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Abstract: In the paper the two-dimensional elliptic equation with integral boundary
conditions is solved by finite difference method. The main aim of the paper is
to investigate the conditions for the convergence of the iterative methods for the
solution of system of nonlinear difference equations. With this purpose, we investigated
the structure of the spectrum of the difference eigenvalue problem. Some sufficient
conditions are proposed such that the real parts of all eigenvalues of the corresponding
difference eigenvalue problem are positive. The proof of convergence of iterative method
is based on the properties of the M-matrices not requiring the symmetry or diagonal
dominance of the matrices. The theoretical statements are supported by the results of
the numerical experiment.

Keywords: elliptic equation, nonlocal conditions, finite difference method, M-matrices,
eigenvalue problem for difference operator, iterative methods.

1 Introduction and problem formulation

In this paper, we will consider the nonlinear elliptic equation

52u . 92 u
dz?  Oy?

= flz,y,u), (ry)el={0<zx<l, 0<y<1},
(1)

with integral boundary conditions

1
u(0,y) =/a-lfa‘}u{1'- y)de +pi(y), 0<y<1,
(0 @)
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1
u(l,y) = /_S{;r)u(:r.-y) de + pa(y), 0<y<1,
0 G)

and Dirichlet boundary conditions at the points of the remaining two
sides of the rectangle QO

u(z,0) = pa(x), wu(r,1)=ps(x), 0<zx<1. "

The boundary value problems for elliptic equations with nonlocal
conditions as some elementary generalization of classical boundary value
problems were formulated in [5, 8]. On the other hand, many papers were
published on the nonlocal boundary value problems for various types of
equations as mathematical models of some physical phenomena related
to plasma physics, heat transfer, thermoelasticity, chemical diffusion,
underground water flow, biochemistry, population dynamics, etc. (see,
e.g., [12] and references therein).

Both facts motivated active investigation of numerical methods for
elliptic equations with nonlocal conditions. As a consequence, the
numerical methods for linear and nonlinear elliptic equations with
various nonlocal conditions were intensively investigated during past
two decades. The numerical methods for linear two-dimensional elliptic
equation with Bitsadze—Samarskii and multipoints nonlocal conditions
were investigated in the papers [13, 28, 32].

The existence and uniqueness of a solution in the corresponding
Sobolev spaces for a multidimensional elliptic equation with two integral
boundary conditions

T
-

u(z,y)dy =0, /-1.5.{-.1‘. y)dy =0, == (x,22,..., Tn),
0 £a
(5)
were proved in [4]. The radial basis function collocation technique for
the solution of such problem was presented in [18]. The convergence of
finite difference method for the two-dimensional elliptic equation with
condition (5) was proved in [7].

The nonlocal boundary conditions (2), (3) for the first time were
formulated in [10,11] for the parabolic equation with application to
thermoelasticity and thermodynamics.

The integral conditions in the form of (2), (3) are used by many authors
considering nonlocal problems, also for differential equations of other
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types: for hyperbolic equations [16], equations with fractional derivatives
[17], problems with complex parameter in the equation or nonlocal
condition [23].

Also there are few papers in which problem (1) (2) (3) (4) is considered
with only one nonlocal condition, usually under presumption a(x) = 0 or

B(x) = 0. Thus, in the paper [2] the following problem

d?u(t)
dt?

+ Au(t) = f(t), 0<t <1,
1

u(0) =y, u(l)= /p{}.}-u.(}\) dA + v

0

was investigated. A is self-adjoint positive define multidimensional
elliptic operator.

The second order of the accuracy difference scheme for the
approximate solution of this nonlocal boundary value problem is
presented under the assumption

1
[|pu..)|d,m 1
0

(6)

In many papers for the elliptic equation the multipoint nonlocal
condition (usually one, not two)

k=1 (7)

instead of two integral conditions (2), (3), where 0 < £1 < £2 < <&m
< 1, is used. This condition sometimes is called as generalized condition
of Bitsadze—Samarskii because it generalizes in some sense the simplest
Bitsadze—Samarskii condition u(1,y) = au(,y),0 < £ < 1.

Essentially, condition (7) is a discrete analogue of condition (3).
Considering difference schemes for the elliptic equation with nonlocal
condition (7), many authors use the same assumptions for the coefficients
ak as for the functions a(x), B(x) in integral conditions (2) and (3).

