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1 Introduction

Let Q be a nonempty bounded open set of the real Euclidean space RN
(N 2 2) with Clboundary 0Q, consider the multiple solutions for the
following quasilinear Schrédinger elliptic equation with the p-Laplacian
and nonsquare diffusion term:

—Apu+ V(2)uP2u — Ay (|u)®*®)|u**?u = Af(z,u) in (2,
u=0 ondf2, (1)

where Apu = div (#u | p-2 #u), N < p < 2a,'A 2 0 is a parameter, f :
Q x R > Ris a continuous function.

Equation (1) involves a quasilinear and nonconvex diffusion term
Ap( | u| 2) u 2a—2u. In the literature, it is referred as so-called
modified nonlinear Schrédinger equation. For the case p = 2, the solution
of (1) is related to standing wave solutions of the following quasilinear
Schrodinger equation:
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iz; + Az — V(z)2 + 6A(R(|2*)) W (|21*)2 + g(z,2) =0, =z € ]]%('2‘)

where z: RxRn > C, V: Rn » Ris a given potential, h and g are real
functions,  is a real constant. Putting z(t, x) = e—iftu(x) in (2), where 8
R and u(x) > 0 is a real function, the quasilinear equation (2) reduces to

the following modified elliptic form:
— Au+V(x)u—kA(h(Ju?)) B (|u)*)u = f(z,u), =eRj

If h(s) = s, then (3) turns into a superfluid film equation in plasma
physics

— Au+V(2)u — kA(u*)u = f(x,u), =eR™ @

Kurihara [8] used this equation to model the time evolution of the
condensate wave function in superfluid film. Moreover, if h(s) = (1 +
s)1/2, equation (3) is transformed to the following elliptic form:

u

—Au+V(z)u—&A[(1+u?) UE] W

= f(z,u), zeR",

which is a model of the self-channeling of a high-power ultrashort laser
in matter [7, 16]. Many mathematical methods, such as dual approach
[3, 22, 24,25,26], iterative techniques [19,27,28,29,30], fixed point
theorem [5,14,21], variational methods [6,15,23] and normal boundary
intersection method [9,10], have been employed to solve the properties
and control problems for various differential equations. In particular,
by using a constrained minimization argument Poppenberg et al. [15]
established the existence of positive ground state solution for quasilinear
Schrodinger equation (4). Colin and Jeanjean [3], Joao Marcos and
Severo [6] studied the existence of positive solutions for (4) by the change
of variables. The Nehari method and the symmetric mountain passlemma
were also used to establish the existence of solutions in [2, 4, 11]. In [13],
Liu et al. studied the following quasilinear Schrédinger equation:

—Au+V(z)u— A(Ju**) [u**Pu=ANuff~u, z€ R?;)

whereh 20,4 <p+1<4aN/(N—-2),a21/2,V € C(RN ) and
(V) There exists VO > 0 such that V (x) > V0 in RN . Moreover, V (x) >
as | x | = oo, or more generally, for every M > 0, meas {x RN : V (x) <
M} <, where “meas” denotes the Lebesgue measure in RN .
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Condition (V) is an essential assumption, which guarantees that the
embedding E <» Ls(RN ) is compact for 2 < s < 2N/(N — 2), where

E=<{ueW"2(R"): /V(rHuFdr <

is a subspace of W 1,2(RN ) with the norm
1/2
lu||lg = / (IVu|® + V(z)|u*) dz
RN

Clearly, assumption (V) fails to hold for a general continuous and
bounded function. Thus, if the potential V (x) fails to satisfy (V), whether
the multiple solutions of problem (5) still exist or not? In order to answer
this question, in this paper, we investigate the more general modified
nonlinear Schrodinger equation (1) and get a positive answer, ie., if
the potential V (x) is a general continuous and bounded function, then
there exist the multiple solutions to the quasilinear Schrédinger elliptic
equation with the p-Laplacian and nonsquare diffusion term (1) under
suitable growth conditions.

