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Abstract: Virus dynamics models are useful in interpreting and predicting the change
in viral load over the time and the effect of treatment in emerging viral infections like
HIV/AIDS, hepatitis B virus (HBV). We propose a mathematical model involving
the role of total immune response (innate, CTL, and humoral) and treatment for
productively infected cells and free virus to understand the dynamics of virus—host
interactions. A threshold condition for the extinction or persistence of infection, i.c.
basic reproductive number, in the presence of immune response (R[ ) is established.
We study the global stability of virus-free equilibrium and interior equilibrium using
LaSalle’s principle and Lyapunov’s direct method. The global stability of virus-free
equilibrium ensures the clearance of virus from the body, which is independent of initial
status of subpopulations. Central manifold theory is used to study the behavior of
equilibrium points at RI = 1, i.e. when the basic reproductive number in the presence of
immune response is one. A special case, when the immune response (IR) is not present,
has also been discussed. Analysis of special case suggests that the basic reproductive
number in the absence of immune response .0 is greater than that of in the presence of
immune response RI , i.e. .0 > RI. It indicates that infection may be eradicated if RI <
1. Numerical simulations are performed to illustrate the analytical results using MatLab
and Mathematica.

Keywords: virus dynamics model, humoral immune response, CTL-mediated immune
response, dynamical systems, viral infection.

1 Introduction
1.1 Onset of viral infection

Diseases caused by viral infections have had a major impact on
populations (e.g. hepatitis B virus, HIV/AIDS). Viruses may be present
in the body either in a free state or as an intracellular parasite. Free
viruses enter a cell in a receptor specific manner and infect the cell. Viral
replication is possible only within a cell. The virus replicates within the
cell by utilizing the cells own machinery. Inside the cell, a virus may
either exist in a latent (inactive) form for a prolonged period or it may
immediately adopt the host replication machinery and start producing
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multiple copies of itself. Once large number of virus particles have
been produced inside the cell, they come out of the cell by destroying
it. Now, these viruses are free to infect the other healthy cells. Upon
infection, virus produces infected cells; all of these infected cells do not
contribute in virus production, and some of them remains in latent
stage and can produce virus once reactivated. Within the body, virus
encounters an immune response, which prevents its spread from an
infected cell to adjacent uninfected cells. The present model is being
proposed to understand the dynamics of interaction between uninfected
cells, productively infected cells, latently infected cells, free virus, and the
effect of immune response with treatment of productively infected cells
and free virus.

1.2 Mathematical models for HIV infection

In the literature, numerous mathematical models have been developed to
study the dynamics of HIV infection [1,4,9, 17, 18,24,25,26,29,41,42].
The basic viral dynamics model has been studied in detail by researchers

[1,24]:
dx ) dy . dv
— = A=z — azv, — = azv — diy, — = ky — kgv.
dt dt dt (1)

In the above model, x(t) is the number of uninfected cells, y(t) is the
number of infected cells, and v(t) is the number of free virus at any time
t 2 0. Uninfected cells grow constantly at the rate A and die out with
the rate 00x. When free virus interacts with uninfected cells, it infects
uninfected cells with infection rate constant &, and 31y denotes the loss
rate of infected cells. Virus is produced at the rate ky via lysis of infected
cells, and kO is clearance rate constant of virus.

1.2.1 Inclusion of effect of immune response

Immune response plays an important role to control viral infection as it
fights against the virus and reduces the virus load. Nowak and Bangham
[24] extended the basic virus dynamics model involving CTL (Cytotoxic
T lymphocyte) component of immune response, which suggests that an
active CTL immune response may reduce virus load. Vargas-De-Le6n
and Esteva [38] studied global stability of virus dynamics model with
linear immune response. Further, Vargas-De-Ledn [37] proposed a virus
dynamics model with lytic and nonlytic immune responses. The effect
of nonlinear immune attack rates has been explored to understand the
global dynamics of infection. It was shown that if the basic reproductive
number RO > 1, then the virus will spread and persist within its cellular
population, whereas if RO < 1, then the virus will not spread. They have
also shown the importance of immune responses to control infection.
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Wang and Liu [41] proposed a class of delayed viral models with
saturation infection rate and immune response. In their models, they
considered the CTL response (which kills infected cells) and antibody
response (which facilitates removal of viruses) separately to study the
analytical behavior of systems. Roy et al. [29] studied the effect of
CTL immune response on the dynamics of infected CD4+T cells, virus
producing CD4+T cells, and virus by introducing a positive feedback
parameters in the model. They also investigated an optimal control
therapy using reverse transcriptase inhibitors (RTIs) that block new
infection. Further, Dubey et al. [6] generalized the discussed model (1)
by considering the effect of appropriate immune response on the infected
cells and suggested that under some sufficient conditions, the number
of uninfected cells can be maintained at an appropriate level. Hattaf et
al. [13] studied the spread and transmission of HIV infection via: (i)
virus-to-cell infection, and (ii) cell-to-cell transmission together with the
adaptive immune response, which provides better understanding of HIV
infection.

1.2.2 Inclusion of awareness and treatment

The spread of infectious diseases, especially, virus mediated may be
controlled by providing appropriate awareness about the infection
through media [21, 22, 30] and by treatment with appropriate
therapeutic drugs [5]. Researchers have paid attention to drug therapy or
treatment (cure) of targeted cells in virus dynamics models [11, 14,15,16,
20, 33,34,35, 40, 43]. Liu et al. [20] developed an HIV pathogenesis
dynamics model considering cure rate. They incorporated the full logistic
proliferation term for uninfected cells as well as infected cells in the
model. In this study, they obtained a critical number (the smallest virus
number released by per infected CD4+T cells) and have shown that this
critical number increases with increase in cure rate and observed that the
HIV infection can be controlled by increasing cure rate.