In the paper [1] the well-posedness of the second order of accuracy
difference scheme for the elliptic equation is established under the
assumption
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T
Z |Ct';;| < 1.
k=1
(8)

Analogous result for an inverse problem of multidimensional elliptic
equation with nonlocal condition (7) is proved in [3] under the
assumption

1T
Z&'k =1, a;=0.
k=1

9)
In [6] the slightly modified assumption
m
D eV <p<t,
k=1 (10)

which is sometimes more effective than other analogous assumptions,
is used.
One more assumption

m

Z X + |Gh| <1
—2 =
k=1 (11)

is presented in [14]. This assumption could be interpreted in a
following way. If all the coefhicients are nonnegative (¢k > 0), then (11)
and (8) coincide. But if a part of the coefficients are negative (ak < 0),
there is no limitation for them, and the sum of positive coefficients must
not exceed one. With this assumption, the convergence of the difference
scheme of the second order of accuracy is proved.

In the paper [29], several iterative methods for the solution of
the system of difference equations approximating problem (1)-(4) are
presented when

1
B(z) =0, afz)=0, /cr[r) dr<p<1.
0
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Also we note that assumptions (6), (12) for the functions a(x) and
p(}) and assumptions (8) (9) (10) (11) for the coefficients ek are only
sufficient, but not the necessary conditions for the statements proved in
the papers would be right.

The convergence of the difference schemes is a very important issue
for any differential equation with nonlocal conditions. However, in the
case of nonlinear elliptic equations, there is one more important task. It
is necessary to consider how to solve the system of nonlinear difference
equations. Usually, some iterative methods must be applied for this
purpose. However, there are comparably not many papers in which the
iterative methods for the difference systems with nonlocal conditions
were investigated (see, e.g., [22, 29] and references therein).

In [25] the Poisson equation with the variable a(x) and B(x)
expressions in conditions (2), (3) is solved by the Peaceman—Rachford
alternating direction method. The functions a(x) and (x) are selected in
a way that all the eigenvalues of respective difference operators would be
positive. That guaranties the convergence of the method.

Nonlinear elliptic equation (1) with the nonlocal conditions (2), (3) in
which a(x) = const, B(x) = const is solved in [26] by alternating direction
method.

At the present time, it is not clear, where the assumptions, under which
the convergence of difference schemes can be proved, are sufhicient also for
the convergence of some iterative methods. As far as authors know, that
problem has not been investigated earlier. It is important to emphasize
that in most cases of elliptic equations with nonlocal conditions in the
form of (2), (3) the matrix of difference problem under some assumption
to functions «(x) and ((x) has the properties appropriate for the M-
matrices [22, 29].

Based on this property, it is possible to prove the convergence of many
iterative methods [22].

Further, during some last years, the stability and convergence of
difference schemes for some parabolic and elliptic equations with
nonlocal conditions were investigated using the properties of the M-
matrices [9, 15, 27]. We note that applications of the M-matrices for the
elliptic and parabolic equations with Dirichlet boundary conditions have
been described by Varga [30].

So, it is possible to state that the M-matrices theory is the appropriate
methodology for other theoretical aspects of difference scheme in the case
of nonlocal conditions, in particular, conditions in the form (2), (3).

The main aim of the present paper is to investigate when the matrix of
the difference problem approximating problem (1) (2) (4) is an M-matrix
with the weaker or more general assumptions for the coefficients a.(x) and
B(x) in comparison with the known assumptions (9) (10) (11) (12). In
the paper, using the properties of M-matrices, the new algorithm for the
solution of the system of difference equations is provided.

The structure of the paper is following. In Section 2 the difference
problem is formulated and rewritten in matrix form. The corresponding
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difference eigenvalue problem is considered in Section 3. Taking into
apart, in this section the conditions, under which for all eigenvalues of
difference operator the condition Re A > 0 is satisfied, are obtained. In
Section 4 the iterative methods for the solution of the system of nonlinear
difference equations with nonlocal conditions are investigated. Results
of numerical experiment supplementing the theoretical investigation are
provided in Section 5. In Section 6 the generalizations and conclusions
are formulated.

2 A difference problem

The boundary value problem with nonlocal conditions (1) (2) (3) (4) is
solved by the finite difference method. By this aim we provide that the
unique, sufficiently smooth solution of this problem exists.

We define the finite difference operators

'1!-1.;_1_3' — 2'1!—1.;3' + I,Eg+1_j

— Q'Uij + I,Eg__;,'_L
h? '

h2

; Ui j—
1200 — 2. _ Y-l
69:“'%,? - J'sf tij =

where h = 1/N ; N —integer. The difference problem approximating
differential problem (1) (2) (3) (4) is as follows:

53“53_ —+ fi;-“-z'j = fz‘jfﬂ-ijy .-g_‘j —1.2.....N—1.

N—-1
Qplip; + ONUN; . .
T-'['[)j:h( 0ty 5 NUN4 + ZC&'!’UQZ) +,£!.1j. 321\21----;\" — 1.
(14)

N-1
Botto; + Bnun; ; ; /
UNj = h( ’ 5 L+ Z Bitg | + iy J=12.., A _( 1')
15

Uin = M3i, UiN = H4q, 1= 1.2,..., N. (16)

We assume the following hypotheses are right:

(H1) 0 < mO < 9f/du < ml for all the values (x,y) € Q and u;

(H2) Functions a(x) and ((x) are nonnegative and bounded: 0 < a(x)
<ML, 0 < B(x) < M2;

(H3) The grid step h is sufficiently small, i.e., hM1 < 1/2, hM2 < 1/2.