The rest of this paper is organized as follows. In Section 2, with help
of a change of variables, we set up the variational framework for problem
(1) and give some lemmas of the functional associated with problem (1).
In Sections 3 and 4, by using Riccer’s critical point theorem we give the
proof of main results.

2 Dual approach

Let E=W 1,p(Q) (p = 1) be the Sobolev spaces with the norm

l/p
|u| = ( / (IVulP) + V(z)|u Pdr) :

2

We focus on the existence of nontrivial weak solutions of problem (1).
A function u is called a weak solution of problem (1) ifu € W 1,p(Q)
and forany ¢ € Ceo(Q), one has
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/ [1+ (20)P Hu| P VP|VufP?VuVy
0
+(20)P 7 (20 — 1) PPV "2y | VulPo] d

— _ /T.f’(:u}|u|?3“2u-ap dz + A /F(J’-ﬁ”) de,
2 2

where F (x,u) = [0uf(t,) d%. But we notice that the natural functional

of problem (1)
I(u) = % / 1+ (22)Pu| 2= VP|VulP] d
L

—I—%/I”(J‘.HUF dm—k/F(m.,-u) dx
A :

may not be well defined and not Géteaux-differentiable in the
corresponding Sobolev space E.
Thus, inspired by [12], we define a function h by

1
Y1+ (2a)p—1|h(t)[PRa—D)’
h(0)=0,  h(—t)=—h(t), t<O.

W(t) =

(6)
Let u = h(v), then

J(v) =I(h(v)) = % / \VolP + V(z)|h(v)|" dz — A / F(z,h(v)) dz.

Moreover, the corresponding energy functional J(v) is well defined on
W 1,p(Q2). Since COeo(Q2) is dense in W 1,p(Q), if v E W 1,p(Q) is a
critical point of the functional J, i., forany ¢ € W 1,p(Q),

lulloe < cllull, we Wh(0),
then v is a weak solution of the equation

— Apv = =V(z)|h(v) |P_2h{t!)h’(1-'} + Af(z h(v)) W (v), =ze€ !(?7.)
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Thus, from (6) and (7) it is easy to know that u = h(v) is a weak solution
of problem (1). As the result, it is sufficient to consider the existence of
solutions of (7) in W 1,p(Q).

The following lemma can be found in [2]:

Lemma 1. The function h(t) enjoys the following properties:

(h1) h € C2is uniquely defined, odd, increasing and invertible in R;
(h2) O0<h’ (t) <lforallt € R;

h3) |h(t)| < |t| forallt € R;

(h4) lime>0 h(t)/t = 1;

(h5) |h(t)] < (2a)1/(2pa)|t|1/(2¢) forall t € R;

(h6) h(t)/2 < ath’ (t) < ah(t), t 2 0, ah(t) < ath’ (t) | < h(r)/2
t<0;

(h7) There exists a € (0, (2a)1/(2pa)] such that h(t)t—1/(2a) > a as
t > +oo;

(h8) There exists b0 > 0 such that

&(v) = o||v|P.
(h9) For each t > 0, there exists

m ifT =m,

X(T) = .
m+1 ifte(m,m+1),
m € N, such that |h(tt)| < x(t )|h(t)| for all t € R; (h10) h2(r)/2 <
ath’ (t)h(t) <«h2(t) forallt € R.
Notice that p > N, W 1,p(Q) <> C(Q) is compact. Thus, there exists
a constant ¢ > 0 such that

m if T =m,

X(7) =
) m+1 ifte(m, m+1),

(8)

where #u# o = supx Q u(x) .

Different from [4, 11, 13], the following assumption on potential is
adopted in this paper:

(V) V € C(Q), and there exist two constants VO, V1 > 0 such that VO
<V(x)<Vlx e Q.

