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Abstract: In this paper, we study the existence of a.e. monotonic solutions of some
general delay integral problems for both fractional and integer orders in the space of
Lebesgue integrable functions on the interval R. = [0, o) and in the space of locally

integrable functions .IOC(R.). In particular, the uniqueness of solutions for considered
problems is obtained.
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1 Introduction

In this paper, we investigate some delay integral or integro-differential
problems for both integer or fractional orders. For most of papers devoted
to study such problems either on a finite interval or on a half-line, the
expected solutions are continuous (on C([0,00 )), cf. [29]) or continuous
and bounded (on BC([0,0 )), cf. [4, 9, 27, 28]). However, for integral
problems, it is much more natural if solutions are not so regular and
they are only integrable. This approach is not sufficiently investigated,
and it requires to investigate operators acting on different spaces together
with different qualitative indices in such spaces. We concentrate on delay
integral equations.

Some particular problems are widely studied, but they are neither
unified nor obtained for common and general assumptions. Delay
integral or differential equations are quite frequent in mathematical
biology, medicine, and physics. Let us recall some of our motivations.
Many of the models of machining operations fall into the class of
autonomous delay differential equations of the form

&= f(z(t),z(t — b)),

where the problem is studied in finite-dimensional spacesand h > 0 (cf.
[24]).

In [15] the authors formulated a model to explain the observed
periodic outbreaks of certain infectious diseases with periodic contact
rate that varies seasonally, and it was also studied in [16, 32,33,34]. This
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model can also be interpreted as an equation describing the growth of a
population when the birth rate varies seasonally. Then this model takes
the form

2'(t) = f(t, (z(t)) — f(t —7, 2(t — 7)),

and is usually studied in its integral form.

However, many physical and biological models have been successfully
described by delayed differential or integral problems with discontinuous
functions, such as electric, pneumatic, and hydraulic networks (see [2,
11, 20]). For instance, in [10] the authors focused on the discontinuity
solutions of problem with delays and proved some discontinuity
properties for delay differential equations

f(ty@),y(a(t,y(t))), tel0,T],
o(t), tela,0], where a= tig{f}a-[t,y[t}) < 0.

y'(t)
y(t)

Note that we propose to study such problems with possibly general
initial-value functions ¢, not necessarily continuous. In particular, we will
study the delay fractional integral problem

z(t) = h(t) + m(t) - g(t,2(t — 7))

i

t— a—1
- / %f{s.m(s —7))ds, teRT,

0

x(t)=p(t), te[-7,0),0<a<]l. W

All the problems mentioned above are extensions of earlier results, so
we will try to extend and unify many of them. To achieve our goal, let us
consider first the delay integral problem of Volterra—-Hammerstein type

x(t) = h(t) + m(t) - g(t, z(t — 7))
+ / k(t,s)f(s,z(s—7))ds, teRT,
]

z(t) = @(t), te[-T7,0), 2

still being a general form of many previous problems considered, for
instance, in [5,7, 16, 17, 25]. It should be stressed that we will investigate
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these problems on unbounded interval with integrable solutions as well
as locally integrable ones. The above mentioned results are investigated
either in the one of cases discussed here or even only on compact intervals.
We will consider here the case of finite delay, and the the initial function
describing the past will be defined on an interval [z, 0].

More precisely, in this paper, we study the existence and the uniqueness
of a.e. monotonic solutions of problem (2). We will also unify some
known results being particular cases of (2), and we will extend some
of them from bounded interval to unbounded one in the space L1(R
+) or Llloc(R+). As applications, we discuss the solvability of the
integro-differential problems of fractional order (1). Proofs are based
on operators form for considered problems with operators acting on
appropriate function spaces and with the use of some special measures
of noncompactness on these spaces together with the Darbo fixed point
theorem. In particular, we need to investigate different properties of
operators and different properties of considered subsets of functions
paces. Thus proofs will be different than that for continuous solutions
and for results about integrable solutions based on the weak topology