We write down the system of difference equations (13)-(16) in the
matrix form. For this purpose, for every fixed valuej=1,2,...,N - 1, we
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express from conditions (14), (15) as two equations system the unknowns
u0j and uNj via other unknowns uij,i=1,2,...,N - 1:

N-—-1 N-—-1
Upj = h Z f_:l‘iii-?;j + ,E”Llj, Un; = h Z 'iu.” + ,EL-EJ'_,
i—1 =1 (17)
where
Gt A anBi — aiBin) 3 _ Bi + &(aiBo — aofBi)
T D b, =t _D ¥
h h?
D=1- 5(&'0 + Bn) + I(ﬂn;‘iv —an o),

fij + %{&'Nﬂzj — BN ) . Haj + %(.-‘30,&13' — (rgfla;)
Hij = D , Hzj = D :
(18)

Lemma 1. If hypotheses (H2) and (H3) are true, then 2”1 2 0, 7i > 0.
Proof. First, it will be observed that D # 0. Indeed, if (H2) and (H3)

are true, then

h.&'.[]. h.l.'ﬁ_.'-..r h_ﬂ-_.-.,..- h'_ﬁ_-"'."
D= (1-52)(1-75) - 555

> (1 _ hﬂ»‘fl) (1 _ h-ﬂr‘fz) _ hﬂr.fl hﬂr‘f}
. 2 2 2

—1- %{Ml + M) > 0.

So, formulas (18) always have sense. Further, i > «i(1-hgN /2)/D >
0. Analogously, #7i > Bi(1 — ha0/2)/D 2 0.
Remark 1. If the conditions of Lemma 1 are fulfilled, then

a; =a; +O(h),  Bi=pBi+O(h).

We put expressions (17) into difference equations (13) asi =1 and i
= N - 1. Then we get
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N-1
h—? (h Z Qi — 25 + -ugj) + d;-u.lj- = fij(u;) — h_zﬁsl_,-,

=1

dg-uiJ-Jra‘iuij:fij{u!-j). i=2.3, ..., N-24j=12..., N -1,

N—-1
h_j (’U_.'\-'_z_j — 2'1{-_.\-'_1_.”—,' +h Z ."ji'u'ij) + 6:1.5_.\-'_1__;,'

i=1
= f_-'\-'—L__;'f'H-_-'\-'—L_j) - h-_g,&zj-
Uip = H3i, UiN = Hai- (19)
So, the system of finite difference equation (13)-(16) in which there
are (N + 1) (N - 1) unknowns uij,i=0,1,...,N,j=1,2,...,N- L,is
written in other equivalent form. This is system (19) in which there are
(N 1)2 unknowns uij, i,j=1,2,..., N 1, and explicit formulas (17) for
unknowns u0j,uNj,j=1,2,...,N- 1.
We rewrite the system of difference equations (19) in matrix form

Au+ f(u) = g, 20

where A is matrix of the order (N 1)2, f (u) and ¢ are vectors of the
order (N 1)2. Vector f (u) is formed from the components fij(uij), and
vector g—from the values of 11j, u72j, u3i and p4i. We do not express
the value of ¢ because it will not be used further.

Matrix A is formed as follows:

A=A-C,

where A is the square matrix of order (N — 1)2 corresponding to a
difference operator

x Importar tabla

—082 — 02 in the rectangular domain with the Dirichlet-type
homogeneous boundary value conditions. Matrix C consists of
multipliers ha"i or hB"i of unknowns uij in the equations of system (19).
More exactly, C is a block matrix

C' = diag(C,.Ch,...,Ch), (1)

where
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h-d‘]_ hdg c e hfk’_.'-.,-'_J_
0 0 0
, 1
C-]_ = F_E - v ow o v ow o P
1o o
hg, hBs ... hBn_1

The number of blocks of matrix C and order of matrix C1 are N - 1.
Matrix A = A - C, taking into account the expressions of A and C, could

be written also in other form:

A +2h72] —h=2I
—h=21 Az+2h~2] —h=2I

A

—h—2I  A.+2h72[ —h—2J
—h—2] Az +2h2T

(22)
where L is an identity matrix of order (N — 1),
2—;1-&1 —1—h-€t‘2 —hdJ v - —h-d'_.'\,-'_g —hd’_.'\,-'_l
—1 2 -1 ... e 0 0
L] o 12 L 0 0
0 0 —1 2 -1