Now define two functionals @, ¥ : E > R as follows:

d(v) = ; /(W’t P+ V(z)|h(v)|") dz, U(v) = — /F(i‘.h('l!)}da

n

Foranyv,w € E, we have ®, ¥ € CI(E,R) and
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(&' (v),w) = / (IVo[P2VoVw + V (z) |h(v) | h(v) (v)w) dz,
Q
(P’ (v),w) = — [f[:ﬂ.,h[t!})h’{b‘)tﬂ de.
.

Lemma 2. For fixed r > 0 with @(v) < r, v # E, there exists a constant
Q > 0 independent of r such that

(&' (v),w) = / (IVu[P2VuVw + V(2) |h(v) | k(o) (v)w) dz,

n
(W' (v),w) = — /f[:t‘..,h[tr})h’{v)u.' dz.
2 ©)

Proof. Let v = 0, otherwise, the conclusion holds. In the following, we
argue by contradiction to prove (9).

Suppose that there exists a sequence {vn} # E satisfying vn /= 0 for all
n € N such that

ar_ |P "z u P
/?—lﬂ dﬂf"‘/l(i”h“n} dr =0 asn — oo.

ol
2 2 (10)

Set wn = vn/#vn#, then #wn# = 1. Noticing the compactness of
embedding E <> Ls for s € [1, +0) up to a subsequence, we have wn(x)
w(x) in E, wn(x) > w(x) in Ls(Q) for s € [1, +o0) and wn(x) > w(x) a.e.
on Q. It follows from (10) and

1/p
1 = |lwy|| = ( /(|?wn|1“ + V(z)|w,|P) d-:f)
Q2

that

7 (Y|P
/|an|Pd-r — 0, ‘/W dr — 0, /V[r)wﬁ dr — 1.
2 2 " 2
Now according to the strategy in [26], we claim that for any ¢ > 0, there
exists a constant T > 0 independent of n such that meas(Bn := {x € Q: |
vn| 2 7}) < ¢, where meas(-) denotes the standard Lebesgue measure.

In fact, if not, there exists €0 > 0 such that meas(An) > ¢0, where An
={xe Q:
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[vn| = n}. By (h8) and the Fatou lemma we get

[(|Vt‘n|?’ + 'r”(:r.)|h(-un)‘P) dz = /V{ﬂ:)‘h(t!ﬂ) Pdz = /I’E]b(]|t!ﬂ|l"-’f'f2a] daz
2 0 0

- o
= Vobon?/ ¥z 4 400 asn — oo.

The above fact contradicts with the boundedness of {®(vn)} .
Therefore, the above conclusion is valid.

Next, it follows from the Holder inequality and the Sobolev
embedding theorem that there exists € small enough such that

2

[ V@ < [Vimeas(s,)]"
Bn

||'1Lrn||gp < [VL 1110&5(3?1)]1-’52

|wa 12

= lel-’ﬂ = ne M,

e | =

(11)

where Cl1 is a constant, which is independent of e.

On the other hand, noticing that if |vn(x)| < 7, then |vn(x)|/7 < 1, by
(h8) we have

1/2

f V(z)w® dze < [V; meas(B,)]"
Bn

||-1L:n||?jp < [VL mea.s[Bﬂ)]l-”'z

W | | gp

< CIE]"@ = T = N._.

M | =

(12)
Thus, it follows from (h9) of Lemma 1, (12) and (10) that

|T.'l1 |P

-y - Up |P - —
/ V(z)wt dz = / Vi(z) |:1.‘ :|P de =77 [ Viz) ”t G dz
n

Q\:Bn Q\\Bu

Br

P vn ) |p
< 1) / Viz it T ) dz
*(bn ) ol

7

mn

AV rooy R (vn) [P
< - — Vix dr - 0 asn — oo.
X(T) (bﬂ) / (=) l[on 7

D\Bu (13)

Combining (11) and (13), one has

/1"(:1‘.)11.'3“; dr = /1”(:1‘.)11.'3; de + / Viz)wh dz < i+ o(1),
0 B,

2\ By,

which implies that 1 < 1/4, a contradiction. So the proof is completed.
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Lemma 3. Assume that V (x) satisfies (V), then @’ is coercive,

hemicontinuous and uniformly monotone.
Proof. Firstly, by (h4) and (h7) of Lemma 1 we have

h(t)|P
=1, lim | (;” = aF,
t—0 P t—roo 1P/ (2ax)

which implies that for any sufficiently small # > 0, there exists a
constant Ce > 0 such that

RO > (1 - P = CP/C), £ e (0,400).