Hattaf et al. [12, 14] proposed and analyzed a virus dynamics model
with general incidence rate and linear cure rate of the infected cells to
uninfected cells. They have shown that the virus can be cleared and the
disease dies out if the basic reproduction number is less than one. The
model and results in [14] were further extended by Tian and Liu [35].
Gumel and Moghadas [11] studied the role of antiretroviral therapy in
controlling the HIV infection. They investigated the immunological and
therapeutic control of HIV and found the optimal level of antiretroviral
therapy to eradicate HIV. Recently, Hill et al. [16] summarized that
viral dynamics models have provided many important insights into
dynamics of infection and have been extensively used to characterize the
response of HIV to antiretroviral therapy. They addressed the important
questions about the treatment and immunotherapy. For example, what
is the efficacy of antiretroviral drugs, and how does antiretroviral efficacy
influence treatment outcomes?
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It is noticed that the above models focused on the cure of infected cells,
while the cure or killing (via therapeutic drugs) of free virus is equally
important to reduce the count of infected cells resulting in reduction of
infection.

Considering the above points in view, we propose a five-dimensional
virus dynamics model with saturated infection rate and immune response
with treatment of infected cells as well as free virus. The main aim of this
paper is to study the control of the replication of infected cells and free
virus by considering immune response (innate, cellular and humoral) and
appropriate treatment for both; the infected cells and free virus.

2 The mathematical model

It is reported in the virus dynamics models (see [10, 15, 16, 23, 25, 27,
28, 39]) that upon infection, a fraction of infected cells may be in latent
state and thus do not take part in producing virus. However, latently
infected cells become active upon stimulation and then join the other
group of actively virus producing infected cells. In order to understand
the interaction between uninfected cells (x(t)), productively infected cells
(y1(t)), latently infected cells (y2(t)), virus (v(t)), and total immune
response (z(t)) during treatment of both (productively infected cells
and virus), we propose a mathematical model consisting of 5 ordinary
differential equations

d'l' o }\ d , TV

dt - 0- ]__|_ﬂ.1.1,‘
dyy qorv )

= — 811 + Bys — 1wz — bayn,
dt 1+ v 191 + PY2 — M 141
dy (1 —q)azv __

T — 8192 — By,

dt 1+ g v 1Y2 02

duv

d_; = kyy — kov — vz — G20,

dz

=i — [z + (112 + [ovz,
dt )
x(0) > 0,y1(0) = 0,y2(0) = 0,v(0) = 0,2(0) > 0. In most of the previous
work, it has been observed that immune response increases either due
to infected cells (CTL immune response) [24,37,38] or virus (humoral
immunity [18]). In this study, we assume that the immune response
increases due to infected cells as well as virus (as considered in our previous
study [4, 7, 8]). Keeping the above aspects in view, the virus dynamics
can be governed by system (2) of five ordinary differential equations. The
interaction of subpopulations can be visualized from schematic diagram

of model (2) (Fig. 1). Here x(t), y1(t), y2(t), v(t), and z(t) represent the
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uninfected cells, productively infected cells, latently infected cells, free
virus, and total immune response, respectively. Uninfected cells grow
from the sources inside the body (thymus) at rate constant % and die out
at rate 00x. As shown in our previous work [4], the infection rate f (t) =
ax(t)v(t) increases linearly with x or with v, which may not be realistic in
real life. If we take the saturated incidence rate

arv

=— a>0 o =0,
14+ aqv ! '

f(t)

then it gives a rich dynamics of the system [4, 18, 32, 39]. Thus, we
considered that free virus infects uninfected cells at saturated infection
rate, which is given by Holling type II

Latently
& death ¢ infected cells
’ I
g (y2)

. infectio
A . [ Uninfected iniecton
influx cells (x)

>

| Productively removal
clearance (ky) *—__ . " infectad —+ via drug
removal via “_—% ,..--;:;{ (8,)
drug (8 o o .

. .g{ Zﬂ /;:EE Virus {u]p "= killing via
killing via pyrrme— CTL-mediated
h | IR 3 ctivation o

mora {h: humaoral IR IR [}ri:l

¢ Ly Activation of
response (I CTL-mediated IR

Innate
immune d
response Ho l ecay

Figure 1

Schematic diagram of model (2).

A mathematical model of viral dynamics augmented to include the total immune response (IR) during treatment of
productively infected cells and free virus. Uninfected cells x, which proliferate at influx rate A and die at rate 80, get infected
at rate o (dotted curved arrow) and divided into two types of infected cells: productively infected cells y1 with fraction q and
latently infected cells y2 with fraction 1 q. Both type of infected cells loss at rate 81, and latently infected cells get activated at
rate 3. Productively infected cells produce virions v at rate k. The total immune response z proliferates with innate immune
response at rate p and stimulates with CTL-mediated immune response (dashed elbow connector) at rate p1 via productively
infected cells and with humoral immune response (dashed elbow connector) at rate 2 via virus and depletes at rate 0.
Productively infected cells and virus are cured or killed via drug at rates 81 and 62, respectively, and are killed by CTL-
mediated and humoral immune response at the rates y1 and y2 (dotted curved lines), respectively. Virus is cleared at rate k0.

functional response (axv/(l + alv), where & and al are positive
constants) [4, 18]. We also considered two states of infected cells [23,39]:
virus producingstate (y1), in this state, infected cells produce new virions;
latently infected state (y2), in this state, infected cells do not contribute
in producing new virions, but can be reactivated to produce new virions.
The probability that upon infection, a cell enters to the virus producing
state is given by g, and 1 q is the probability that upon infection, a cell
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enters to the latently infected state, and 31 notates the loss rate constant of
these infected cells. The latently infected cells are getting reactivated at the
rate constant 3 and join the virus producing infected cells to contribute
in production of virus. Free virions are produced via lysis of productively
infected cells at the rate constant k and get cleared from the body with
the rate constant k0. We assumed that p is the innate immune response
of the body. When virus enters into the body and targets the uninfected
cells to infect them, then the infected cell-specific lymphocytes (cellular
immunity) proliferate at rate plylz, and the virusspecific lymphocytes
(humoral immunity) proliferate at rate p2vz. The corresponding decrease
in the number of productively infected cells and virus is given by rates
v1lylz and y2vz, respectively. The immune response decays at the rate
w0z due to natural factors. It is assumed that the productively infected
cells and free virus are killed or removed with the rates 61yl and 62v
due to therapeutic drugs. In modeling, it has been assumed that drug
acts on the productively infected cells by killing these cells or inducing
these cells to suicide by programmed cell death (PCD) or apoptosis. They
do not re-enter the susceptible category as they are eliminated from the
system. Total removal of virus from within cell to make it normal is not
biologically possible, thus can not enter the susceptible class.