—hBy  —hBs —hPs ... —hBn_3 1—hfN_2 2—hfBN_
(25)
Now we consider the eigenvalue problem

Au = Au 24

for the matrix A that is necessary for the further investigation of the

systems of nonlinear equations (19) or (20).
3 An eigenvalue problem of matrix A

We start from the difference eigenvalue problem

S2uij + d‘iuﬁ +Au;; =0, i,j=1,2,...,.N-1,
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Cigln; -I-EMH'\. . .
u[;.j:h( J J E Qi j=1,....,N—1,

(26)

o Bouo; + '_H.ij : 8, o v
Unj = Z Uij j=1,....,N -1,
(27)
Ujn = U, Uy = U, i = 1, e e n 4'?\\"' — 1. 28)

We take this problem in matrix form. With this purpose, we express
u0j and uNj from conditions (26), (27):

N-1 N—1
i=1 i—1

where «”i and (71 are defined by formulas (18). Putting these
expressions of u0j and ulNj into equation (25) asi=1ori=N 1, we
get (24), where A is defined by formula (22). So, we get an important
conclusion:

Corollary 1. Difference eigenvalue problem (25) (26) (27) (28) is
equivalent to the eigenvalue problem for the matrix A.

Using the Fourier method, we separate variables in (25)-(28)

uij = viwj,1,j=0,1,...,N.

Putting the expression of these unknowns into (25)—(28), analogously
as in [24], we obtain two one-dimensional problems:

(29)

82v; +pv; =0, i=1,2,...,N -1,

Qolp + QN UN
vp=h + E aTin
2 :
i=1
, N—1
Bovo + Bnun
Upr = h 5 E r—%h
B i=1

(30)

and
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§§u.'j +qw; =0, j=12,...,N—1,
‘U_I{} — 'T_||_.'L_-"|,,'- = D_ (31)

For the eigenvalues A of problem (25)—(28), the following equality is

true:

Nt =k 4t EI=1,2,...,N-1.
(32)

For the corresponding eigenvectors, we have

_chE = {1{5’; = {t!i“-wj}ﬁ i, ], k. l=1,2,..., N —1,

where i and j are the numbers of vectors coordinates, and k and | are
numbers of eigenvectors.
The solution of eigenvalue problem (31) is known [19]:

"-]: o) Eﬂh T
]?E — h_zbill‘- T'- E: 1,2 ..... J.ﬁ'l'l — 1-.

w! = {u'f?-} = {ec-sinimhj}, lL,j=1,2,...,N—1.

We rewrite problem (30) in matrix form analogously for problem
(25)-(28). We express from nonlocal conditions of problem (30)

N-—1 N-1
vo =h E ;U5 vy =h E Bivi,
i—1 i=1

where o"i and i are defined, as earlier, by formulas (18).
Substituting these expressions into first equation of (30) asi = 1 and
i=N-1,weget

Azv = pv, (33)

where Ax is defined by formula (23),v=vi,i=1,2,...,N- L.
Together with eigenvalue problem (30) or (33), we consider another
problem as a(x) = v1, B(x) =y2:
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Vi—1 — QL-'E', + Vi1

+povi =0, i=12...,N—1,

h2
vo + 1 ! vo + 1 i
1 UN 11 UN
Vp = ”_r'Lh(—ﬂ ) + Z L"i)e vy = .?'Eh(‘ - 2 + Z Ué)'
i=1 i=1 (34
This problem could be written in matrix form as follows:
()., ,
"1"(! = ILL[(]}I-..
where
2—hae -1—ha —-ha —-ha --- —hdv —ha
1 —1 2 —1 0 e 0 0
Ao L1 ¢ -1 2 1 - 0 0
N h?
—hf —hf  —hB —hB --- —1—hB 2—hf
(35
and
& — T a3 2
T h BT -~ ! ! o h ~ -~ I
L — 31 +72) =35 +72) 4
We define auxiliary block-tridiagonal matrix
AV 2n—2 —h~2I 0 e 0 0
—h21 AV on21 —h2I .. 0 0
A0 ..
0 0 0 - AWyon-2r _p2g
0 0 0 - —h21 AP yop2g

where A(0) is defined by formula (35). It is evident that A(0) is the
matrix of difference eigenvalue problem (25) (26) (27) (28) with a(x) =
71, B(x) =v2.

Now we need a few properties of M-matrices.

Definition 1. (See [31].) A real square matrix A =akl, k,1=1,2,...,n,
with akl < 0 for all k # L is called an M-matrix if A—1 is nonsingular and
all elements of A—1 are nonnegative.

It follows from the definition that akk > 0. We will denote A > 0 (A >
0) if akl > 0 (akl > 0). Additionally, A < B if akl < bkl. We will use similar
notation for vectors also.