On the other hand, forany v € E with #v# > 1, (h10) of Lemma 1 and
(14) yield

{Eﬁf(y}‘z:} _ fgﬂvi-’w 4 V(-T-]l|h[:'1-’}|P_jhl:-1.!)hf[:-1.!}1.-:| dar
[/ — o]
[o(IVel? +V (@)[h)lP) dz
2ol
S Jo(IVu|P +V(2)[(1 — e)vP — CovP/ )] da
2l

=

(15)

Notice that E < »Ls for s # [p, p#) is continuous, then for any v # E with
v > 1, choose sufficiently small ¢ such that

[ (IVv[P +V(2)[(1 - e)v? — Co?/?¥]) dx

i

1 ; 1
> Sl — €.y [ 0P/ dz > o] — CVa| 2! 3 o2
1%

1 P
> 3l - CeloP/ 2.
2 (16)

It follows from N < p < 2a, N 2 2, (15) and (16) that lim#v#>c0 ©
" (v), v/v=,which implies that @’ is coercive. The fact that @’
is hemicontinuous can be verified using standard arguments. In addition,

with the help of Theorem 26(A) in [20], as well as J(v) = I(h(v)) and the

inequality

(IEP26 — P 2n) (€ —n) 2 cpl€ —nfP, P22, ¢ >0, &,neRY,

709



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 4, ISSN: 1392-5113 / 2335-8963
we know that @’ exists and is continuous.
3 The existence of three solutions

In this section, we show the existence of three solutions of (1). The main
tool used for analysis is the Riccer’s critical point theorem [1, 18], which
is given below for reader’s convenience.

Lemma 4. Let E be a separable and reflexive real Banach space, @ :
E » R be a continuously Giteaux-differentiable and sequentially weakly
lower semicontinuous functional whose Giteaux derivative admits a
continuous inverse on E#, and ¥ : X > R be a continuously Géteaux-
differentiable functional whose Gateaux derivative is compact.

Assume that

(i) lim #u#>+00(D(z) + WY (z)) = +oo forallk € (0, +o0);

(ii) There are r > 0,20, z1 € E such that ®(z0) < r < O(z1);

. 2~ (D(21) — r)¥(z0) + (r — D(20))¥(21)
(i) weo-itL ooy TE) > 3(21) — U (20) '

Then there exist an open interval A # (0, ) and a positive real number
p such that for each’h € A, the equation

&' (2) + AP'(2) =0

has at least three solutions in E whose norms are less than p.
Before stating our main results, we firstly denote two constants

L o Yol " Ly Vo
po \ Vil

where ¢, V0, V1 and Q are defined by (8), (V) and Lemma 1, Q is the
Lebesgue measure of ). Then some assumptions on F (x, s) to be used are
also listed below:

(F1) There exist a function a(x) € L1(Q) and 0 < o < p such that for
all (x,5) € QX R, F (x,8) <a(x)(1 + |s|o);

(F2) F(x,0) =0 foranyx € Q;

(F3) There exists t0 € R with [t0] > 1 such that

F(x, tg)de
sup F(z,z) <p Jo F(z.%) :
(z,]2]) €02 [0,k] tol?

Now we state our main result here.