Remark 1. In the absence of immune response (z = 0) and drug therapy
(61 =62 =0), model (2) reduces to the model proposed in [39].

In the next section, we show that all the solutions of system (2) are
positively invariant and bounded.

3 Boundedness and positivity of solutions of model (2)

In order to see the well-posedness of the model, from the first equation of
model (2) we note that dx/dt > —[30 + av/(1 + a1v)]x, which gives

L
z(t) = =(0) exp | — / (‘5“ - H%Tm) h
0

Similarly, from other four equations we obtain
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y1(t) =z y1(0)exp|— /{51 +v12(5) + 6 ds] }

L Db

Ya2(t) = y2(0) exp | — [{51 + 3) ds] :
0

0

2(t) = 2(0) exp [ / (191(5) + pav(s) — po) dS] -

0

Thus, we state the following Lemma.

Lemma 1. If x(0) > 0, y1(0) > 0,y2(0) > 0,v(0) > 0, and z(0) > 0, then
all solutions of model (2) are positive.

Now, in order to see the boundedness and invariance of system (2),
from the first equation of model (2) we have x* <A — 80x. Using
elementary calculus, we get that lim supt>co x(t) <%/80. Further,x™ +y'1
+y'2 <h—08(x+yl +y2), where = min{30, 61}. This implies

limsup (z(t) + y1 () + ya(t)) <

t—oo

=

Again, we have v = kyl — kOv — y2vz — 62v < k\/8 — (kO + 62)v. This
implies that

lim supw(t) < kA =:1v
i SV S Gy =

Now let L = (u1/y1)yl + (u2/y2)v + z. Differentiating L along all the
solutions of system (2), we get

: 11 GOy 13 ik
i— H1q ﬁl_yz_'_h
T(l+aov) ™ V2

i {
— rfTL'[tﬂ +61)y — ?{kﬂl + 0 )v — poz
a1 Y2

U+ H

5-; Hom — §mLy

where
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by = - + = +
¢ Tl 4+ aqvy,) O\ 7 .

i1 /2

AUy, A B pok
f1qa (m H2 )+,£L.

and
O = min{d + 6y, ko + 02, po}.
This implies that
. ] _ Hm
EILLELC sup L(f) < 5

e

Furthermore, x* < 0if x >2%/80,y 1 < 0ifyl >%1/3,y 2 < 0ify2 >}/
8,v  <0ifv>vm,and L' < 0if L > um/0m. This shows that solutions
of system (2) point towards the region Q defined in Lemma (1). Hence
Q is positively invariant, and solutions of system (2) are bounded. Thus,
we can state the following lemma.

Lemma2. Theset Q ={(x,yl,y2,v,z) € R5:0<x+yl +y2<%/3,0
<v<vm,0 <z < pm/dm} is positively invariant region of system (2).

This proves that the model is biologically well behaved.

In the next section, first we find equilibrium points of system (2). Then
determine the basic reproduction number of system (2). Afterwards, the
local and global stability of the equilibrium points has been studied.

4 Stability analysis of model (2)

From model (2) it is clear that the system has two nonnegative equilibria:

(i) Virus-free equilibrium (VFE) E0(x0, 0, 0, 0, z0), the point where
infection is not present,

(ii) Interior equilibrium (IE) E1(x#, y1#, y2#, v#, z#), the equilibrium
point where infection persists.

VEE is trivial and given by E0(x0, 0, 0, 0, z0) = E0(A/80, 0, 0, 0, u/u0).

We use the next generation operator method [3,36] to determine the
basic reproduction number. We are considering y1, y2, and v to be the
infection compartments. Let X = (y1, y2, v)T, F1(X) is the nonnegative
infection matrix (gain in infection terms), and V1(X) (the matrix for
transfer terms between compartments) associated with system (2). Then
we can rewrite system (2) as

X = Fi(X) - Vi(X),

where
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g gy, (01 + 61 +72)1
Fi(X)= 0 and Vi(X) = | (61 + By — A
0 (ko + b2 +722)v — kyy

The Jacobian of matrices F1(X) and V1(X) evaluated at VFE; EO(A/30,
0,0, 0, u/p0) is given by

! 0 - ( )
Fi={0 0 0| and V;= 0 S+p Ll
Lo 0 0 J —k 0 ko+02+725-

Then p(F1V1-1) gives the spectral radius (largest eigenvalue) of the
next generation matrix (F1V1-1) as defined in [36]. Thus,

ark(gd, + 3)

- {01 +3:l§.[}f61 + ) + :—:[‘f—t)”»(] + 5 + %‘?—“}1

Ry = p(Fy V)

where RI is the basic reproduction number in the presence of
immune response. This can be defined as the average number of newly
infected cells produced by single infected cell when introduced into a
completely susceptible cells. It is apparent from the expression of the basic
reproductive ratio (RI ) that it decreases with the increase in therapeutic
drug (for both infected cells and virus) as well as with the improvement of
immune response. In the present model, we consider immune response,
so the given basic reproduction number is determined in the presence of
immune response. Further, we can state the following theorem using the
above results and Theorem 2 of [36].