argument (cf. [5, 8]).
2 Preliminaries

Let R be the field of real numbers, and let R+ be the interval [0,00 ).
Denote by L1 = L1(R+) the Banach space of all real functions defined
and Lebesgue integrable on R+ endowed with the norm

oG

|zl @+ = /|;1‘[1‘-}|d1‘

0

and by L1loc(R+) the Fréchet space of all locally integrable spaces on
R+ endowed with a family of seminorms #x# = [0 T |x(¢)| dt (T > 0).
A nonempty set A in Llloc(R+) is bounded if it is bounded in every
seminorm, i.e., supT>0{#y[0,T ]x#T : x € A} < co.

Definition 1. (See [1].) Assume that a function f (t,x) = f: R+ x R>
R satisfies the Carathéodory conditions, i.e., it is measurable in t for any x
€ Rand continuous in x for almost all t € R+. Then for every function
x being measurable on R+, we may assign

Ff (x)(t) =ft,x(t) ,t € R+.

The operator Ff defined in such a way is called the superposition
(Nemytskii) operator generated by the function f.

Acting and continuity conditions in the case of o-finite measure spaces
were proved by Appell and Zabreiko:

Theorem 1. (See [1, Thm. 3.1].) Suppose that f satisfies the
Carathéodory conditions.

The superposition operator Ff maps continuously the space L1 into L1
ifand only if

f(t,x) < a(t) + b|x|
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forallt € R+ and x € R, wherea € L1 and b > 0. Moreover, this
operator Ff: L1 L1 is continuous.

Let S = S(I) denotes the set of measurable (in Lebesgue sense) functions
on an interval I. Identifying the functions equal almost everywhere the set
S furnished with the metric

d(z,y) = mf [a + mea::{&

z(s) —y(s)| > a}],

we obtain a complete metric space. Moreover, the convergence in
measure on [ is equivalent to the convergence with respect to the metric
din [35, Prop. 2.14].

For o-finite subsets of R, we say that the sequence xn is convergent
in finite measure to x if it is convergent in measure on each set T of
finite measure. The compactness in such a space is called “compactness in
measure”. The following property will be useful in our investigation.

Theorem 2. (See [12, Thm. 2.3].) Let X be a bounded subset
of L1 consisting of functions, which are a.e. nonincreasing (or aec.
nondecreasing) on the half-line R+. Then X is compact in measure in L1.

Now, let us recall the concept of measure of noncompactness. Assume
that (E,.) isan arbitrary Banach space with zero element 6, and the symbol
Br stands for the closed ball with radius r and centered at 6. Denote by
ME the family of all nonempty and bounded subsets of E and by NE its
subfamily consisting of all relatively compact sets.

The symbols X, XW stand for the closure, and the weak closure of a
set X, respectively, and the symbol conv X will denote the convex closed
hull of a set X.

Definition 2. (See [6].) A mapping p : ME [0, ) is called a regular

measure of noncompactness in E if it satisfies the following conditions:

() wX)=0#X € NE.

(i) X# Y #uX) < u(Y).

(i) (X ) u(conv X) < p(X).

(iv) p(AX) = [Mu(X) fork € R.

(v) (X + Y) (X)) + w(Y ).

(1) 1(X S Y ) = maxfu(X), u(Y )

(vii) If Xn is a sequence of nonempty, bounded, closed subsets of E, Xn
=XW

nsuch that Xn+1#Xnforn=1,2,...,and iflimnsco u(Xn) = 0, then
the set X 00 = N n=1co Xn is nonempty.

An important example of such mappings is the following.

Definition 3. (See [3].) Let X be a nonempty and bounded subset of
E. The Hausdroff measure of noncompactness x(X) is defined as y(X) =
inf{r > 0: there exists a finite subset Y of E such that x # Y + Br}.