If A is such that akl < 0, k = / 1, then the following statements are
equivalent [31]:
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(S1) A—1 existsand A—1 > 0;

(S2) The real parts of all the eigenvalues of the matrix A are positive:
ReA(A) > 0.

We will prove some properties of the matrices A and Ax defined by
formulas (22), (23).

Lemma 2. If hypotheses (H2) and (H3) are true and

My + My + hM My < 2, (37)
then matrix Ax defined by formula (23) is an M-matrix.
Proof. We take the difference cigenvalue problem (34) and its matrix
form. In this problem, we define

Y1 = ﬂfl + %ﬂflﬂfg._ Yo = ﬂlfg + %ﬂflﬂfg.

(38)
We evaluate ¢” and B~ from (36). According to (H3), (37) and (38),

WCgCt
0 < ha < 2, 0 < hf < 2.

In this way the diagonal elements of matrix A(0) are positive, and
nondiagonal elements— nonpositive. It has been proved [20, 21] thatall
the eigenvalues of the difference problem (34) are positive ifand only if y1
+72 < 2. So, according to Definition 1 and statements (S1), (S2), matrix
Ax(0) is an M-matrix.

Further, we compare the elements of the matrices Ax and Ax(0). From
(18), according to hypothesis (H2), we get

v =

M, + EM M, o Mo+ MM,
T 1— (M + M)

Pi =

1 B(My+ M)

Now it follows from (36) that «” > 1. Analogously, B~ > 1.
We denote elements of matrix A(0) as b(0) and elements of matrix Ax
as bij . So, we have:

(i) by = b\ >0,
N TR (/)
(i) 0 = bq:j 2 bij R

. (0) . )
(ii1) matrix A ) is an M-matrix.

It follows from these three properties that Ax also is an M-matrix.

673



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 4, ISSN: 1392-5113 / 2335-8963

Remark 2. Condition (37) is only sufficient, but not necessary one
for the matrix Ax to be an M-matrix. This condition could be weakened
with the concrete expressions a(x) and (x). But in the general case, not
concreting the expressions a(x) and B(x), is not possible to improve this
condition. Indeed, e.g., when a(x) = M1, B(x) = M2, then Ax is an M-
matrix if and only if M1 2 0, M2 > 0, M1 + M2 < 2. And this is very close
to condition (37).

We will obtain the conditions, which should be satisfied by the
functions a.(x) and B(x) that the eigenvalues of two-dimensional problem
(25)-(28) satisfy the inequality

Re Akl > 0.

As far as the authors know, such formulation of the problem with
nonlocal conditions has not been considered before.

Lemma 3.Ifh < 2/(y1 + ¥2), then number Y0 > 2 exists, such that the
inequality M(A(0)) > 0 is satisfied for all 0 < y1 + y2 < 70.

Proof of lemma is the same as for Lemma 3 in the paper [22] in which
the case of y2 = 0, 0 < y1 < y0 was investigated. There it was proved that

2 tanh
Yo = ————= =~ 3.42,
htanh *
(39)
where
d = 2111 Th [ sin? Th+1 AT
Theorem 1. If hypotheses (H2) and (H3) and inequality
M, + Ms; + hM M5 < Yo, (40)

where y0 is defined by formula (39), are true, then matrix A defined by
(22) is an M-matrix.

Proof. Like in the proof of Lemma 2, y1 and y2 are defined by formulas
(38). Then according to Lemma 3, we get AkI(A(0)) > 0 as condition (40)
is satisfied. So, matrix A(0) = {a(0)} is an M-matrix because

@) ay;’ > 0.

(D) ay) <0,i# j.
(I11) A{Ai“?} = 0.
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Now we compare the elements of matrices A = {aij} and A(0). As for
the elements of matrices Ax = {bij } and Ax(0) = {bij (0)}, inequalities (i),
(ii) are true, then it follows from the definitions of A and A(0) that aii >
a(0) > 0,0 > aij > a(0), I # j. Whereas A(0) is an M-matrix, it follows that
A is also an M-matrix.

Remark 3. Assumption (40) is only sufficient but not necessary
condition for the matrix A to be an M-matrix. If

M1 + M2 + hMIM2 =70,

then X(A(0)) = 0 in the case (38). In this case, we could not exploit
the method used in the proof of Theorem 1 for the investigation that
the matrix A is an M-matrix or not. In more detail, this case will be
investigated in Section 5.1 using the numerical experiment.

It is possible to reformulate the statement of Theorem 1. Precisely, the
following statement is right.

Corollary 2. If hypothesis (H2) and condition (40) are satisfied and h
is sufhiciently small, i.e., hM1 < 1/2, hM2 < 1/2, then for all eigenvalues
Akl of two-dimensional eigenvalue problem (25)-(28), the following
inequality is true:

Re Ml ~0 kil=1.2.... N_—1.