Theorem 1. The virus-free equilibrium EO is locally asymptotically
stable if RI < 1, and unstable if RI > 1.

Local stability of virus-free equilibrium shows that the infection will
die out if basic reproduction number is less than one and infection will
further go on if basic reproduction number is more than one. To ensure
that the virus-free equilibrium is independent of initial concentration of
cells, there is a need to study the global stability, which is shown in the
next theorem.

Theorem 2. The virus-free equilibrium EO is globally asymptotically
stable if RI < 1. Proof. Let us define the following Lyapunov function:

I 3 Eil + 4 —|—’"_."J_"L':%
=Y+ — 1y + 0 v
M AL 2

Taking the derivative of L along all the solutions of model (2), we get

686



Preeti Dubey, et al. Modeling the dynamics of viral-host interaction during treatment of productively infected cells and free virus involvin...

01 + Blazv (01 + 01 + 71 L) (ko + 02 + 722) L
L = (q ll : — — Lo L_'_»-}.Lylz-_'_ r{_,_}_iy1
(61 +.~'3)[1+01L-) L o
(¢0; + B)azv (01 + 01+ 15 ) (ko + 63 + 722) I
) B | Vet Nl
e g Ho

From VFE equation, x = x0 =4/00, and z = z0 = 11/10 we have

s [(qdl +B)ax (01 +61 +m55)(ko + 62 + 7255 ] v
. d[j[é‘j_ + .-'ﬂ} JE{.' I

therefore, we obtain that L™ < 0 if RI < 1. Since the largest invariant
setin {(x,yl,y2,v,z) € Q:L" = 0} is the singleton set {E0}, by LaSalle’s
invariance principle [19] this implies that EO is globally asymptotically
stable.

Biologically, this theorem depicts that infection is cleared from the
body if the average number of newly infected cells is less than one, which
is independent of initial concentration of cells.

4.1 Existence of interior equilibrium E1(x#, y1#, y2#, v#, z#)

Equating equations of system (2) to zero, we note that x#, y1#, y2#, v#,
and z# are the positive solutions of the following algebraic equations:

A—ﬁclf—%zﬁ‘ (3)
% —01y1 — Nz + By — by =0, @
% —d1y2 — By2 =0, s

kyr — kov — yavz — fav = 0, ©)

[ — ftoz + p1y1z + povz = 0. )
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After solving equations (3), (5), (6), we get

. A1+aqv) o JIC[)+H-3+":e'92'_1| B (1—g)aiv
= %t Goartaye T k " T B B+ (boar 1 a)v)

Now, substituting these values of x, y1, y2 in equations (4) and (7), we
get the following equations:

Vo ;C
M2 2 n (r“*L{ {}4+ fa) o

A 2 2) vz — o2z +p =0,

)
ak(gdy + B)

17222 + Bz + (51 + 61) (ko + 62) — — =9,
Y1722° + Bz + (1 4 61) (ko + 62) (01 + B)(do + (Boar +a)v) gy

where B = (31 + 61)y2 + (kO + 62)y1 > 0.
We solve equations (8) and (9) using isocline method. Let us consider

filz,v) = Hi02 002 4 #a(ko +62) + o vz — ppz +p =0,
k k (10)

fo(z,v) = y1y222 + B2 + (61 + 61) (ko + 62)
aAk(gd, + B) B
{51 + 3}{6(] + (5[)&'1 + Ct')t-‘} - (11)

From equation (10) we note the following:

(i) Whenv =0,z =p/p0 =: z1.

(ii) When v > oo, we have either z = 0 or z = —(p1(k0 + 62) + u2k)/
(u1y2).

(iii) dz2 df1/dv p1v22% + (pa (ko + 02) + pok)2

dv = 8fi/02 T (2pivaz + pak)v + (pa(ko + O2)v — pok)

Then dz/dv< 0 if A>106/u1, which is trivial from the persitence theory
(see Lemma 2). This implies that z is decreasing function of v. Now, from

equation (11) we note the following:
(i) When v = 0, we have

aAk(gd, + B)
(01 4+ 8)do

Y1722 + Bz + (81 + 61) (ko + 62) — =0,
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which gives z = (- B +VB2 - 4AC)/(2A) =: 22, where A = y1y2, B =
(81 +61)y2 + (kO + 62)y1, and C = (81 + 61)(kO + 62) - edk(qd1 + B)/
((31 + B)30).

The above polynomial (12) has unique positive root if C < 0, i.e. if RO
> 1, where RO = (aAk(qd1 + B))/((31 + B)30(31 + 61)(k0 + 62)) is the
basic reproduction number in the absence of immune response, which is
computed in Section 5.

(ii) Now, when z = 0, in equation (11), we have

1 aAk(gdy + ) ) 8o
] = — — - L _ [()- —_ Y R _ 1 ‘
"= S +cr({m FB) 01+ 01) (ko +02) " (Ro—1)

which is positive if RO > 1.

_ ) . aik(gdi+8)(dpoi+a)
dz . df?.ffdt" _ (5148} (d0+(dvar+a)v)?

dv ~  9fafor 271722 + B

(111) < 0.

The above analysis shows that the two isoclines (10) and (11) intersects
each other in the positive quadrantifz2 > z1,i.e. R > 1. Thus, the interior
equilibrium exists if RI > 1. This shows that if the number of newly
infected cells produced by a single infected cell when all other cells are
healthy is more than one, then infection persists and interior equilibrium
exists.

4.2 Analysis at RI = 1

To study the behaviour of the equilibrium points at RI = 1, we use the
center manifold theorem [2] as, at RI = 1, linearization has a simple zero
eigenvalue, hence linearization is inconclusive [31]. We made following
assumptions to apply center manifold theorem to system (2).