We need to construct a measure of noncompactness in L1. For
nonempty and bounded subset X of the space L1, let
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p(X)=ec(X)+d(X)
(cf. [8]), where

¢(X) = lim sup{sup{ / lz(t)|dt: D Cc RY, meas D < :}}
D

=—0 reX

=lim sup sup||z-xpl
—+0 DC[R'I' reX
meas [<e (4)

is a cocalled measure of uniform integrability (cf. [5]), and

o0

d(X) = ]_11_1}1:15‘; sup{ / \z(t)|dt: = € X}.
T

Immediately, we get the following.

Lemma 1. The measure p is a measure of noncompactness if restricted
to the family of subsets being compact in measure in L1.

Proof. In [8, Lemma 2], it is proved that p is a measure of weak
noncompactness in L1 (see also [8, Thm. 4]). But [18, Thm. 1] implies
that for any bounded subset X L1 being additionally compact in
measure, this quantity is equal to the Hausdorff measure of (strong)
noncompactness (see [6]).

Moreover, measures y(x) and pu(x) are equivalent:

Theorem 3. (See [5, Thm. 5].) Let X be a nonempty, bounded, and
compact in measure subset of L1. Then

x(x) < u(x) < 2x(x).

Let us recall some fixed point theorems. In the proof of the existence of
solutions of considered problems in L1, the following Darbo fixed point
theorem will be useful:

Theorem 4. (See [6, Thm. 3.1].) Let Q be a nonempty, bounded, closed,
and convex subset of E, and let H : Q » Q be a continuous transformation,
which is a contraction with respect to the measure of noncompactness y,
i.e., there exists k € [0, 1) such that

p H(X) < kp(X)

for any nonempty subset X of E. Then H has at least one fixed point
in the set Q.

Let E1 be a Fréchet space, and let its topology is defined by a family
of seminorms ( n). By un (n N) denote the family of measures of
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noncompactness related to this family of seminorms. For instance, it
could be done like in the Hausdorfl measure of noncompactness, i.e.,

un(X) = {inf r > 0: there exists a finite subset Y of E such that x # Y
+ Bn},

where Bn = {x € El: #x#n < r}. A detailed study of the case Lloc(R+)
can be found, for instance, in [30].

Because the space 1LlocR+ is Fréchet, but not a Banach space, we need
the followingversion of the Darbo fixed point theorem, which is suflicient
for our investigation.

Theorem 5. (See [21].) Let Q be a nonempty, bounded, closed, and
convex subset of a Fréchet space E1, and let H : Q > Q be a continuous
transformation such that for the family of measures of noncompactness,

(kn) n €N, i.e., there exist constantskn € [0, 1) (n € N) such that

pn (H (X)) < knpin(X)

for any nonempty bounded subset X of E1 and n # N. Then H has at
least one fixed point in the set Q.

Next, we give short notes about fractional operators. We will restrict
our attention to the case of L1 because for Lloc, they will result directly.

Definition 4. (See [26].) Let f# L1 and o # R+. The Riemann-Liouville
(RL) fractional integral of the function f of order  is defined as

1o f(1) = [%f{s}ds. a>0,a<t<h

L

where I'(e) is the Euler gamma function.

Lemma 2. (See [25,31].) Iff € Ll and e € (0, 1), then

(a) The operator laa maps L1 into itself continuously.

(b) The operator Iao maps the monotonic nondecreasing function into
functions of the same type.

3 Main results

First, let us consider problem (2). We will rewrite it in an operator
form. The key difference between the case of integrable solutions and
continuous ones is the action of operators on appropriate function spaces.
It will not be surprising to assume that the expected solution observed in
the past should have the same properties as in the future, so we will assume
that ¢ € L1([—, 0]) is a.c. nonincreasing and positive.