Theorem 1. Suppose (V) and (F1)-(F3) hold. Then there exist an open
interval A (0, o0) and a positive real number p > 0 such that for any A #
A, the quasilinear elliptic equation (1) has at least three weak solutions
whose norms are less than p.
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Proof. By the definitions of ® and ¥ we know that ¥ ' is compact
and @ is weakly lower semicontinuous. Further, from Lemma 3 we know
that (®#)—1 is well defined and continuous. Now we show that the
hypotheses of Lemma 4 are fulfilled.

It follows from (F1), (7) and (15)—(16) that for any A > 0,

o Coo i
D(2) + \(2) = B |2||” — 5 |2]|P/®) — elal|p1||2]|° = Allal|lr, z€ E.

Since 0 < o < p < 2a, we have lim#v#>00(D(z) + 1Y (z)) = o0, and (i)
is verified.

Now let z0 = 0, z1 = s0 = h—1(t0), |t0| > 1, then |t0| = |h(s0)|. We
denote r = V0|Q|/p, then

D(z) + M (2) = % |2]|P — 5 |2]|P/2>) — Ael|a|| 1 )|2)|” = Allall:, z€ E.

Thus, (ii) of Lemma 4 is satisfied.
On the other hand, from (F2) and (F3) we get Q F (x, t0) dx > 0 and

_(P(21) —7)¥(20) + (r — P(20))¥(21)
P(21) —¥(20)
_rﬂ?{zl) pr fq (z, h(so0))dx _pr fﬂF{L to) dz
P(21) [oV(@)|h(so)pdz — [,V (x)|te|? da
- PP_[QF{IJU)dI Vo [ Fz, to) dz

=

Vi |to|P - (17)

Next, we focus our attention on the case when v € E with @(v) < r. By
(7) and (8) we have r > O(v) = Q#v#p = Q(#v#oo/c)p, which implies that
V(x)| < c(r/Q)1/p = c(VO|Q]/(pQ))1/p = k for all x € Q. The above
inequality and (h3) of Lemma 1 yield

— inf ¥ (v
z-eé—ll&—-x-.r” “)
= sup —!E'{t.'}s;;/ sup F(z, h(v))dx
ved—1((—aa,]) oS |v|E[0.k]
2
<R sup F(z,h(v)) < |12 sup F(z,h(v))
(x,]v])€2%[0,k] (,|h(v)|) €2 x[0,k]
= |12 sup F(z,z).
(m,|z])ef2=[0,k] (18)

From (17), (18) and (F3) it is easy to get that condition (iii) of Lemma
4 holds.
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Thus, all the hypotheses of Lemma 4 are satisfied, and hence, according
to Lemma 4, there exist an open interval A C (0, oo ) and a positive real
number p > 0 such that for any\ # A, the quasilinear elliptic equation (1)
has at least three weak solutions whose norms are less than p.

Theorem 2. Assume (V), (F1)-(F2) and the following condition hold:

(F3#) There exists a constant M > 0 such that F (x,z) < 0, (x, |z]) € Q
x [0, M ] and lim|z|3o0 F (x, z) > 0 for x € Q uniformly holds.

Then there exist an open interval A ¢ (0, o0 ) and a positive real number
p > 0 such that for any A # A, the quasilinear elliptic equation (1) has at
least three weak solutions whose norms are less than p.

Proof. By (F1), similar as the proof of Theorem 1, it is easy to know that
hypothesis (i) of Lemma 4 holds. Thus, we only need to verify hypotheses
(ii) and (iii). In fact, it follows from (F3#) that for anyx € Q, there exists
a sufficiently large

M [ po \'7
|to }max{l —( pe ) }

such that F (x, t0) > 0. We take z0 = 0, z1 =s0 = h—1(t0), then 1 < t0
= h(s0) . Denote r = Q(M/c)p, we have
MY?
C

b(e1) = > [ V@)lh(so)Pdo > 2
2

=r>=0= fﬁ‘{z'.[].}.