Let x = x1, yl =x2,y2 =x3, v = x4, and z = x5, then system (2) can
be rewrite as

] , a1y
Ty =A—bdory — —— = fi,
1+ k1Ty4
. qxT1 Iy
Ty = ———— — 0179 + fra — 11T2%5 — 0120 = fo,
1+ 1Ty )
) (1 —g)aziry .
Ig = — ﬂll;?_,‘g — ..-_'"1:113 = f;_g.
1+ ayzy
Ty = kry — kory — Y2T425 — bhry = fu,
Ts = [t — foTs5 + 11 TaTs + foTsTs = fs5. (13)

At RI = 1, we have o as bifurcation parameter, and this is given by
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o o

Ak(gd1 + B)

* (81 + B)oo(d1 + 01 + 25 ) (ko + 62 + 125
=i = .

The linearization of the above system (13) at E0 and for a = a# gives
one simple zero eigenvalue, and other eigenvalues have negative real part,
so central manifold theory was applied. We find the right eigenvector
u of the Jacobian matrix at E0, and o = a# corresponding to the zero
eigenvalue, which is given by u = [ul, u2, u3, u4, uS]T, where ul = a#x0/
80, u2 = (k0 + 62 +y220)/k, u3 = (1 q)a#x0/30, u4 = 1, u5 = (z0(n1(kO0
+ 02 +9220) + p2k))/k. The Jacobian matrix at EQ and « = a# has a left
eigenvector w = [wl, w2, w3, w4, w5], where wl = 0, w2 = 1, w3 = 3/(31
+B), w4 = (81 + 61 + y120)/k, w5 = 0. Further, the associated nonzero
partial derivatives of the functions associated with system (13) at VFE EO
and o = a# are:

8, 01 o f 0%,  0%f,
— = — = qga", —— = —2qa” a1 1g, v YT — 4y,
dx101, dra0ry e dry 10" a1to, Odxa0Ts dasdrs R
92 fs 3 fs ) 32 fs
— = — =(1-— >, — = -2(1 - ¥ .
O 8ry Oz, 01, (I-g)a’, O3 (1 - g)a”erzo
9 f4 9% f4 9 fy 9% f3 -
— = = —79, — = \ —— = (1 — q)xqp.
ﬁ;l','_i(‘jﬂ_‘-a 5;35(33_14 2 0;174@(_'1:'* 4To, 62,_450.* { QJ:’L[)
Stable E1

Bifurcation point ‘RI =1)

Stable t._'“ Un?tableEa .
0.5 1 1.5 2 2.5 3
R,
Figure 2

Plot of free virus versus basic reproduction number RI .

From Theorem 4.1 of [2] the bifurcation constants a and b are given by

a az .
a= ) u"k”z‘“J‘Tgﬂ:_(Eﬂ}
01

ki =1
Q§l + 3

= ——————(a" + 200 )a’ Ty — WalloUsy) — WallyUsYo.
d[j{|51_ + 3}{ ) :
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For the given values of wk’s, k = 2, 3,4, and ui, uj’s,i,j = 1, 2, 3,4, 5,
a<0,and

- 0 fi 01+ fB)x
b= u-‘kuiﬁ(gﬂ) = wa(uaqo) + w3 (us(l — q)z0) = [‘301174_;?*0

k,i=1

> 0.

Thus, from Theorem 4.1(iv) of [2] we conclude the following result.

Theorem 3. At RI = 1, virus-free equilibrium changes its stability from
stable to unstable, which shows that system (2) exhibits a transcritical
bifurcation at RI = 1 (Fig. 2).

In Fig. 2, we plotted the V component of the steady states against RI .
When RI < 1, only EO exists and is stable, and as RI crosses 1, i.e. when
RI becomes greater than 1, a transcritical bifurcation of steady state EO
occurs, and EQ becomes unstable, while E1 comes into existence.

In the next theorem, we show that E1 is locally asymptotically stable
under certain conditions.

Theorem 4. The interior equilibrium E1(x#, y1#, y2#, v#, z#) is locally
asymptotically stable in RS if the following inequalities hold true:

Javtr* < 21 + av*), (14)

( pok + Hiqax” )2 < L pypa Pk + 02 + 722%)
vt nyi(l+av)? 4 M Y2y vt ‘
(15)
3oz v* < egAp2™ (ky + 0y + 122*)(1 4 ayv*)?,
(16)
Where
1M (14 auv”)*Py; 127 P(6 + B)* iy

£y < ming — .
* {3 pirrz*gtalv ? 73 Apz*(1—q)252

}. P=45+0+mz".

Proof. Let X = x - x#, Y1 =yl - yl#, Y2 =y2 - y2#, V = v - v# and
Z = z - z# be the small perturbations about the interior equilibrium E1.
Using the above new variables, we linearize system (2) around the interior
equilibrium E1. Then, in the linear model, we consider the following
positive definite function:

A DUPOR B D B B
Wi =3X2 4 zei® + 500" + 56V + 50 2%,

where c1, ¢2, ¢3, and c4 are positive constants to be chosen suitably.
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Now differentiating W1 with respect to time t along the solutions of
linearized version of model (2), a little algebraic manipulation yields

- 1 5 i 1 . 1 5 . 1 .
Wy = —EauX‘ +a1XV: — —anV? — —anX? + a13XYs2 — 5*1133}/22

2 2
1 5 .1 | o I 1 -2
- 3(&11XL + {IMX.L’ — 5{1441«’ — 50—2-3}/1 + ('!.23}/1}’2 — 5&-33}’2
1 » I | » 1 » . 1 .
— 3{122}/]_2 + {1-341/11’ — Eﬂ-.l_i]-’ 2_ 3({-22}’12 + QQEYJ_Z — Eﬂ-aDZE
1 1.1 1
— 5aa3Yy + azYoV — 5aaV P = 501V +asVZ - 5(1.552'2,
where
2 A 1 2 1 .
an =3 2= ;0P as= 502{51 +8), s = sea(ko+0a+7227),
L _ agov” , — e(=gav” _ ot
G =G M= T T idawe 0 M T 0gaw)?
oo . .
agg =13, @y = {1_'{3;#*)2 + 3k, Qon = €412 — C171Y,
co(l—q)ax® * +