3.1 Existence of integrable solution

Rewrite problem (2) in the operator form
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z(t) = (H(z))(t) = h(t) + m(t)(Fyz, )(t) + K (Frz.)(t),
x(t) = (t), te[-T1,0), ©)

where xt = x(t — 1), 7 < t, Kx(t) = [0t k(t, s)x(s) ds, and Ff, Fg be the
superposition operators generated by f and g, respectively. Note that if ¢
is integrable, then for any integrable function x, a function xt is integrable

too.
First, we will prove the existence of solutions in L1. Consider the
following assumptions.

(i) Let m, h : R+ » R+ be a.c. nonincreasing functions, where m is a
bounded function with supt R+ m(t) < M and h # L1. Moreover, let ¢
L1([ - 7, 0]) be a.e. nonincreasing and positive.

(ii) Assume that the functions f, g : R+ R R satisfy Carathéodory
conditions. Moreover, f (t, x) 2 0, g(t, x) 2 0 for x 2 0, and f, g are ac.
nonincreasing with respect to t and nondecreasing with respect to x.

(iii) There are positive integrable functions ai € L1 and constants bi
2 0 (i= 1, 2) such that |f (¢, x)| < al(t) + bl|x|, |g(t, x)| < a2(t) + b2|x]
forallt € R+andx € R.

(iv) k : R+ » R+ > R satisfies Carathéodory conditions such that
the linear operator K : L1 L1 is continuous and maps the set of a.c.
nonincreasing and positive functions into functions of the same type.

(v) b2M + b1#K#L1 < 1/2, where #K#L1 is an operator norm #K#L1
>L1.

Let us recall that some sufhicient conditions for the acting and
continuity conditions in (iv) can be found in [22] (a full description is
unknown). Some conditions guaranteeing preservation of monotonicity
of functions by K exactly on R+ can be found in [23, Sect. 4]. As this paper
is not easily accessible, let us recall that criterion:

Proposition 1. (See [23].) The operator K with the kernel k(t, s) being
locally integrable with respect to s on R+ for each fixed t preserves the
monotonicity of functions from Lloc(R+) if and only if

b

b
/k[tl‘g}dg = /k(fg,sjds
0 0

fortl <t2,t1,¢2 € [0, T ] and forany b > 0.

Our main result is the following.

Theorem 6. Let assumptions (i)—(v) be satisfied. Then problem (2) has
at least one solution x &€ LI, which is additionally a.e. nonincreasing
function on R+.

Proof. We need to investigate acting, continuity, and contraction
conditions for all operators describing equation (6).
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By assumptions (ii), (iii) and due to Theorem 1, we can conclude that
Ff, Fg map L1 into itself continuously. By assumption (iv) the operator
K:L1> L1 is continuous, and then KFf: L1 > L1 and is continuous too.
For a given x # L1, by assumption (i) we can deduce that H(x) belongs to
L1 and H is continuous. Then

|H ()|, =] h{z)+-m.(r)-g(t.,:c{r_r))+[k(r,s)f(s,g:(s_r)) ds|dt
0 i
g/|h(z)|dt+ /|?n(t)|-|g{t, z(t —7))|dt
0 0
+ |k(t,8)||f (s, 2(s — 7)) | dsdt
/1

< |Alle, + M [ (an(t) + bola(t — 7)[) dt

]

-I—// |k(t,5)|(a1(s) + by |z(s — 7)) dt ds

0 =

< |hlle, + M|az||z, +bgM[\:c(f_r)|dt+b2ﬂ-f]|g:{z_r)\dt
o v
+ Kz llaa|lz, + b || K]z, [II(S—T)| ds
b

