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Abstract: This paper concerned with a diffusive predator—prey model with fear effect.
First, some basic dynamics of system is analyzed. Then based on stability analysis,
we derive some conditions for stability and bifurcation of constant steady state.
Furthermore, we derive some results on the existence and nonexistence of nonconstant
steady states of this model by considering the effect of diffusion. Finally, we present some
numerical simulations to verify our theoretical results. By mathematical and numerical
analyses, we find that the fear can prevent the occurrence of limit cycle oscillation and
increase the stability of the system, and the diffusion can also induce the chaos in the
system.

Keywords: diffusion, stability, fear effect, predator—prey model.
1 Introduction

Since Lotka [11] and Volterra [17] proposed famous Lotka—Volterra
equations, the construction and study of models for the population
dynamics of predator—prey interactions has been an important topic in
theoretical ecology. According to different background, researchers have
proposed many types of predator—prey models, and rich dynamics of
these systems have been investigated extensively [6, 8, 18, 21]. In the wild,
it is easy to observe that the reduction of prey is due to the direct killing
of predators, which is reflected by functional responses in the predator—
prey model such as Holling type and Beddington-DeAngelis 1,7, 9, 10,
16,24).

However, a new study suggested that the behavior of the prey can be
changed by the predator, and it could have a greater impact than direct
killing. In fact, Zanette et al. [22] found that the offspring production
of the song sparrows reduced by 40% because of the fear from predator.
To model the fear effect in predator—prey interactions, Wang et al. [19]
proposed a predator—prey model as follows:
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where 7o is the birth rate of the prey, 4 is the natural death rate of
the prey, a represents the death rate due to intraspecies competition. The
parameter / refers to the level of fear, which reflects the reduction of
prey growth rate due to the antipredator behavior. With the increase of
k:, the growth rate of prey decreases. In [19], the authors consider that
the functional response g(u) is the linear ((u) = pu or the Holling type
IT (9(u) =p/(1 + qu)). Their theoretical results show that fear effect could
improve the stability of the predator—prey system.

It is considered that the trait effect has reduced the growth rate of
the prey due to fear of predators, and the prey has been subjected to a
strong Allee effect caused by mating during reproduction. Inspired by
this idea, [14] considered a predator—prey model with the trait effect that
reduced the growth rate of the prey due to fear of predators, and the
prey has been subjected to a strong Allee effect caused by mating during
reproduction. Their results showed that the fear effect does not affect
the stability of the equilibria, but with the increasing of the cost of fear,
the equilibrium density of predator decreases. Sasmal and Takeuchi [15]
studied a predator—prey model that incorporates fear effect due to the
presence of predator and group defense. Wang et al. [23] investigated
a predator— prey model incorporating the fear of predators and a prey
refuge, and they found that the fear effect can not only reduce the
population density of predator, but also stabilize the system by excluding
the existence of periodic solutions. Here, we remark that all models in
these papers did not consider the factor of diffusion.

It should be pointed out that in real life, species are heterogeneous in
space, so individuals tend to migrate to areas with low population density,
which will increase the possibility of survival. Hence, some researchers
considered reaction—diffusion predator— prey model by incorporating
the fear effect into prey population. Niu et al. [4] investigated a diffusive
predator—prey model with the fear effect. Taking the mature delay as
bifurcation parameter, they found that the delay can induce Hopf and
Hopf-Hopf bifurcations. Wang and Zou [20] proposed and analyzed
a reaction—diffusion—advection predator—prey model. [3] investigated a
diffusive predator—prey model with fear effect. Their results show that
for the Holling type II predator functional response case, there exist no
nonconstant positive steady states for large conversion rate.

Motivated by these pioneer work and note that none of the above
mentioned models considered the Holling III functional response, we are
led to consider a diffusive predator-prey model as follows:

du ru 5 mqu?v _

-7 = dyAu + TiE - R — g v (1) & 82 % (D, -+5),
dv mau?

E _dzA{ﬁ+’t~(f\[-2+ b+112)" (.I’f) c 2 x (O +OO)

u(z,0) = uo(z), v(x,0)=ro(x), z€ 2,

Qu(t,z)  Jv(t,x)