Sufficient conditions for W1 to be negative definite are given as

follows:
2 i 9 9
2 - 2 9
(o < (22033, 54 < A22Q44, Aos < ﬂ'EQaDE-(lS)
2 i 2
a3y < (33044, Qs < O44055. )

By choosingcl = c4ulz#/(ylyl#) and c3 = c4u2z#/(y2v#) we note that
conditions (18)3 and (19)2 are satisfied. Let us choose c2 = x#(31 + )/
((1- q)2), then conditions (17)3 and (19)1 are equivalent, and we sce
that (16) > (17)3 and (19)1. Further, if we choose ¢4 in such a manner
that it satisfies the inequality

1Ay (1 v* )2 Py; 1z2*P(6, + 8)*1ys
¢4 < mind - 1 ( +*—Tf 1} _19'1 1_-33 ( 1.+. )y
3 pr*2rqa?v=s 73 Auz*(1—q)?5°

then conditions (17)1 and (18)1 are correspondingly satisfied. Further,
we note that (14) # (17)2 and (15) # (18)2. Hence the theorem follows.
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In the next theorem, we are able to find sufficient conditions for E1 to
be globally asymptotically stable.

Theorem 5. Let the following inequalities hold in the interior of the
positive orthant ):

JavTx™ < 2A(1 + ayv”),
' (20)

( pok N pgox” )2 - 1 prapa Pk + 02 + 7227)

vt myi(l+ o) 4 Y1 Y2y v* (21)

2011 V1 fhm YT < pby P,

(22)
2 ~ 20F < 5 ZP.
H1Y1fm ™Yy < HOm ™, (23)
I N 0" < mypgz® (ko + 02 + 1227)80% (1 + &Lv*(;i)’

Where

1Myt P(1 4+ ayvm)? 12*P(8; + B)* iyt
My < mind = 141 ( + V) ?_-'1 (L"‘_S]' -ilyl .
3 mrt2rg?a’v,? T3 Apzt(1—q)2 52

Then E1(x#, y1#, y2#, v#, z#) is globally asymptotically stable with
respect to all solutions in the interior of the positive orthant Q.

Proof. We consider the following positive definite function about E1:

1

- - T . Mo 12 My
Wo =3z -z )? + - (W= yi)® + = (W2 = %) + 5

. My P
{1,-' _ 1.-'*}2 + 74{2 _ 2_*}2!

where m1, m2, m3, and m4 are positive constants to be chosen suitably.
Now differentiating W2 with respect to time t along the solutions of
model (2), we get
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. 1 1
Wa = —5511(2‘- —2*)? + bia(z —2%) (1 — ¥5) — 5522(91 —37)?
1 . . . 1 «
— 5511(1‘ — ") +bys(2 — 2%) (g2 —v3) — 5533{9‘2 —13)?
1 . . . 1 .
— EE:-H(:L' — ") £ byy(x — 2*) (v —v*) — 5544{11 —v*)?
1 *y 2 # * 1 *32
- 5522('9'1 — i)+ bl — i) (v —y2) — 5533(1!2 —12)
1 1
- 5522(1;1 — i) +boalyr —yi) (v —v*) — 5544{11 —v*)?
1 #42 * * 1 *y2
— 5522(!!1 — i) bl —yi)(2 —27) — 5555(2 —2z7)
1 1
— Ebaz(yz —y3)? +bas(y2 —y3) (v —v*) — 5544{1! —v*)?
1
— %544(@ — 'U"}Q +bhys(v—v")(2—2") - 5555(3 — z")z,
where

2 A 1 2 1
b1 = 3 by = Emlp, baz = §m2(61 +8), b= §T?13(k0+92+‘r’22*]5

T
b —m 7 _ mypgav _ my(l - g)av*
55 = e 2T 1ragw’ BT T agpt
ar myqox”
big=— s bog =m 3, boy = +mak,
" (1+av*)(1+aqv)’ » e 2T O+aw)(1+av) 0
mo(l—glar
bes = myp1z —miniyr,  bag = 21-9) bas = mapizz — myypv.

(14+oqv*)(1+ayv)’

Sufficient conditions for W' 2 to be negative definite are given as
follows:

b2, < biibos, bl < biibas, b2, < bi1baa, 25)

3?33 < bagbas, '5%4 < bagbys, b%[. < baabss, (26)

2 2
b3y < baaby, bis < bagbss.

(27)
Let us choose
Majig 2™ x* (01 + f3) Maploz”
my=———, Mp=——>=, and mg=———.
T (1—q)*A T2v
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Then we note that for chosen value of m4, conditions (25)1 and (26)1
are correspondingly satisfied. Further, (20) » (25)2,> (21) > (26)2, > (22)
> (26)3, > (23) > (27)2, > (24) > (25)3 and (27)1. Hence the theorem
follows.

Theorem 5 shows that by decreasing o and by increasing 61 and 62,
appropriately, conditions (20) (21) (22) (23) (24) may be satisfied. This
shows that stability of the system increases by decreasing the infection rate
of uninfected cells and by increasing the treatment rates of infected cells
and virus at some appropriate levels.

5 A special case of model (2) without immune response

In the absence of immune response, model (2) reduces to the following

model:
dr i Ty dy qoxy )
_df o 1+ oqv dr 1+ aqv 1Y1 + DY 141
dy (1 —qlazv dv
A — 01y2 — Bys, — = kyy — kov — 6.
dt 14+ ayw 12 = P dt g ot iRt

(28)

Similar to model (2), this model (28) also exhibits two equilibria: (i)
the virus-free equilibrium (VFE) e0(%/80, 0, 0, 0) and (ii) the interior
equilibrium (IE) el(x7, y'1, y'2, v7). Using next generation operator
method, as discussed in the previous section, the basic reproduction
number RO can be computed, and we note that RO is given by R0 =
ark(q01 + B)/((81 + )30(31 + 61)(k0 + 62)).