—l—bl||K||L1/|:r(5—T)‘ds.
Putt — 7 =u, so du = dt and then

0 ~
[H(@)||,,, < Plle, + Mllaz|lL, +b2M /|:r(u)|d-u+bgﬂ-f/|:c{u)|du
Zr 0

0 oo
+ K|z, [la |z, +51||K||L1f|1‘-(u)|du+blllf(llm /|T(H)|d“
Zr 0

0
< hllzy + Mllaz|le, + 1K ]|z, [las]lz, +b2M [|¢(u)|dﬂ-+bzﬁ'fllfllm

0
+ b || K|z, / |(u)| du + by | KL, 1]z,

< |[Pllz, + Mllaz|lz, + K]z, laxllz, + Iellzyq—rop (22M + by K|z, )
+ (bzﬁ-f + bl||I(||L1)||..’T:||L1.
From the above estimate we deduce that the function H(x) is bounded

on R+, thus H :
L1~ L1. Moreover, we get
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|H (z) \Ll < Ao, + Mlaz|r, + || K]z, |la1]|z,
+ @l or.op (b2 M + b1 || K|z, ) + (b2 M + by || K|, )7

=T,

Where

_ Mnllz, + Mlja] o, + K a2, + @lleagrop (52M + billKlz)
1— (oM +by||K||1,) o

The inequality obtained above infer that the operator H maps the ball
Brinto itself, i.e., H : Br » Br and is continuous.

Further, let Qr denote the subset of Br consisting of all function being
a.e. nonincreasing and positive on R+. The set Qr is nonempty, bounded,
closed, convex, and compact in measure in view of Theorem 2 (cf. [13],
for instance).

Now, we will show that H preserves the monotonicity and positivity of
functions from Qr. Take an arbitrary x Qr, then x(t) is a.e. nonincreasing
and positive on R+, and consequently, f, g are also of the same type
virtue of assumption (ii). By assumption (i) m, h are a.c. nonincreasing
and positive functions on R+, and from assumption (iv) the operator K
maps a.c. nonincreasing and positive functions into functions of the same
type.

Thus, we can deduce that (H(x)) is also a.c. nonincreasing and positive
on R+. This fact gives that H : Qr > Qr and is continuous.

Next, to prove that H is a contraction, we will assume thatx # = X C
Qr, and let a constant & > 0 be arbitrary, but fixed.

Then for an arbitrary x # X C Qr and for any measurable set D C R+,
meas D < ¢, we obtain
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|(H(z))(t)|dt < [ |h(t)|dt + [ |m(t)||g(t, =(t —7))|dt
/ Jrone

- k(t, s)|| f(s, z(s — 7)) | dsdt
/]

< [|h(tj‘dt+/}m{t}”g[t, x(t))| dt
D D

+//‘k{t,3)||f(3,:r.(s))|dsdt
Do

< |\blln, oy + M /{ag(tj + by |z(t)]) dt
D

+ ||I(||L1,:D)f(a.1[3}+bl‘-_r{s}|)ds
D
= ||h||L1{DJ + ﬂf”aQ”Ll{DJ + ||I(||L1[D]”al||L1[D)

+ (b2M 4+ 1| K |2, () / |2(s)| ds.
D

where the symbol K L1 (D) denotes the norm of the operator K acting
from the space L1(D) into itself. Recall that D is arbitrary, so the set
D N [0, T ] need not be empty. Then the above estimation require the
use of assumption (i) as for such points we get t - T # [ - 7, 0], on this
interval, we have x(s) = ¢(s). Hence we keep the expected properties of
a.e. monotonicity and positivity of functions.

It suffice to prove that H is a contraction with respect to some regular
measure of noncompactness. Since h, ai € L1,1i= 1, 2, then we have the

equality

]_E}IE_]{ sup{||kl|.,py + Mlaz|lL,p) + | K|l L, (o2l o, 0y

D c Rt measD < E}} = 0.
As #K#L1 (D) < #K#L1, from definition 4 it follows that
c(H(X)) < (baM + by | K] 1, )e(X).

Forany T > 0, we have the following estimate:
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. ]
[‘ H{? fJ‘df“ ||h|L1rT1+ 1I|&"|L1|‘T1+”-‘R |L1rT)|aL|L1|‘T1
T

+ (bsM + by ||K |1, 1) /|r(u)|d-u.
7

where the symbol #-#L1 (T ) denotes the operator norm acting from
the space L1[T, o) into itself. Because T - oo, by the definition 5 we get

d(H(X)) < (bsM + b || K |Lyr)d(X).