- - =0, t>0, oecofl,
on on

842



Jia Lin, et al. Spatiotemporal dynamics of a diffusive predator—prey model with fear effect™ (1)

where (u(z.t).0(x.1)) denote the density of the prey and the predator
at location » and timet¢, respectively. r is the birth rate of prey, 1
is the natural death rate of prey, @ represents the death rate due to
intraspecies competition. The parameter / reflects the level of fear, which
drives antipredator behaviours of the prey. m,u2/(v+«2) is Holling type-
III function (see [5]). The parameter 72 is the death rate of predator.
2 ¢ »¥ is a bounded region with smooth boundary 9, and 77 denotes the
outward normal vector to the boundary 9. The homogeneous Neumann
boundary condition indicates that there is no population flow across the

boundary.
We also assume thatuo(z), v(2) € C([-7,0], X), and » is defined by
ot 79 9 C)U C)l'
X =u,v e W22(0): =, rel

on — dn

In this paper, our goal is to investigate the dynamical properties of (1)
such as global existence of the solutions, stability and bifurcation of the
constant steady state. In addition, we will use energy estimates to obtain of
the dynamic and steady state solutions and so to discuss the nonexistence
and existence of spatial patterns.

Our paper is organized as follows. In Section 2, we study some
basic dynamics of the system. In Section 3, we obtain the stability and
bifurcation of the equilibria. In Section 4, we investigate the nonexistence
and existence of the nonconstant steady state. In Section 5, numerical
results are presented to verify the theoretical results.

2 Basic dynamics

In this section, we discuss some basic dynamics of system (1) including
the existence of solution and the priori bound of the solution.
First, we let |2| be the Lebesgue measure of 2 and denote

ot Ol 1 =[)w(¢f-f-))dr- leC: )l oo () = esssupleta, 1),
2

P ﬂHC?(ﬁ) - 1316‘%};(1 T)}

Theorem 1. For system (1), the following conclusions are true:

i Ifuo(z) > 0, ve(z) > 0.thensystem (1) admitsaunique solution
(u(t,z),0(t.x)) > (0,0) fort € (0,+00) and + e 0
il. If T < Y1, then

lim

[ tos00, 2T, g

iti. Ifr <, then any solution (u(r.1).v(x.1)) of (1) satisfies

limsup u(t, x) < -

In addition,
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oDy <K oDy <
where K, = max{K, maxg uo(2)}, and C* depends on 7, 71 72, M1, M2,
ug(x), vo(x) and:’);
iv. Ifr<vi+a

~), then

y2b/(ma —

Proof. (i) Define

U 5 My uv mou®
flu,v) = - — Yu—au” — s gl u) =al 9+t I
1+ kv b+ u b+ u
thCl’l fo = —kru/(1+kv)? — myu?/(b+u?) < 0 al’ld gu = 2mabuv/(b+u?)? = 0 in
RZ = {uz0,v30} Consequently, system (1) is a mixed quasimonotone
system. Consider the following ordinary differential equation model:

du ru 5 dv 3 mou?
—_— = — YU — au”, —=p| -+ ——— .
dt  1+kv dt 2Tz
U(O) = 7][)._ t'({]) = 'FQ (2)

where @ = supguo(x). T = supgvo(x). Let (a(t). o(t)) be the unique solution
of system (2). Then (0.0) and (a(t).7()) are the lower solution and upper
solution of system (1). Thus, according to the [13, Thm. 8.3.3], system (1)
has a unique globally defined solution (u(z. 1), v(x.1)), which satisfies

Do i) < 0kE), O = a(a, 1) & (il

The strong maximum principle ensures that ue.o. .0 >0 < )
(ii) The first equation of system (2) implies that

du ru

dt 1 + kv

Obviously, r < 71 leads @ — 0 ast — co. Consequently, v(z, ) — 0.
(iii) It is noted that

oy — au? < u(r — ).

Ju T 5  muulv .
Fri diAu = N YU — au® — BB <ru—yu— au?.
W u

Thus, by the comparison principle, one have

lim sup max u(x,t) <
t—+4oo 2 (1
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The maximum principle ensures that u(. /o < & forall + > 0.

Let U(t) = [qu(z,t)de = [pu(z, t)dz, then

dU B Tu 5 miutv
e /ufdrcllfAudInL/[l_l_kT;lua.u. b+u2}dr

2 2

/ { U " al ml-uzv} o

1+kv ! b+ u? 3)
dV m u2
— = f veda = dp / Avdx + f vl =y + —— = dax
dt 0 b+ u
2 [P

mau?
= f (1:(’72 + bjuz)> da.
12

Multiplying both sides of Eq. (3) bym./mi. then combining with Eq.
(4), we obtain

Mo 2 _ Mo i
U+V | =—%V — YU — d
(ml + )t 12V my f (1 + kv R ) *

2

< —Yg (TTIZI JrI/) (FTIZ(r H)Jr’\z)[
mq T

Noting that Ju.0)c, < & proved above, we have v() < k|| Thus

mg g mo .
T LV ) € —qpf - 20 4V L M,

mq " mi

where Mo = ((ma/m)(r — 1) +72) K1]€2].
The integration of inequity (5) results in

/-t:(;z:,f)d:r V) < Z2U@) + V(@)

my
£2

M
< (mzv((})w( )) oty M2y oty

mq Y2
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Figure 1

Invariant region R for system (1).

which means that

mo My

H""’('*t)HLl(Q) S EHUU(')HU(Q) & H""U(')Hum) . K.