4 Iterative methods

We solve the system of nonlinear difference equations (20)

Au+f(u) =g,

where A = A C, by iterative methods. According to Theorem 1, matrix
A of this system defined by formula (22) is an M-matrix. We remind that
for the nonlinear function f (u), hypothesis (H1) is satisfied.

Lemma 4. If conditions in Theorem 1 and hypothesis (H1) hold, then
the unique solution of system of equations (20) exists.

Proof. Statement of lemma follows from [22].

Now we can present the main result of our paper.

In paper [22], under conditions a(x) > 0, 1 a(x) dx < p < 1, B(x) =
several implicit iterative methods for system (20) were investigated:

J.)lun+1 + f(un+l) — G-_un +H':' i
Au n+1 — 'y —|—-m.1-u”_L — _f(_un} —|—‘3’??-L'ﬂn n \’642)

A" ™t = —f(u”] +miu" + Cu™ + 2
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where m1 is constant from (H1).

The main assumption for the iterative method to converge is following:
matrix A is an M-matrix. Then along with the every new regular splitting
of the matrix A=M-N,M-1 2 0,N > 0, we get a new iterative method
(41) (42) (43).

From the Theorem 1 the statement follows:

Theorem 2. If conditions of Theorem 1 and hypothesis (H1) hold, then
every of methods (41)-(43) for system (21) converges.

Remark 4. In the paper [22] the convergence of iterative methods
(41)-(43) is proven under the assumptions

1

alz) = 0, /&[:r}d-r <p<l, B(x)=0.

0

With these assumptions, matrix A is diagonally predominant.
Meanwhile, with assumption (40), neither the symmetricity nor diagonal
dominance are not necessary.

Each of these iterative methods is characterized by specific
interpretation. To obtain un+1 when the values of un are known, we need
to solve an additional simpler system of equations. The inner iteration
is usually used for this. In method (41) the values un+1 are obtained
by solving the system of nonlinear difference equation with Dirichlet
boundary condition. In method (42) the system of linear equation with
nonlocal condition is solved. And using method (43), on every step of
iteration the system of linear equation with Dirichlet boundary condition
is solved. To obtain un+1 when un is known, in all three cases of iterative
methods, it is necessary to solve the system of difference equations
corresponding to two-dimensional elliptic equation.

Further, we consider one more iterative method in each step of which
it is needed to solve only the system of linear tridiagonal equations with
nonlocal conditions.

With this aim, we write matrix A defined by formula (22) in the form

A=M-N,

where M and N are block-diagonal and block-tridiagonal matrices,
respectively:
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Ay +2h7 21
A+ 20720
Ay + 20720
( h=2I 0 \
—27 0 h—2I

h=2I 0 Rh2I

h=2I 0 K72
\ h=2] 0

We note that M is an M-matrix, N > 0.
Now for the system of equations (20), we write down the following
iterative method:

(M +mDu™ = (N +md)u™ — f(u") + . "

The convergence of method (44) is proved likewise as of iterative
methods (41) (42) (43) in [22], on the basis of the properties of M-
matrices.

Iterative method (44) like methods (41), (42) and (43) is implicit one.
The main advantage of method (44) is that on every step of the iteration,
we have to solve not a twodimensional, but one-dimensional problem.
We write method (44) by the coordinate form such as system (13) (14)

(15) (16):
uf+llj + 2u“+1 — ] LLJ N —ul;, g + Qu.r;rl —u}; . -
h2 e myul;
= —flu;) + -m.luz,r- i,7=1,2,...,N -1,

N-1
aoul ! + anut .
-u'gj—L:h( 0 Ak E oul |+ ey, j=1,2,...,N -1,

Boul ! +3xu”+1 v
;( 070j Z Bt ) +pay, j=1,2,...,N—1,

uf{.-j- =h
n+1 n+1
Wy =HM3i, UWin =pai, t=0,1... N (45)

S Numerical results

In this section, we present some results of numerical experiment. The
main goal of the numerical experiment is to illustrate the theoretical

677



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 4, ISSN: 1392-5113 / 2335-8963

results obtained in the paper. Our numerical experiment consists of two
parts.

S.1 Conditions under which the matrix of difference problem is an M-matrix

This is the first part of numerical experiment. In Lemma 2 and Theorem 1
the sufficient conditions (37) and (40) for the matrix Ax and respectively
A were formulated under which these matrices are the M-matrices.
Condition (40) differs from the ones used by other authors investigating
difference schemes for two-dimensional differential equations with
nonlocal boundary conditions of the same form (see (6), (8) (9) (10) (11)
(12)).

To explain the effectiveness of assumption (40), we carried out
the numerical experiment with fixed values of h and some different
expressions of a(x) and B(x) directly computing all the cigenvalues of
matrix Ax.