By combining (8) and (9) and by applying definition 3 we have

w(H(X)) < (b2 M + by || K| 1, ) p(X).

Since X # Qr and we know that Qr is compact in measure, by Theorem
3 we have

X(H(X)) < 2(b]

)X (X).

Using all properties of Qr, by assumption (iv) 2(b2M + b1 KL1 ) < I,
then we can apply Theorem 4, which completes the proof.

Corollary 1. This theorem is also true for solutions in Lp(R+) (p > 1)
with a suitable set of modified assumptions assuring acting and continuity
conditions for considered operators (cf. [14]).

We are interested in studying delay integral problem, but in view of our
proof, we can also formally generalize our main theorem by considering
functional integral problem:

z(t) = h(t) +m(t) - g(t, z(t — 7))
/Ata f(s,z(¥(s)))ds, teRT,
x(t) = "L:'[f t e[—T,0).

(10)

Corollary 2. Under the assumption of Theorem 6, there exists solution
x L1, which is additionally a.e. nonincreasing function on R+ of the
functional integral problem (10), provided the functional delay ¥ : R+
> R+ is increasing, absolutely continuous, and there is a constant B > 0
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such that ' (t) 2 B for a.e. t R+ and when assumption (v) is modified
to the form

V') boM + by ||K||, /B < 1/2.

3.2 Locally integrable solutions

Let us present some results for solutions of the considered problem being
only locally integrable. On the one hand, it will weaken the assumptions,
but on the other hand, we need to proceed in a Fréchet space Lloc(R
+). Now, we describe the differences between sets of assumptions in two
considered cases, and we will emphasize on differences between them.

Let us present a set of modified assumptions:

(i1) Let m, h : R+ » R+ be a.c. nonincreasing functions, where m is a
measurable essentially bounded function with ess supt €R+ |m(t)] < M
and h € Lloc(R+). Moreover, let ¢ € L1([—T, 0]) be a.c. nonincreasing
and positive.

(iil) Assume that the functions f, g : R+ R R satisfy Carathéodory
conditions. Moreover, f (t, x) 2 0, g(t, x) 2 0 for x 2 0, and f, g are a.c.
nonincreasing with respect to both variables t and x, separately.

(iiil) There are positive integrable functions ai € Lloc(R+) and
measurable essentially bounded functions bi : R+ > R+ (i = 1, 2) such
that |f (¢, x)| < al(t) + b1(t)|x], |g(t, x)| < a2(t) + b2(t)|x| forallt € R
+andx € R.

(ivl) k : R+xR+ » R satisfies Carathéodory conditions such that the
linear operator K : Lloc(R+) - Lloc(R+) is continuous and maps the set of

X

)

a.e. nonincreasing and positive functions into functions of the same type.

(vl) For any T > 0, the following inequality holds true: b2(T )M +
b1(T )#K#T < 1/2,bi(T ) = essupt € [0, T ] bi(t) (i=1,2), and #K#T
denotes the operator norm #K#L1 ([0, T ])>L1 ([0,T ]).

Theorem 7. Let assumptions (i1)—(v1) be satisfied. Then problem
(2) has at least one locally integrable solution x € Lloc(R+), which is
additionally a.e. nonincreasing function on R+.

Sketch of the proof. We fixan arbitrary T > 0 (or even T/, in fact), and
then we follow the lines of the proof of Theorem 6 with some necessary
changes. All estimations should be done on interval [0, T ], so they are
correct. Note that for a fixed T > 0, assumption (v1) is the same as (v), so
any additional changes in the proof are not necessary.

