
(H3) and Lemma 1(iv), (v), noting the nonnegativity of f (u)u, Fatou’s
Lemma enables us to obtain

0= lim T (un), un)

n—co ||u,n||‘5
. ||u‘|‘1”2 <B’{un)vun} fRQ f{u”)un da H fR2 g{$)|u”|qu
= lim G F— 3 + 6
n—00 | [|un| [[un]| [[wnl [[n|
| luall? [[un ||
< lim t . +6C
e [Iluull‘“ 9l g+ 60
f{uﬂ}uﬂ / f('u.”)ii-n G
L ||  dz
||'H-ﬂ||6 . |-u_n|6 | 1‘1|
2n(0,Ry) 2, (Ry,00)
< 6C) + limsup / M dr — lim inf / 7"{{““};{“ |v,|© dae
n—*00 H Un ” n—+oo |u?1 |
ﬂ'“f(}__le Qu{Rl-'x')
2 P
< 6C + limsup M meas (2, (0, R,))
nsoo  |[unl|
. . f(u'n)un , |6
—]%I_l}lggf / W[XQRLR1.DG]{T}]|L'W| dz
2n(R1,00)
. . f(u'n]' T (i}
S0G= ) it e e (0]l dr
QRLRL:\GJ

This is also a contradiction.

Combining the above two cases, we have that Definition 1(ii) holds.
Thus, I satisfies the Cerami condition (C). This completes the proof.

Proof of Theorem 1. Note that E is a Hilbert space, and let ¢j be an
orthonomormal basis of E. Then we have

k oo
Vi=PX,, Z=X;, keN X;=R..
j=k

=1

In what follows, we show that for each k & N, there exist pk > rk >
0 such that

by = inf I(u) — +oo ask — oc

u€ L, JJull=rx (18)

and
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aj = max T(u) < 0.

Note that the compact embedding E <» Lr(R2) withr € (2, +00), and
by Lemma 3.8 in [24] we have Pk(r) = supu Zk, #u# =1 #u# r > 0, k>oo .
This, together with (3), implies that

I(u)= —||u| + B(u) — /F u)dz + — /g[r) u|?dz
q.
1 9 g Ce P
2 sllull* - F{v —| ull® - \'MI 2~ Il
<l ;5 ul® = = julp.
) (20)

Note that p = 21/(t — 1), and if we take ¢ < 1/(y22(2t — 1)) and tk =
(ceBkp)1/(2—p), by (20), for u € Zk and #u# = rk, we find

o171 Co [ T—1 T—1 -
I[:H—)_; ,__1|u|2_5'5£||u|}3 = (QT—]. - 2,._ )(C-".'Iﬂi]z '

1

— 400 ask — 400

with > 1, p > 2. Therefore, (18) holds.
On the other hand, for any finite dimensional subspace E # E, we show

that

T(u) = —o0, ||ul| =00, wuekF.

(21)

Arguing indirectly, assume that for some sequence {un} # E with #un#

> oo, there exists M > 0 such that I(un) > —M foralln € N. Let vn = un/

#un#. Then #vn# = 1, and there is a function v € E such that v vin E.

Since dim E < o0, we have vi > v in E”, vn(x) > v(x) for a.e. x € R2, and

#v# = 1. Let Q = {x € R2: v(x) /= 0}. Then meas Q > 0, and limn->oo |
un(x)| » co fora.e.x € Q. From Lemma 1(v) and (g) we have
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(ttn) o luall® + B(un) — I(un) + {;‘ Jpz 9(2)|un|? dz
lim cdr= lin G
n—+00 |un | n—}cc |-u,n||
R_
% |'u-1-1||2 +Cy |'u*n||6 - I(u'??.) + % |g| q’n."'q_rmf_| Un |q
< lim - it
n—oo | un|
=Ch. (22)

From the L’Hospital’s rule and (H3) we have

lim F(u)

u|—+oo |U|E’

= 400 uniformly in = € R?.

Fatou’s lemma implies that

dl )hmmf/ . u,n}

n—oo | Uy, |£‘ - ??.—}D\., |1{n||E’ n—Foo

n—oa |G

fhmlnf i{ E |vn | dz > hml&f F(u,) [xo(2)] v, 6 dz
2
= +0o0.

This contradicts (22), and thus (21) holds. As a result, we can take u
Yk and large pk (pk > rk) such that

J(u) <0 foruely, ||ul =pr.

Thus, (19) holds.

Finally, (H5) implies that Lis an even functional on E, and by Lemma 4
I satisfies all the conditions of Lemma 2. Then I has a sequence of critical
points un such that (un) >+ o as n »oo. This means that (1) has infinitely
many high energy solutions.

This completes the proof.
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