To obtain the cigenvalues of matrix A, we used formula (32). For
chosen expressions «(x) and B(x), we varied coefficients M1 and M2 in
these expressions checking when property Re A(A

019

is satisfied. In this way, using the numerical experiment, we obtain the
arca on the coordinate plane (M1, M2), where the inequality ReA(A) > 0
is satisfied for all the eigenvalues of A. We compared the results obtained
with the theoretical results presented in Theorem 1.

We chose five following different functions «(x) and B(x).

Example 1. a(x) = M1(x + 1)/2, B(x) = M2(1 — x/2);

Example 2. a(x) = M1 sin x, p(x) = M2(1 — sin mx);

Example 3. a(x) = M1(2x — 1)2, f(x) = 4M2x(1 — x);

Example 4. a(x) = M1, B(x) = M2x;

Example 5. a(x) = M1x, B(x) = M2(1 — x).

In all examples, M1 > 0, M2 > 0. So, it gets

0 < a(x) <M1, 0 < B(x) < M2.

In cach of Figs. 1(a)-1(c), we present the results of numerical
experiment for corresponding example. The continuous line passing
through the points (M1 =3.42, M2 = 0) and (M1 = 0, M2 = 3.42) is the
graph of the curve

M1 + M2 + hM1IM2 = 3.42.

The pointwise line consists of the points (M1, M2), where Re M(A) =
0 according to results of the numerical experiment. Thus, according to
Theorem 1, in the points of the area bounded by the straight lines M1 =
0, M2 = 0 and continuous curve, the inequalities a:(x) 2 0, 3(x) = 0and Re
A(A) > 0 are satisfied. It means that the matrix A is an M-matrix according
to Theorem 1. In other words, if the point ( M1, M2 ), where M1 > 0,
M2 > 0, is placed below of the continuous curve or belongs to it, then
condition (40) is satisfied.

Analogously, if the point (M1, M2 ), where M1 = 0, M2 > 0, is placed
below the pointwise curve, then the inequalities 2(x) > 0, 8(x) = 0 and Re
AMA) > 0 are satisfied
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(a) a(x) = My(z+1)/2, B(z) = M2(1 — 2/2)

(b) a(z) = My sinwe, 8(z) = Ma(1l — sinwzx)

1 2 3 ~M

(©) a(x) = M1 (2z —1)%, B(zx) = 4Maz(1 — x)

(d)a(x) = My, f(z) = Max
M2

i

B
%
1013
[
1
3
[]
"
L)

/m

-....
L . i

0 2 N 6 8 10 1z 14 16 M,

(e)a(x) = Myz, B(x) = Ma(l —x)

Figure 1
Regions in the coordinate plane (M1, M2), where matrix A is an M-matrix according to Theorem 1
(the continuous line) or according to numerical experiment (the pointwise line) for Examples 1-5.

according to the results of the numerical experiment. It means that the
matrix A in this (bigger) area is an M-matrix according to the results of
the numerical experiment.

The following conclusions could be formulated from results of the
numerical experiment.

If the functions a(x) and (x) change sufficiently slow in the interval
x # (0, 1), i.e., when the variations of these functions are relatively
insignificant, then the sufficient condition (40) for A to be an M-matrix
is close to be the necessary condition. In other words, the pointwise curve
in this case is close to the continuous curve. This conclusion is illustrated
by the results of numerical experiment provided in Figs. 1(a) and 1(d) for
Examples 1 and 4. In Example 1 the variation of functions a(x) and ((x)
is half of size of these functions in Examples 2, 3, 5.

If functions a(x) and B(x) sufficiently differ from constants,
assumption (40) remains correct, but it could be noticeably improved.
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From Figs. 1(b), 1(c), 1(e) it could be seen that matrix A is an M-
matrix (Re A(A) > 0) with less restricted assumption for M1 and M2 in
comparison with the statement of Theorem 1.

S.2 Iterative methods

In the second part of the numerical experiment the system of nonlinear
difference equations (13) (14) (15) (16) was solved by iterative method
(45).

The values of M1 and M2 in the expressions of functions «(x) and
B(x) were chosen from the first part of numerical experiment. More
precisely, the theory (Theorem 1) does not guarantee that with the chosen
functions a(x) and B(x), matrix A is an M-matrix. However, according
to the results of numerical experiment, it distinguishes by such property.
Thus, iterative method (44) must converge, what is illustrated by the
results of computations.

We consider problem (1) (2) (3) (4) with

f(ﬁ‘.'y‘u;] = Q-IE_JC—Zfa‘—y_l).
Oc{'.?_‘:l = ﬂfli‘. 3[1’) = ﬂfz[i]_ — ._1‘:]‘ ju.l >0 131[2 -
wa(y) = (1 — My)ev™1, ta(y) = (1 — Ma)e¥ + 2moe¥ L,

ps(z) =e™ 1, pa(x) = e”.