Under the similar analysis as done in the previous sections, one can
prove the following theorem easily.

Theorem 6.

(i) The virus-free equilibrium €0 is locally asymptotically stable if RO <
1, and €0 is unstable if RO > 1.

(ii) The virus-free equilibrium €0 is globally asymptotically stable in Q
if RO < 1.

(iii) Model (28) exhibits a transcritical bifurcation at RO = 1.

5.1 Existence of interior equilibrium el(x~, y "1,y 2, v")

In case of interior equilibrium el(x™, y'1,y"2, v7), we note that x7, y1,
y 2 and v~ are given by

_ Al + o1 7) _ ko+6_ _ (1—q)aip
I=—— o= 7, Ta = ——— - —,
do + (docr + )0 k (61 + B)(do + (doar + a)T)
_ 1 ( alk(gdy + 3) )
V= — — — — 5(] .
doar + a \ (81 + B) (61 + 61) (ko + 62)
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It is clear that v™ is positive if RO = adk(qd1 + B)/(30(31 + B)(81 +
61)(k0 + 62)) > 1. This shows that the interior equilibrium in absence of
immune response exists if RO > 1. The stability behaviour of the interior
equilibrium el can be studied in a similar manner as done in the previous
section.

By comparing RO and RI we note that RI < RO. This shows that rate of
infection will be slow in the presence of immune response.

6 Simulation results

In this section, we present the numerical simulation results to elucidate
the analytical findings. MatLab 7.10 and Mathematica 7.0 are used for
simulation purposes.

6.1 Global stability and phase plane analysis of the subsystem

We note that the interior equilibrium E1(x#, y1#, y2#, v#, z#) exists for
the set of values of parameters given in Table 1, and (x#, y1#, y2#, v#, z#)
are given as follows: x# = 948.6799, y1# = 1.2014, y2# = 0.5565, v# =
0.2357, and z# = 0.1260.

We observe that all conditions given in Theorems 4 and 5 are satisfied.
This shows that E1 is locally as well as globally asymptotically stable for
the set of values of parameters in Table 1.
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Table 1

Description of parameters (units) used in model (2) and their values.

Parameters Description Yalues Source
units)
A Influx rate constant of (3 10 4, 23,
(mm—3d""%) 54]
-1 Death rate constant of x(6 0.01 [4, 33
B @ ) 34]
51 (a’_i) Loss rate constant of yl(zﬁl 0.01% [33,
and y,(# 54]
A (d_‘?' ) Yiral production rate 0.08 -
Constant
k (d—l ) IEjt;earance rate constant of v 0.02 -
o Infection rate constant 0005 -
tmm—3d""%)
oy Inhibition rate constant to = -
_ ;. infection
(mm—-34 )
.y illi -
Y @4 Killing rate constant of yl(fJ 0.2
by CTLIR

-1 114 -
Yo ld Killing rate constant of w(§ 0.3
by humeoral IR
—1 -
wdh Source rate of IR 0.25

-1 i -
@) Depletion rate constant of [R 2

_1 ; ; _
u; (@t Activation rate constant of 0.0035

CTL IR
d—I Activation rate constant of 0.052 -
uy(d )
hurmnoral [R
—1 i i _
s Activation rate constant of y; 0.4
£

8, (d_‘?') Drug effectiveness for ;4  0.38 -
8, (d_‘f') Drug effectiveness for wv(f  0.35 -

q Frobahility of infected cell 0.55 [25]
Joining
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Figure 3

Global stability of the subsystem.

The phase plane analysis of the subsystem of model (2) in the xy1-, xy2-,
xv-, and xz-planes are shown in Fig. 3. From these figure we note that
all the trajectories initiating from different initial values converge to the
same equilibrium point. The initial values are shown in the legend can be
read as IV1 >[800, 2, 1, 0.2, 0.04], IV2 > [1100, 2.5, 0.5, 0.3, 0.03], IV3
5[920, 3, 1.5, 0.04, 0.05], and IV4 > [850, 0.05, 0.2, 0.05, 0.01]. Since
the system is globally asymptotically stable, therefore it is independent of
initial status of the subpopulations.

6.2 Effect of saturated transmission rate on uninfected cells and productively
infected cells

Figures 4(a) and 4(b) represent the effect of o on uninfected cells
and productively infected cells, respectively. We observe that the
concentration of uninfected cells is high (Fig. 4(a)) and that of
productively infected cells is low (at zero level) for & = 0.001 and, in
this case, RI = 0.4598 < 1. This shows that infection is no more at this
stage. Further, the number of uninfected cells decreases with increase in
o, which is obvious for real world scenarios when infection increases the
number of uninfected or healthy cells declines. In Fig. 4(b), the number
of productively infected cells increases with increase in infection rate «,
which is also usual in real situations. Thus, infection can be controlled
by controlling the spread of infection within the cells with the help of
immune response and appropriate drugs. Figures 4(c) and 4(d) show
the effect of a1, whereas al changes reversibly with infection rate. In

698



Preeti Dubey, et al. Modeling the dynamics of viral-host interaction during treatment of productively infected cells and free virus involvin...

Fig. 4(c), we observe oscillations for small value of a1 = 0.005. In the
expression for infection rate, when a1 approaches zero, then this infection
rate term axv/(1 + alv) becomes bilinear, which is not realistic in case
of large number of productively infected cells. It may be noted that
behavior of productively infected cells is complementary to the behavior
of uninfected cells, so similar explanation can be given for the oscillations

in Fig. 4(d).