Thus, hypothesis (ii) of Lemma 4 is satisfied.
On the other hand, from (F2) and (F3#) we have

(D(z1) —7)¥(20) + (r — P(20))¥(21)
PD(2q) —i_P(z'(])
1[21) prfq z, h(sg)) dx pr‘an{;r. to) dz
fIJ 21} [oV(@)|h(so)lpdz — [, V(x)|te|? da

ff}‘ xr, f.[]. Cl:l
> P
2 -Lj_ ?,L(]|P

Moreover, for ®(v) < r,v € E, by (8) and Lemma 2 we have

B(v)\ ? A\ P
|z-'(a=)|s|v||.x.ate|u|-ﬂ;c(f“}) «f(_) _M, zen.

g g

The above inequality and (h3) of Lemma 1 show that
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— inf (v
ved—1 -ll-.lfl_x__-un (v)
= sup —¥(v) < / sup  F(z, h(v))dx
vEd—1({—oc,r]) J |u|E[0,M]
2

< |0 sup F(z,h(v)) < |2 sup F(z,h(v))
(z,|v])e2x][0,M] (z,|h(v)[)E2 % [0,M]

= |{| sup F(z,z)<0.
(z,]z])E2x[0,M] (19)

(18) and (19) show that condition (iii) of Lemma 4 holds. According
to Lemma 4, the conclusion of Theorem 2 also holds.

4 The existence of infinitely many solutions

In this section, we use an infinitely many critical points theorem to obtain
the multiple solutions result of problem (1).

Let E be a reflexive real Banach space, @ : E > R be a (strongly)
continuous, coercive sequentially weakly lower semicontinuous and
Gateaux-differentiable functional, ¥ : E » R be a sequentially weakly
upper semicontinuous and Gateaux-differentiable functional.

Forall r > infE @, let

Eﬁupz{—:@—li[—:‘c.r]] !I;rtz)} - @(2)

w(r) = inf
A ) zed{{—oo,r)) 'J"—fﬁ‘{f]l
and
v = liminf ¢(r). d = liminf (r).
r—+oo I: r—(infg &)+

Lemma 5. (See [17].) Suppose E, @, Y satisfy the above assumptions,
then the following conclusions hold:

(i) Ify < +oo then, for eachh € (0, 1/7), the followingalternative holds:
either the functional ® —AY has a global minimum, or there exists a
sequence {zn} of critical points (local minima) of @ — 'Y such that limn»>
+00 O(zn) = +o0.

(ii) If 8 < +oo, then for eachh € (0, 1/9), the following alternative
holds: either there exists a global minimum of ®, which is a local
minimum of ® — 1Y, or there exists a sequence {zn} of pairwise distinct
critical points (local minima) of ® LY with limn>+co ®(zn) = infE O,
which weakly converges to a global minimum of ®.

Suppose f: Q x R » R+ is continuous and denote

713



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 4, ISSN: 1392-5113 / 2335-8963

o F(z,t)dx F(z, k) dz
| = liming Jo < @ dr 0 JoF@ R dr

K— 400 kP ' K—4-o0 KP

We state the result of the multiple solutions as follows:

Theorem 3. Assume that [/L < pQ/(cpV1 Q) hold. Then for any ) (V1
Q /(pL), Q/(cpl), the quasilinear elliptic equation (1) has an unbounded
sequence of weak solutions in W 1,p(Q).

Proof. Firstly, for any v € E, define

D(v) = ;1 /(|Vt!|p + V(2)|h(v)|") daz, v (v) = /F(Lh(i!)} dz.

Then @ : E > R is a continuous, coercive sequentially weakly lower
semicontinuous and Gateaux-differentiable functional, ¥ : E > R is a
sequentially weakly upper semicontinuous and Gateaux-differentiable
functional.