Clearly, Theorem 1 should be replaced by a result in Lloc(R+); cf. [30,
Thm.4.2] and [30, Lemma4.3]. Note that the set Qr consists of functions
not necessarily integrable on R+, but in this case, it is compact in finite
measure, and the remaining part holds true on every finite subinterval [0,
T]R+.

Moreover, a contraction condition on every [0, T ] holds true for a
measure T, and finally, fixed point Theorem 5 should be applied.

Remark 1. The result presented in Theorem 7 remains true if we replace
assumptions about nonincreasing functions by appropriate conditions

749



Nonlinear Analysis: Modelling and Control, 2021, vol. 26, ntiim. 4, ISSN: 1392-5113 / 2335-8963

with nondecreasing ones. However, as globally integrable functions
cannot be a.e. increasing on R+, this remark cannot be applied for the case

of Theorem 6.
3.3 Uniqueness of solutions

We are able to discusses the uniqueness of solution of problem (2) in the
case of integrable solutions (the case of locally integrable solutions can be
studied in a similar manner).

Theorem 8. Let assumptions of Theorem 6 be satisfied, but instead of
assumption (iii), consider the following condition holds:

(vi) There exist constants bi > 0 and positive functionsai € L1,i=1,
2, such that |f (t, x) — f (t, y)| < bl]x —y|, |g(t, x) — g(t, y)| < b2|x —y],
x,y € Qr, and |f (¢, 0)| < al(t), |g(t, 0)] < a2(t), where Qr is defined in
Theorem 6.

Then problem (2) has a unique solution in Qr.

Proof. From assumption (vi) we have

= |f(t,z)] < |f(2,0)] 4+ bi]z| < a1 (t) + bafz].

Similarly, g(t, x) < a2(t) + b2 x. Thus, all assumptions of Theorem 6 be
satisfied, then problem (2) has at least one solution x L1.

To prove the uniqueness of a solution of problem (2), suppose that x,
y be any two different solutions of problem (2), and then we have
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t

o = ylle, = [B(0)+ m(0) - 9(t, 2(t = 7)) + [ K(t,5)f (s, 2l = 7)) ds
—h(t) —m(t) - g(t, y(t — 7)) - j k(t,s)f (s, y(s — 7)) ds
0 Ly
< 7I|m(t)||g{t, z(t — 7)) —g(t, y(t —7))| dt
o
+ ]c/t |k(t,9)[| f (s, 2(s = 7)) = f(s, y(s — 7)) | dsdt

0
o

< Mb, /|:u(t—-r) —y(t—7)|dt
0
+bl//|k(t,s)||:r(s—'r)_.y(s—'r)|dtds
0 s
< Mby /|_T_(f_7-)—-y(t—r)|dt—l—ﬂ-sz [|1‘.(t—7’}—y(t—‘r)|dt
o -
+bl||K||L1/|I(5—T}—-y(s—7)|ds
0

+b1||K||L1/|I(5—T}—-y(s—f)|ds.

Asx(t) =y(t) = ¢(t) on [-1, 0), lettingu = t — T, we have

0 0o
lz = yllz, < Mby / () — y(w)| du + Mb, [ () — y(u)| du
g ’
0 fe)
+ by ||K||r, /|:r.(-u)—y(u)|du+ bi|| K|z, [|:c(u)—-y(u)|du
L 0

= (Mb + b1 | K ||1s) |z — yll 2. -

Therefore,
(1= (Mby + b1 | K| £,)) | — 9|z, <0,

which implies that #x — y#L1 = 0 # x = y a.e., which completes the
proof.
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4 Applications

As fractional integral equations are special forms of a general results of
Hammerstein— Volterra equations with a convolutions kernel K, then
the continuity property is dependent on it. It is worthwhile to note thatin
a particular case of Riemann-Liouville fractional integral operators, i.c.,
with the kernel

1

k(t,s) = (o)

(t — 5)‘&_1)(:.::_1:(5]'-

for o = 1, it is not continuous from L1([0, T ]) into Leo([0, T ]) ([19,
Remark 4.1.2]) and discontinuous as an operator from L1([0, T ]) into
itself ( [19, Remark 4.1.1]). But in a considered case 0 < & < 1, it is
continuous (see Lemma 2).