12

From [2, Thm. 3.1] we have [o(-t)[~@) < ks where K, depends on &,
and lw@) i~ As a result, there is a ¢* such that ot 0@ <c*.

(iV) ObViOLlSly, lim sup,_, , ., maxg u(z,t) < (r—m)/a proved above that if
r <y +avab/im o). then v(z, t) — 0 uniformly on Qast — .

Theorem 2. The trapezoidal region

B = {(u,t:) ) Do D€v< ( "m.z (rqxl)jtl)uu},

> (r—1)/a, is a positively invariant region for system (1) (see Fig. 1).

Proof. The reaction kinetics do not point out of ®. alongu = 0, v = 0,
and u = a.

Setting

] mo(r — _
W(u,v) =v— 2 1) +1)u+u
Y21y

and denoting the outward normal to =®. alon the line
W (u,v) by OW = (9W/du,0W/0v) = (1.1). then denoting f = (f.¢)". one obtain
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oW - flt::('m.g(r—“,-l)/(",-'2?711)—1—1)ﬁ.—u

riu 0 YoM Yo
2 Y2 211
= ——— —yu—au” — - v< (r—m)u— - )
1+ kv Mo Mo
Aoy -
=|r—my+- (u—a) <0
Mo

as 0 <« < Consequently, ®. is an invariant region.
3 Constant steady state solutions, stability and bifurcation
3.1 Constant steady state solutions

Theorem 3. For system (1), the following conclusions hold:

i. If r <, then system (1) has only the trivial constant solution

Eo = (0,0);
ii. Ifr<s +av5ab/im )., then system (1) has a predator-free constant
steady state solution £ = (r-)/e.0) denoting the extinction of

predator, while system has no positive constant steady state
solution

iii. Ifr <+ +avsion ) then system (1) hasa unique positive constant
steady state solution.

Proof- Obviously, (i) and (ii) hold. The positive constant steady state
solution £* =(u*,v*) satisfies

¥ My UV mou?

From the second equation of (6) we have
according to the first equation of (6), we obtain

Biv? + Bov+ B3 =0,
where
Bi1 = kmqu®,

i) :
By = myu* 4+ y1ku*? 4+ byik + aku*® + abku®,

()

Bz = (71 —1)(b+ -u*Z) + au*3 + abu*.
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Clearly, B,.B, > 0. Therefore, Eq. (7) has at most a positive root as
that 5, < 0., which means that + < <+ayv3:0/0m — ). Therefore, we have the
conclusion.

3.2 Stability

Recallthato = po < w1 < 2 < -+ < pn < -+ = ooare the eigenvalues of
the Laplace operator —A on 2 under homogeneous Neumann boundary
condition, and S(u,). is the space of eigenfunctions corresponding to 1 in
wi2(0). Let X =[w'2(2)? {4;: j = 1.....dim[S(u,)]} be an orthonormal basis of
S(un). and X, = {c¢s;: ¢ € R?}. Then

o0 dim[S (5]
X = @ X; and X, = @ O
i=1 i
Assume that (..) is a constant solution of system (1), then we have
P ¢ A O
UZ =.[ i) = D At Jtuv) ;

with domain x = {(6.v) € H2(2) x H2(2): 96/0 = 0}. where

dy 0 Ay(u,v)  As(u,v)
1) = ; dlag={ ,
0 dy As(u,v) Ay(u,v)
and
; P ) 2m buv / & rkuv myu?
g k(R (T e
, 2mobuv ‘ mau?
443(1,[. l") m. 144(11. l,’) = —%Yp + bt . 5

For each i=0,1,....X; is invariant under the operator 1, and ) is an
eigenvalue of J, on x; if and only if ) is an eigenvalue of —, D+ (u,v) for all
€ 10,1525+ } := Nos

The direct calculation shows

)\2 — 'Tn)\ + Dn — 01

(8)

where

848



Jia Lin, et al. Spatiotemporal dynamics of a diffusive predator—prey model with fear effect™

T, = —(dy +da)py, + A1 (u,v) + Ag(u,v),

D-n. — dldgpi — (Al (u "U)dg + A_l(’u‘ 't.?)dl)}u..n_
+ Ay (u,v)As(u,v) — As(u,v)As(u,v).