Take X € (V1|Q|/(pL), 1/(pcpl)), and let {xn} be a real sequence

satisfying limn-co xn = oo, and so we have

. max <y, F(z,t)de
B
- L (20)

Let rn = Q(xn/c)p, n # N, and consider ®(z) < rn. According to (8)

and Lemma 2, we have

, J--'"P 1/p
-z‘[:t!}| < 2|l < 2|z]] c(%) < C(E) =Kn, TS

0 0

Consequently, from (20) and (h3) of Lemma 1 one has

TN ed—1((—o0,rn)) rn —®(2)
_ (SUPg(z)<ry ¥(2)) —¥(2) _ SUPa(e)<r, Jo Flz, h(2))de
B(z)<rn rn —®(2) - 'n
- [ max), ¢, F(z, h(z))dz - Jo max p () <p, Fz, h(2)) de

r?l ?11'1
[omaxy ¢, F(z,t)de & [,maxyc,, F(x,t)ds

nec M,

; P
Tn OFq

which implies that

o Pl
v = liminf ¢(r) € — < +oc.
r——+o0 0
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Now we show that the functional ® — 1Y is unbounded from below.
To do this, we take a real sequence {en} such that limnsco en = +oo.
Noticing (h8) of Lemma 1, we have h(en) > b0 en1/(2a) > o0, n > o0, and
then

L = lim /Mdi’: lim /Mda

n——+oo Eﬁ n—-+oo h,{en}?-"
2 (21)

Let wn(x) =en,n € N,x € Q, then we have

-

o(w,) = - [ VElhw,) [ de < (e,

%)

and

14

D(wy,) — A (w,) < )

hP(en) — A | F(z,h(e,)) de.
/

We divide into two cases for L to prove that @ — XY is unbounded
from below.

Case 1. IfL < + o0, choose 0 < # < L-V1 Q /(Ap), then by (21) there
exists NO > 0 such that for any n > NO, we have

[F(;r, h(en)) dz > (L — €)h(en)?.

Thus,
D(wn) — A (wy) < hpm h¥(en) — A /F(ﬂ:, h(eﬂj) dx
< Ve ey ML = OhP(en)

-ij_

o)

- h?(eﬂ)( ML - e}).

It follows from the choice of # that V1|Q|/p —A(L — #) < 0, and then
one gets limn>eo(®(wn) =AY (wn)) = —co.

Case 2. If L = +, we can choose sufficiently large MO > V1 Q /(p),
and from (21) there exists NMO > 0 such that for any n > NMO, we have
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/F[i‘, hiey,)) dz > Myh¥(e,).

Consequently,

D(wy) — A (w,) < ll}mhp{cn —A /F T, |h €n) | ) dx

<Y 1_' 2 hP (en) — AMohP (en)

p
710
— hp[en}(hl}'“| - }JU'D).

It follows from the choice of MO that

lim ((w,) — MW (w,)) = —cc.

n—oo

The above facts show that the functional ®-\Y is unbounded from
below. According to (i) of Lemma 5, the functional ® — XY admits
a sequence {vn} of critical points, that is, {h(vn)} are exactly the weak
solutions of the quasilinear elliptic equation (1).

It follows from Theorem 3 that we have the following corollary:

Corollary 1. Assume (V) holds, and | < + e, L = + o . Then for any
A # (0, Q/(cpl)), the quasilinear elliptic equation (1) has an unbounded
sequence of weak solutions in W 1,p(Q).

Denote
~ max <, F(z,t)de ~ (z, k) da
. . ] 4 b y
[ = liminf Jo 4 ( , L = limsup f—}
R0+ KF s 0 KF

then, with help of (h3)-(h4) of Lemma 1 and arguing as in the proof
of Theorem 3, we casily obtain the following results:

Theorem 4. Assume (V) holds, and cpV1|Q|l < LpQ. Then for any
A € (V1|Ql/(pL), Q/(cpl)), the quasilinear elliptic equation (1) has an
unbounded sequence of weak solutions in W 1,p(Q).

Theorem 5. Assume (V) holds, and | < + o, L = + o . Then for any
A # (0, Q/(cpl)), the quasilinear elliptic equation (1) has an unbounded

sequence of weak solutions in W 1,p(Q).
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