6.3 Effect of treatment and immune response on productively infected cells
and free virus

The effect of therapeutic drugs 61 and 62 given to productively infected
cellsy1 and free virus v are shown in Figs. 5(a) and 5(b), respectively. From
these figures it follows that

(a) @ (b)
1000 = 120
. S
2 800} § 100} | ———o=0.001
E 2 80 === 0001
= BD']E - = z v g = 0,05
g 3 = G0 imimim g = 0,5
£ 400;_, 2 40"
= ¥ b L]
= 200 i_.t .E 20 ‘--I-.- B —
0 o (=== = - - o o
0 200 400 600 0 200 400 600
Time (days) Time (days)
(c) P (d)
1000 2 60
—— , = 0.005
% g ' 0.0s
- m e, = U,
s 800 £ 40 1
o E vionn o, = 001
B = 1
2 GO0 @ .-.-..:11=[|l.5
: :
E 5
&
400 e
o
0 200 400 600 0 200 400 600
Time (days) Time (days)
Figure 4

Effect of & and 21 on uninfected cells (x) and productively infected cells (y1), respectively.
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Effect of 61 on productively infected cells y1 and effect of 62 on free virus v, respectively.
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Effect of u, 11, u2 on productively infected cells (y1) and free virus (v), respectively.

in the absence of treatment (61 = 62 = 0), the number of productively
infected cells and free virus are high. As efficacy of therapeutic drugs
61 and 62 increases, the number of productively infected cells and free
virus decreases and settles down at their respective equilibrium levels. This
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Cure rate for Virus [Hzl'

highlights the efficacy of the drug in controlling the concentration of
productively infected cells and free virus, respectively.

Figures 6(a) and 6(b) show that when immune response is not present,
then trajectories settle at higher concentration of productively infected
cells and free virus, while the

14 v \ v - - v v v
-
1k L
k] r
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0.7 ':r e,
0.6k r
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05§ L7 =
'-_"‘dl r
04 b
: o ,
0.3 k - & —_ - h
0.2 0.3 0.4 0.5 0.6 0.8 0.9 1
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Cure rate for Infected cell | E‘,l

Figure 7

Variation of therapeutic drugs 61 and 62 on RI.

concentration of the productively infected cells and free virus decreases
with increase in immune response (i) and approaches to zero for higher
values of p. In Figs. 6(c) and 6(d), the trajectories settle at high level for
ul = 0, and for higher values of ul, these trajectories are settled down
at lower concentration of productively infected cells and free virus, but
not approaching to zero as ul is the increase in immune response due to
stimulation from productively infected cells. Similar explanation can be
given for Figs. 6(¢) and 6(f), where p2 is the increase in immune response
due to stimulation from free virus. It is interesting to note that if immune
responses are at high levels, then productively infected cells and free virus
can be brought back to zero level with adequate drugs, and thus, the
infection may lead to reduction in viral load.

6.4 Variation of reproduction number

In thelast figure (Fig. 7), we have shown the variation of Rl with respect to
therapeutic drugs given to productively infected cells (61) and virus (62),
respectively. We observe that for the less values of the therapeutic drug
given to the productively infected cells (61 = 0.15) and that of viruses (62
= 0.3), the corresponding value of Rl is 5. It is apparent from Fig, 7 that
if we increase the amount of therapeutic drug given to the productively
infected cells (61 = 1) and virus (62 = 1.1), the corresponding value of
RI decreases, i.e. RI = 0.5. This emphasize that combination of therapy is
useful in reducing the viral load and, ultimately, to lower the infection.
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7 Conclusions

In this paper, we constructed a virus dynamics model to understand the
viral-host interaction and elucidate the effect of total immune response
(innate, CTL, and humoral) together with the treatment given to the free
virus as well as the productively infected cells. The model is comprised
of 5-state variables, that is, uninfected cells, productively infected cells,
latently infected cells, free virus, and total immune response. We
performed stability analysis of the model and observed that there exists
two nonnegative equilibria: virus-free equilibrium (VFE, no persistent of
virus) and interior equilibrium (IE, persistent of virus). From the global
stability analysis of the virus-free equilibrium (VFE) it is depicted that
the clearance of virus from the body is independent of initial status of
subpopulations (Theorem 2). From the analysis of the model at RI =1
it is observed that VFE loses its stability from the stable state to unstable
state, which gives birth to the transcritical bifurcation (Fig. 2), and the
interior equilibrium exists for RI > 1.

Simulation results show that the saturated infection rate gives realistic
dynamics of transmission as bilinear infection rate leads to oscillatory
behavior in subpopulations (Figs. 4(c) and 4(d)). The reduction in
infection rate and increment in the effectiveness of therapy given to the
productively infected cells and virus appropriately will lead to lower the
count of infection and viral load. It is also shown that the number of new
infection can be lowered via providing adequate treatment to both free
virus and productively infected cells (Fig. 7). However, virus dynamics
models suggest that the infection will extinct once the therapeutic drugs
can target the latently infected cells, which lead to new infection upon
activation.

The model also provides the insights into the dynamics of viral
infection in absence of immune response. It is evident from the
analysis of model (28) that the virus-free equilibrium (VFE) is globally
asymptotically stable if RO < 1. The basic reproductive number in absence
of immune response RO is greater than basic reproductive number in the
presence of immune response RI, i.e. RO > RI . This implies that in the
presence of immune response, the number of secondary infections will be
less, which suggests that infection may be eradicated if RI < 1. From the
expression of RI it is observed that the number of secondary infections
decreases with the enhancement of immune response and drug eflicacy.
This shows that RI may be made less than one by increasing drug efhcacy
and improving the immune conditions. Thus, increase in treatment is
effective in controlling the number of productively infected cells and free
viruses. In addition, action of immune response also reduces the virus
load. It has also been shown in Fig. 7 that the reproduction number can be
reduced by applying adequate combination of therapeutic drugs, which
helps in reduction of viral load.
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