Theorem 4.
i Ifr <, then g - .0 is globally asymptotically stable.
iil. If w<r<otavmifm-m.  then B =(-w/mo is globally
asymptotically stable.

iti. Ifmsw? — 1)/ +42)? —a <0, then g~ is locally asymptotically stable.

Proof- (i) For £, - 0.0), the corresponding characteristic equation is

()\ ~+ dl Hp —T =+ ’]1)()\ + dg,uﬂ + ’}"2) =),

Clearly, we obtain

Hence, if r < 71, then E; is locally asymptotically stable. Note that there
is no other constant steady states in this case. This means that £, is indeed
globally asymptotically stable.

(ii) For £, = ((—~1)/a.0), the corresponding characteristic equation is

m(r — ;)2
A+ dipin +7 —71) (A L S 1‘1)2) -

Obviously,

m(r — '}-'1)2 .
_ — ol
a?b+ (r—1)? e

AL =71 — 7 — dipn, g = —%a +

Consequently, if + <r<y+ayub/im =) then & =(—-)/a0 is locally
asymptotically stable. In fact, £, is globally asymptotically stable.
It follows from Theorem 1 that timsup, ., maxsu(-.#) < (- = +1)/as0 for e > 0.

™ — Y-
e B T e B
a

By the second equation of (1) we have

mo (=2 4 €)?
v — doAv < z'( 2( a4 ) — '\'2) _
b a3 ( /g ﬂ;l g 6)2
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ThCl‘CfOl‘C, lim sup,_, , oo maxg v(-, 1) <0, and there exists ty >ty such
thate(.1) < et > .. Then by first equation of (1), one have

U : myu’e

2
—— —mu—au" — ——, t>ty, x € (2l
14 ke

uy — di1Au = L

Then we obtain that tminf, . mingu(-t) > (- 7)/e. Combining with
lim infe s ming u(-#) > (- — 71)/a. allows us to derive

4 ¥ — Jr.]_
lim max |u(-,t) — ——| = 0.
t—+o0, 2 a

Hence, = is globally asymptotically stable when 7 < <i+ay/ub/im =2,
(iii) For the positive steady state E°= (o) A7) = 0and Ayt o) =
u*(myo*(u? =b)/(b+u?? —a).  Hence, the corresponding characteristic
equation is
2 3 * * 5 2
e — (Aﬂu %) — (dy + dg)pﬂ)/\ + dida iy,
— Ay (v, v")doptn, — Ag(u™,v™)As(u*,v™) = 0.

Obviously,

)\1 = /\2 — —pf.n(dl i (lg) == 441("&‘*. "E’*).

Mg = didop? — Ay (u*, v*)dapn — Aa(u*, v*)As(u*, Ui

All roots of (9) have negative real parts if

miv* (u*? — b)
(b+ u"?)?

Therefore, the positive constant steady state e+ - (u,0r) is locally
asymptotically stable when condition (10) holds.
Remark 1. Theorems 3 and 4 show that when € (0.-1], system has only

—a < 0.

trivial constant solution &, - (0.0, and it is globally asymptotically stable;
when 7 increases and enter the interval + <r <7i+ayazb/(me—12),, E, lose s
its stability to a predator-free constant to a positive steady state £ and
when 7 further passes < <vi+ava2b/m: —12). By loses its stabilityto a positive
steady stateg+ . We can conclude that as the parameter r increases, the
model experiences two bifurcations of constant steady state.

Remark 2. Obviously, the conditions of Theorem 4 are independent of
the diffusion. Consequently, the conclusions of Theorem 4 are still valid
for the corresponding ODE model. In addition, we can also conclude that
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the diffusion cannot destabilize the positive steady statep+. Therefore, the
PDE system (1) cannot occur Turing instability/bifurcation.

3.3 Hopf bifurcation

In this subsection, we will discuss the bifurcation of system (1). Let the
parameters . k.a. b, 71,72, m1, me and i and & be fixed, and be fixed, take
dy > 0. as a bifurcation parameter.

Theorem 5.

i If et —5)/0+u2? = o holds, then spatially homogeneous Hopf
bifurcation occurs.

ii. If dyn <A, let ng be the largest positive integer such
that A;(u*,v*)—dim, > 0. In addition, we assume that de, # dan,
whenever n, # no, L<ny,ng <no, , and

A . A
: < g1 < ming —A; + \/TQALJ, 11
a1

2(.7.1

(11)
Then system (1) undergoes spatially inhomogeneous Hopf bifurcation at

@£ for 1 <miina <no, where i, = ((uw,%) = dypn) i,

Proof (1) If s —n/0+u2? = holds, then 7 -017 200 > 1.
andp, > 0. and D, > 0w > 1. Therefore, Eq. (8) has a pair of pure imaginary
roots A={+vDu}. which means that spatially homogeneous Hopf
bifurcation occurs.