Despite that the lemma presented below seems to be known, we are
unable to find its proof, so let us prove it (it is also claimed in Lemma 2):

Lemma 3. For any 0 < « < 1, the kernel k of the Riemann-Liouville
fractional integral operator satisfies condition (7), so our result applies
also for the fractional problems of any order .

Proof. Let t1 < t2,t1,t2 [0, T ]. Recall that in the kernel, we apply the
characteristic function, so the limits of integration depend on the choice

b. As

]

[t=rtds =2 (-2~ (-9

Hi

then, in view of arbitrariness of b > 0, we need to consider three cases.
1.Letb > 2. Then

b b
A= /Iz[tl.,sjdg— /k[t;&}d&:l(? —t7) > 0.
0 0

Y

2.Let 0 < tl < b < t2. Then

b b
A= /L‘{tl,s)ds— /k{tg,s)ds:éﬁg—t?—{tg—b)“).
0 0

Butt2 —b < t2 —tl and then A > (to — to. — (2 — t1)a)/a.

We need to use the fact that for any 0 < a < 1, a function g(t) = xa is
concave.

For arbitrary points x1,x2 € [0, T ], we have g((x1 + x2)/2) > (g(x1)
+g(x2))/2.Putx1 =¢1,x2 = t2 — t1. Then (x1 + x2)/2 = t2/2 and g((x1
+x2)/2) = 2—ato.

752



Mohamed M.A. Metwali, et al. On the numerical solution for nonlinear elliptic equations with variable weight coefficients in an integral bou...

Consequently, 2 - g((x1 + x2)/2) = 21—a - taw > tat.
Therefore to. > to + (t2 — t1)eand A > 0.
3.Let 0 < b < tl < ¢2. Then

A= [Lmsds—/krzs (fn—tn]—{fa—b) — (t1 — b)?]).

Asin thiscase ta — te > 0 and (2 — b)a — (t1 — b)a > 0, we get the thesis.
Consequently, we get an existence result for the fractional problem (1):
Theorem 9. Let assumptions of Theorem 7 be satisfied. Then forany 0 <
o < 1, the fractional integral problem (1) has at least one locally integrable

solution on R+.
The uniqueness results can be also obtained in the same manner.

5 Example

We give an example to illustrate the applicability of our assumptions.
Consider the following delay integral problem for t € R+:

() — L l4z(t—T) / 1 1 1 ]
z(t) = h(t)+e ESTE +-U/t2+52<( +)Jj+—2( })da,

1’(?] =Ty, tE [—T-_ 0). (11)

It is clear that problem (11) is a particular case of problem (2), where
¢(t) =x0 = const, m(t) = e—t, g(t, x) = (1 + x(t — 7))/(t + 19)2, k(¢, s) =
1/(2 +52),f (6, x) = 1/(t + 2)3 + (x(t — 7))/20, and

t is rational.

=

b

h(t) =
{ 5 —arctant, 1 isirrational.

One can easily check that

(al) sup;cp+ m(t) = sup;ep+ e~ < 1= M;

(a2) |f(t,z)| < 1/(t + 2)® + |2|/20 and |g(t,z)| < 1/(t + 19)? + |2[/20 with
by =be = 1/20;

(@3) [T k(t,s) dt [71/(t* + s?) dt = (1/s) arctan(t/s)|5° < 7/2;

(a4) (Mba +bl||I(||L1} 1;’20—!— 1/20-mw/2 < 1/2.

Thus, all assumptions of Theorem 6 are satisfied. Then problem (11)
has at least one integrable solution a.e. nonincreasing on R+. Clearly, this
problem cannot have continuous solutions.
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