These expressions were chosen in a way that the function

u(x, y) = ex+y-1

would be the exact solution of this problem. We admit that functions
a(x) and P(x) are chosen in the same way as in Example 5.

Numerical results are presented in Tables 1,2,3.

In all Tables 1,2,3 the errors # = max(i,j) uij - u#(xi, yj) of the
approximate solution uij are presented, where u#(xi, yj) is the solution of
the differential problem.

The results provided in Table 1 show the dependence of the error from
a(x) and A(x) when M1 and M2 satisfy the condition M1 + M2 = 3.42.

Table 1
The values of € = max(i,j) |uij — u#(xi, yj )| depending on a(x) = M1x and (x) = M2(1 — x) in
My Ma h =1/50 h=1/100
3.42 0 6.67-10~° 0.91.10—°
3 0.42 200105 8.19-10-°6
1.71 1.71 1.35 . 10—4 3.58. 105
0.42 3 2.63.10—4 6.67 - 105
1] 3.42 3.09.10—4 7.74-10—5
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Table 2

The qualitative of # = max (i,j) | uij - u* (xi, xj) |
depending on h for some qualitative different values (M1,M2

)
M, Mas h=1/25 h=1/50 h=1/100 h = 1/200
0.1 0.1 3.43.107° 881-107% 2923.107% H568-10-
2 142 38-100*  109-100%* 293.10~° 7.70-10°°
0.42  10. 7.40.10—2%  1.86.10-%  4.70.10—4 1.22.10-5

Table 3

The values of € = max(i,j) uij - u#(xi, yj ) depending on M1 and M2 in the case M1 = M2.

M, =M, h=1/100 M; =M, h=1/100

il
[T=R

(R =

[

6.32-10—7 3 5.R8- 105
2.23.10—°6 3.42 648 - 103
1.10-10—° 3.5 6.75- 10~
3.58.107°% 3.6 7.82. 104
3.95.10-° ~ 3.8 divergents

The iterative method converges, the error is of the order O(h2).
We admit that the error is decreasing lawfully when M1 is increasing
(correspondingly, M2 is decreasing). In other words, inequality M1 > M2
influences smaller error in comparison with the case of M1 < M2.

In Table 2 the values of the errors # are provided for some qualitative
different values of (M1, M2). Namely, if M1 = M2 = 0.1 then nonlocal
conditions (2), (3) are close to Dirichlet conditions. If M1 = 2, M2 =
1.42, the matrix A isan M-matrix according to Theorem 1. And in the case
of M1 = 0.42, M2 = 10.1, condition (40) of Theorem 1 is not satisfied,
but the matrix A is an M-matrix according to the results of the numerical
experiment. Again, we admit that the error is of the order O(h2), i.e., the
error is proportional to the error of approximation.

In Table 3 the results on the dependence of the error on the values
M1 and M2 are provided when M1 = M2. This error is steadily, although
slowly increasing when the value M1 = M2 is increasing. This could be
explained by the fact that the error of trapezoid formula increases when
M1 = M2 increases.

We could also formulate one more subtle conclusion. When the point
(M1, M2), M1 = M2 is placed above of the pointwise line, matrix A is
no longer an M-matrix according to the results of numerical experiment.
Therefore, condition (40) is not satisfied. However, the iterative method
still converges for some value M1 = M2 a little bit bigger than 3.42. It
could be explained because the convergence of the iterative method (44)
is assured by the matrix M + m11 is being an M-matrix.
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6 Remarks and generalization

As it was mentioned, one of the most important aims of this paper
was to obtain weaker restrictions for the coefficients a(x) and B(x) in
formulas (2), (3) for the matrix A, defined by formula (35) of the system
of difference equations (25)-(28), to be an M-matrix. From Theorem
1 and the results of numerical experiment it follows such qualitative
conclusions. The matrix of the system of difference equations (25) (26)
(27) (28) could be an M-matrix for sufficiently wide class of functions
a(x) > 0 and B(x) = 0.

We would like to highlight the role of the M-matrices in the theoretical
investigation of finite difference method for the differential equations
with nonlocal conditions.

According to the theory of M-matrices, the stability [15] and
convergence [9] of finite difference schemes for parabolic equation
were investigated. Convergence of finite difference method for elliptic
equations was considered in [27], and iterative methods for the solution
of the system of difference equations were considered in [22,29]. These
were the first results of application of the M-matrices for the investigation
of difference schemes for differential equations with nonlocal conditions.
The present paper is the continuation of the mentioned investigations.

Therefore, it is possible to assert that application of the M-matrices
for the investigation of difference methods is a promising methodology
in the numerical analysis for the boundary value problems with nonlocal
conditions, separately taken, conditions (2), (3).
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