(i) From the assumption it follows thatzi() = o.7.%) #0 for » > 0
and To(dx) = By(u*.v*) > 0. In addition, Do(dan) = ~Aa(u*.v*) 4a(u*.v*) > 0 fOr anyd, > 0.

Clearly,
Dh(dl) = —=d3pd 4+ 2di Ay — AT — AsAs.

Obviously, if condition (11) holds, then p.w#) - .. Moreover, if ju > Bi/(241).
then

a7

dpty,

— 2(11(52#71 = flldg 2 ledgp‘l = f'lldg =

Therefore, n.# is nondecreasing with respect to 7. Hence,
whenn > 2 Di(a#) > pu(@) > 0. Therefore, when 4, is near . Eq. (8) has a pair

of conjugate eigenvalues
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B %{—Tl(dg) + \/T2(dy) — 4D¥(dn)}.

Clearly Ré ()= —u2#0.
As a result, Hopf bifurcation occurs at ., which also means that
system (1) has a family of inhomogeneous periodic solutions near .

4 Nonconstant steady states

In this section, we will discuss nonexistence and existence of nonconstant
steady state of system (1). To this end, we consider the following elliptic

System:
. 2
_ U ; miu“v
—diAu= ——— — ~ju—au® — ——%, T €L,
14+ kv b4+ u
o2
miu =
—doAv = v v — ———= & €82
| b_|_ _u_Z (12)

4.1 A priori estimates

To derive some priori estimates for nonnegative solutions of system (12),
we need the following technical lemma [12].

Lemma 1 [Maximum principle]. Suppose that < isa bounded domain
in R and g€ c@) <wi-cm @) is a weak solution of the inequalities

0z(x)

Az+glz,z(zx)) =20 in {2,
g(a (1)) in 3

<0 onof?

and if thereis a constant K such that o(v.=) < 0for= > K, then = < K a.e. in 1.

Lemma 2 [Harnack inequality]. Suppose that c()ec(2) and
we cA(@)nc'(en) is a positive classical solution to Aw(r)+c(r)w(r) = 0in 2 subject
to the homogenuous Neumann boundary condition. Then there exists a
positive constant c. = ¢.(|e(+)[.. 2) such that

max w(z) < Cy minw(x).
9,

For the sake of discussion, we shall write A = Ady. da. r. k. y1. 72, my. 2, a.b).

Theorem 6 [Upper bounds]. Suppose that (u(+).«(x)) is a nonnegative
solution of (12), then either (u(x).«(+)) is one of constant solutions (0,0) and
((r — 71)/a.0) OF fOr « € T, (u(x), o(x)) satisfies
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0 <ulz)<M;, 0<uv(z)< M,,
(13)

where

r— mq(r — d”Q )2

. TSN R

a 4(1 Mmoo

Proof. 1f there exists ., e @satisfying o(x) = 0. then by the strong
maximum principle, »(x) =0and

—d1Au = ('I’ — g u—aul; zel’
ou

on

=0, ze& 0l

Thus,u=0o0ru= (r —y)/a. Otherwise, u(x) > 0 and v(x) > 0 for € 0.
Further, from Lemma 1 we obtain that u(x) < (r —~1)/a := My, and by
the strong maximum principle, we have u) < 11, for all » e . Then

mo myyav
diAu + —dsAv | = - B
my l ma

117y
. i u— au? _ 2 dlu—l——dga
(12 12 my

divye
=+ il )? . ma
_ 2 diu + —dsv
da (12 nma

It can be obtained from the maximum principle that

e o L d19202

Mo do(T — 71 + do )
diu + —dsv <

mi da~ys

Therefore,
1 mo mi(r — vy + dwg)
L diu+ —dyv | < - 1= M.
doms my damoys
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Theorem 7. Let 4 be a positiveconstant. Then for di,dy > &, there exists

two positive constants cadC with c<c depending possibly on A such that
any solutions (u(x).o(r) of system (12) satisfies

O ulx)v(x)< C.

PTOOf.WC choosez - max{My, Mo}, so u(z),v(z) < T’y for any » e .
Next, we shall prove u().o(x) > .. Let

" P myu(x)v(x)
ca(z) =di| ———— — 11 — au(z) —
1(2) 1\ 1+ ku(z) - 2 b+ u?(x)
2
_ myu”(x)
ca(z) = dy | —v2 +
2(2) & 2T b+ ()
Thus,
m ?2
Icl(.z:)| & dl_l(r — 11 +aC), ’C‘Q(J-‘)I & (52—1 (’}-2 + 1_2) .
b+ C

Lemma 2 shows that there exists a positive constant ¢, such that

max u(x) < Coyminu(x), max v(x) < Cominwv(x).
7} Q 0 Q

Hence, now it remains to prove that there exists ¢; > 0 such that

max u(x) = Cs, max v(z) = Cs.
2 (14)

Contrariwise, let us assume that (14) does not hold. Then there exists
a sequence (u(«).w(x)) such that

maxu, — 0 or maxv, -0 asn — +4oo.
2 2

By the regularity theory for elliptic equations, there exists a
subsequence of {(u,.:)} , which will be denoted again by ((....)y such that
({0 00)} = (0.10) iN C?(2) @S n — +00. Note that uo < (- 1)/ and from (15) either
up = 0 or v = 0. Therefore, we have that

i. uo =0, vy Z 0; orug = 0, v = 0;
il.  w#0,00=0,

854



Jia Lin, et al. Spatiotemporal dynamics of a diffusive predator—prey model with fear effect™

Also, {(u.v.)} satisfy (13), so do u and v. Letting n — ~c, we get that (u.,
v.) is a positive solution of (12). Therefore, by integrating Eq. (12) for u,
and v. over (2, we have

2
TUp o  MMULVL,
—f——————qlun——aun—————————)(iy::O,
/ (1 + kvn b+ u?
(9

i 2

miu
/'l.‘n (—"}'2 -+ b—l——lg) dis =1,
:Q n

(i) In this case,u, = 0. then

and v. > 0. then

el —w+c——2 ] <D
o 20 4 -'u.,?l

{2

for sufficiently large n2. So, we obtain a contradiction.
(ii) If uo # 0.0 = 0. using the first equation of (12). So, u = (—~1)/« for large

.

Thus
2
'r"_
| -mlui '???-1(&7’51) :
S e — T # 0,
b+ u2 . IF=1)
a
So, we have
1 ?1-1'1&-31
Ul —7 75 0

o+
T ey 75
2

for a sufficiently large 7., which is a contradiction. This completes the

proof.
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4.2 Nonexistence of nonconstant positive stmdy states

In this subsection, we show the nonexistence of positive steady state
solutions when the diffusion coefficients & and 4. are large.

Theorem 8. For any fixedr, & 71 42 m1, ma. band o, there exists a positive
constant ¢« such that if win{¢, 4} >, then (12) has no nonconstant
solutions.

Proof. Assume that (u(x).«(x)) is nonnegative solution of (12). Denote

~ fﬂ u(x) de _ f v(x) d:

TE= - and =

ObViOUSI}G Jotu—mar=0 andy, - a-=o. For the purpose of discussions, let
H(u.v) =w?v/(b+*). By the mean value theorem of bivariate functions, we
have

H(u,v)—H(u,v) = H,(§n)(u—1a)+ H,(§n)(v— 7).

Obviously, &, = 2buv/(b+2? < Ky, B, = u2/0+u?) <1, Where K, =20605/5.
Multiplying both sides of the first equation of (12) by .+ and using
Theorem 6, we get

dq / |V(u—ﬂ)‘2 du
2

. = T NE i DU S .
=0 f(u 11.)(1_'1“‘ nu—au”—H(u,v) T Tu—au H(u, z)) du
L9

< (r+rkMy+y+2Mya) /(U—E)Q<:1;{'A('1‘A';U1 +1) f |u—il||lv—7| da
0

< ( Amuﬁnﬁmla#“h )/uu dz
2

JMy 41
+7, ;Jr /(t'—5)2 dir.
n (16)

Applying Theorem 6 and by multiplying » — & to the second equation
in (12) and then integrating on 12, we have
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da / ‘V(-z.' — -‘F)‘de
Q

— /(a — ) (v2(v — ) + H(u,v) — H(a,v)) dx

1
<(y2+1) /(l —9)2dz + K3 / |lu — @|||v — 2| d,

2

K
\<\(1ﬁ-2—|—1+ ;1)f(t‘—z)2cix —l——/ (u —@)? dz.

2 (17)

Using the Poincaré inequality,
11 /(u-u)2 de < /|V(’uu)|2 de, /(z;r)g du < /V(l?l‘)|2 di,
£2 £2 2 2

where /11 is the second eigenvalue of the Laplace operator - on cunder
homogeneous Neumann boundary condition.

Combining (16) and (17) leads to

(31;11/ u—1u) 2da + dapy (v —'5)2 dx
7)
<A

/(u— )* dx + B

2

(v — v)? dx,

D\_, bt_\\-

where

rkM,+1 Ky

A=r+1kM3 + 71+ 2Ma + g L
rkM; 3 1S
2 2 2
This implies that
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1
min{d;,ds} > d* = — max{ A, B},
H1

then we can conclude that
Yia—a)=Vipg—12)=D

4.3 Existence 0f nonconstant positive steady states

To study the existence of nonconstant positive solutions, we use Leray—
Schauder degree theory. Let w = (u.v) and

T ma -!4‘2'{’ !7?-2'U2 T
F(w) = — mu — au? — — v e+ —— :
() 1+ky b+ u2 LI

Thus, (12) can be rewritten as

p
—DAw = F(w) in ‘_W = B-an 2,

an

or equivalently,

Fw)=w—(I—-A)"YD'F(w)+w) on 45

where (- 2t represents the inverse of 7 — A with the homogeneous
Neumann boundary condition. From (18), by a direct computation, we
have

Fuw(W*)=I—(I—-A)" (D 'Fu(w*) +1), w*=(u*v").

Clearly,
; 1
H(dy. dy: pr) = det[ul — D™ 'Fyy(w")] = ——- det[uD — Fyy (w")].
19
2 "4-1(“*- U*) x"lg(i_l*. l‘*)fl:a(u*_ 1!*J
=W = _
dl (ildg

where
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miv*(a? — b)

A;(u*,v*) = u* T + ) —g
st = — rku*v* i -372-1'1-'1‘ 20,
(14+kv*)?2 b+ u™?
_ 2mgbuto”

‘43(1{.*. "E_..-‘*) = (E) n “_*2)2 b 1

Obviously, if 4,(u*,v*) <0, then #(,, a0 >0 forall x> 0. If

doAq(u*,v*) > -\/—4(11(172}12(?1.*.-'.1:*)443(11.*.,'zv*)._

then #(d,.4:p) > 0 has two positive roots as follows:

do Ay (u*, v*) — \/d3 A% (u*, v*) + 4dydo Ay (ur, v*) Az (u*, v*))

ol 2dyds
o do A1 (u*,v*) + /d2A%(u*, v*) + 4ddida Aa(u*, v*) As(u*, v*¥))
ledg '
Set I'={po,pi1.pra.... band A= {p > 0: p= < p < pt} ObVlusly,
: , By (u*, v*
lim p~(di,d2) =0, lim pt(dy,ds) = 1(—)
do—ro0c do—+o0 dl

Theorem 9. Assume that

dy  —4As(u*,v*)Az(u”,v")
- 5 ;
dy A2 (u*,v*)

and there exist i,j € N such thato<u < < < < w < i, and $i,mtu) is
odd. Then there exists at least one nonconstant solution of (12).
Proof. Let 4 be defined in Theorem 8, and for ¢ < [0, 1],

£ g f BT (ld—*t o d%) (u,v)
At(w) = (=A4+1) U= (ld:t =+ %)Q(u,z)

Consider the following problem:
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. ow :
Ai(w)=w in (2, — =0 on 912
[’)I’I (19)

It is easy to see that solving (12) is equivalent to find a fixed point of
Aw) with ¢ = 1. w* is the unique constant solution of (19) for any < [0.1],
By the definition of ¢+ in Theorem 8, one have that g+ is the only fixed
point of A,.

deg(l — Ag, A,0) = index(I — Aq, A, E*) = 1.

Since 7 =1 - #(.1) and if (12) has no nonconstant positive solution, then
we have

deg (T — Ay. A,(0,0)) = index(F, w*) = (—1)Z;:J+lm(‘”"‘) = —1.

In addition, by the homotopy invariance of the topological degree,

deg(I — Ap, A,0) = deg(I — A1, A,0),

which is a contradiction
S Numerical results and discussions

In this section, we take some numerical simulations to discuss the effect
of diffusion and the cost of fear.

5.1 The effect of diffusion

In order to discuss the effect of diffusion, in @ = (0.20). we assume the
parameters  values:: = 0.8,k = 50,1 = 0.2, 0 = 0.2, b = 0.02, my = 0.6, ms = 0.3, 75 = 0.2,
dy = 0.001 and dy = 0.5. A direct calculation shows that system (1) has a
positive steady stateE* = (0.2,0.0528). According to Theorem 4, the positive
stcady state is unstable. Figure 2 shows that system (1) has a stable
limit cycle around the positive steady state g+ with the initial conditions
ug(x) = 0.2 +4-107*cos(2r), vo(x) =0.0528 + 5 - 10~ cos(2u).

However, if we change the diffusion rate of ¢ to be ¢, = 1. we find that
the stable limit cycle is broken with the occurrence of spatial pattern (see
Fig. 3), where the periodic pattern disappears and a strip pattern appears.

860



Jia Lin, et al. Spatiotemporal dynamics of a diffusive predator—prey model with fear effect™

Figure 2
The positive steady state E# = (0.2, 0.0528) is unstable, and there exists
a stable limit cycle with the initial values u0(x) = 0.2 + 4 10—4 cos(2x),
v0(x) = 0.0528 + 5 10—4 cos(2x) and the diffusion rate d2 = 0.5.

Furthermore, if we vary the diffusion coefhicient ¢ from ¢ - 1w0d - 000,
then we find that system (1) is chaotic (see Fig. 4).

We further find that different initial conditions with the same
diffusion rate 4, - 12 can lead to different spatial patterns that can be
stationary or periodic (Fig. 5).

L] 200 400 600 800 1000 1200 o 200 400 800 800 1000 1200
£ t

Figure 3
The emergent stationary spatial pattern with the initial values u0(x) = 0.2 + 4 -
10—4 cos(2x), vO(x) = 0.0528 + 5 - 10—4 cos(2x) and the diffusion rate d2 = 1.
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System (1) is chaotic with the initial values u0(x) = 0.2 + 4 - 10—4 cos(2x),

vO(x) =

0.0528 + 5 - 10—4 cos(2x) and the diffusion rate d2 = 0.002.
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Figure 5

predatorv
s o =

Spatial patterns and spatially averaged population dynamics for different
random perturbed initial conditions with the same diffusion rate d2 = 1.2.

5.2 Effect of the cost of fear

Choose
r o= 08 k= 30, i = 0.2, ¢ = 002, b = 002, i = 0.6, mz = 0.3,

dy = 0,001, dy = 1and 2 = (0,7). Calculations show that system (1) hasa unique
positive steady state £+ = (0.0325.0.2000. According to Theorem 4, we observe
that the positive steady state £+ of system (1) is locally asymptotically
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stable, and the dynamic behaviors of system (1) is illustrated graphically
in Fig. 6.

From above discussions we can obtain that fear can affect the stability
of the positive steady state, and it can induce the Hopf bifurcation, which
is different from the results found in [14, 19] with linear functional
response (see Fig. 9). Figure 9 shows that there exists a threshold value
kO such that when &« (0.1 system (1) has a periodic solution. But when k
passes the threshold value, then system becomes stable.

Figure 6
The positive steady state E# = (0.0325, 0.2000) is locally asymptotically stable.

v(x,t)

Figure 7
Hopf bifurcation of system (1) with k = 20.37.

0,3 T T T T

0.25

predator v
S 8
n Ma

o
=

2

Figure 8
The positive steady state v# with varying the cost of fear k.
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max « and min u

25

max v and min v
o
=

Figure 9

The maximum and minimum of prey u and predator v with the cost of fear k varying in [0, 50].

If we choose & =2037, while other parameters do not change,
according to Theorem 5, system (1) undergoes spatial homogencous
Hopf bifurcation (see Fig. 7). It is shown that system (1) has spatially
homogeneous periodic solutions emerged from the positive steady state
E*.

In addition, we find that the positive steady state can be changed by the
different value of the cost of fear. Figure 8 shows that the positive steady
state ¢* decreases with increasing of the cost of fear.

6 Conclusion

A diffusive predator—prey model with the fear effect is studied in our
paper. We derive some basic dynamics of the system and give condition
for the existence of the positive steady state. According to eigenvalue
analysis method, we investigate the stability and bifurcation of the
positive constant steady state. We also give some conditions for the
nonexistence and existence of nonconstant solutions of the system.

Theorems 3 and 4 show that the birth rate of prey r can not only induce
the static bifurcation, but also can induce saddle-node bifurcation.

Theorem 4 indicates that the diffusion can not induce the Turing
instability/bifurcation. However, Theorem 5 provides that the diffusion
can induce the inhomogeneous Hopf bifurcation, which can lead to the
formation of spatial patterns. Furthermore, Theorem 9 shows that system
(12) has at least one nonconstant positive solution under the effect of
the diffusion. From Section 5.1 we can obtain that the different diffusion
rate 4 can lead to different spatial patterns, which can be periodic (Fig.
2), stationary (Fig. 3) and chaotic (Fig. 4). In addition, we also find that
system has different spatial patterns with the different initial conditions
(Fig. 5).

We further obtain that the fear effect can reduce the density of
predator: with increasing the cost of fear, the density of predator
population decreases at the positive steady state (see Fig. 8). From Section
5.2 it is obtained that the fear can prevent the occurrence of limit cycle
oscillation and increase the stability of the system (see Fig. 9).
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