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Abstract:
							                           
In this paper, we consider the existence of infinitely many sign-changing solutions for an elliptic equation involving double critical Hardy–Sobolev–Maz’ya terms. By using a compactness result obtained in [C.H. Wang, J. Yang, Infinitely many solutions for an elliptic problem with double Hardy–Sobolev–Maz’ya terms, Discrete Contin. Dyn. Syst., 36(3):1603–1628, 2016], we prove the existence of these solutions by a combination of invariant sets method and Ljusternik–Schnirelman- type minimax method.
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1 Introduction and main results


Let [image: 694173273003_gi5.png] and [image: 694173273003_gi6.png]
[image: 694173273003_gi7.png]. are the critical Hardy–Sobolev–Maz’ya exponents, [image: 694173273003_gi8.png] is an open bounded domain in [image: 694173273003_gi9.png] We study the following equation:



[image: 694173273003_ee3.png](1)



where [image: 694173273003_gi10.png] is a positive function, [image: 694173273003_gi11.png] It is well known that solutions of (1) are critical points of the corresponding functional [image: 694173273003_gi12.png]


given by



[image: 694173273003_ee4.png](2)



By using the following Hardy–Sobolev–Maz’ya inequality (Lemma 1), we know that [image: 694173273003_gi13.png] is well defined and [image: 694173273003_gi14.png] functional on[image: 694173273003_gi15.png] for any open subset of [image: 694173273003_gi16.png]


Since (1) involves the double critical Hardy–Sobolev–Maz’ya exponents, we can use the pioneering idea of Brézis and Nirenberg [5], or the concentration compactness principle of Lions [16, 17], or the global compactness of Struwe [23] to show that (2) has a critical point, then get a positive solution to (1).

When [image: 694173273003_gi3.png] and [image: 694173273003_gi4.png]
(1) is related to the well-known Brézis– Nirenberg problem [5]



[image: 694173273003_ee5.png](3)



where [image: 694173273003_gi17.png] is the critical Sobolev exponent. Since the pioneering work of [5], there are some important results on this problem. See, e.g., [6, 8, 9, 11, 25]. Here we would like to point out [10]. In this paper, Devillanova and Solimini proved that when [image: 694173273003_gi18.png], (3) has infinitely many solutions for each [image: 694173273003_gi19.png]. Let us now briefly recall the main results concerning the sign-changing solutions of (3) obtained before. If [image: 694173273003_gi20.png] and [image: 694173273003_gi21.png] is a ball, then for any [image: 694173273003_gi22.png], (3) has infinitely many nodal solutions, which are built by using particular symmetries of the domain [image: 694173273003_gi23.png] (see [12]). In [22], Solimini proved that if [image: 694173273003_gi24.png] is a ball and [image: 694173273003_gi25.png], for each [image: 694173273003_gi26.png], (3) has infinitely many sign-changing radial solutions. When [image: 694173273003_gi27.png] is a ball and[image: 694173273003_gi28.png], there is a [image: 694173273003_gi30.png] such that (3) has no radial solutions, which change sign if [image: 694173273003_gi31.png] (see [2]). In [12, 22], the symmetry of the ball plays an essential role, hence their methods are invalid for general domains.

When [image: 694173273003_gi32.png], (1) is becoming Hardy–Sobolev–Maz’ya equation



[image: 694173273003_ee6.png]




By using the idea of [10], the authors of [26] obtained infinitely many solutions for Hardy– Sobolev–Maz’ya equation. Ganguly [13] and Wang [29] used different methods to get infinitely many sign-changing solutions. For the existence of infinitely many solutions or infinitely many sign-changing solutions for the related equations, see [14, 24, 30, 32] and the references therein. Very recently, Wang and Yang [27] proved the existence of infinitely many sign-changing solutions for (1).


Theorem 1. 
Suppose that 
[image: 694173273003_gi33.png]
 and 
[image: 694173273003_gi34.png]
 is a bounded domain. If
[image: 694173273003_gi35.png]
[image: 694173273003_gi36.png]
in a neighborhood of 
[image: 694173273003_gi37.png]
, where 
[image: 694173273003_gi38.png]
 is the outward normal of 
[image: 694173273003_gi39.png]
. If 
[image: 694173273003_gi40.png]
 when 
[image: 694173273003_gi41.png]
 and if  
[image: 694173273003_gi43.png]
 when
[image: 694173273003_gi44.png]
, then 
(1)
has infinitely many sign-changing solutions.


Wang and Yang also considered the following nonexistence theorem.


Theorem 2. (See [27].) Suppose that
[image: 694173273003_gi45.png]
and
[image: 694173273003_gi46.png]
for every 
[image: 694173273003_gi47.png]
. Then 
(1)
does not have nontrivial solution in a domain, which is star shaped domain with respect to the origin.



Remark 1. Let [image: 694173273003_gi48.png] be the first eigenvalue of



[image: 694173273003_ee7.png](4)



Since [image: 694173273003_gi49.png] and is strictly positive, system (4) has infinitely many eigenvalues[image: 694173273003_gi50.png]
such that [image: 694173273003_gi51.png] . It is characterized by the following variational principle:



[image: 694173273003_ee8.png](5)



Let [image: 694173273003_gi52.png]
be the orthonormal eigenfunction corresponding to [image: 694173273003_gi53.png]
and [image: 694173273003_gi54.png]. Denote



[image: 694173273003_ee9.png]




Then [image: 694173273003_gi55.png] and[image: 694173273003_gi56.png]  It is easy to know that if [image: 694173273003_gi57.png], equation (1) has infinitely many sign-changing solutions. Indeed, by multiplying the first eigenfunction [image: 694173273003_gi58.png] and integrating both sides, then we can check that if [image: 694173273003_gi59.png], any nontrivial solution of (1) has to change sign. Therefore, by the result of [28], to prove Theorem 1 it suffices to consider the case of [image: 694173273003_gi61.png].


Remark 2. When [image: 694173273003_gi62.png] and [image: 694173273003_gi63.png], Cao and Peng [6] considered the following system:



[image: 694173273003_ee10.png](6)



They obtained a pair of sign-changing solutions to (6). In [8,32], the authors get infinitely many sign-changing solutions for (6). They only considered the case [image: 694173273003_gi64.png] In another case, [image: 694173273003_gi66.png], the mean curvature of [image: 694173273003_gi67.png]
at [image: 694173273003_gi68.png] plays an important role in the existence of mountain pass solutions, see [3,6,14]. As it is pointed in [4,31], there are some differences between the case [image: 694173273003_gi69.png] and [image: 694173273003_gi70.png]. When[image: 694173273003_gi71.png], solutions of (6) have a singularity at [image: 694173273003_gi72.png], and the authors of [8, 32] impose the condition[image: 694173273003_gi73.png]. If [image: 694173273003_gi74.png], no such condition is needed. So the estimates for the case [image: 694173273003_gi75.png] and the case [image: 694173273003_gi76.png] are very different. Therefore we have generalize the results in [32] to the case [image: 694173273003_gi77.png].


Remark 3. In order to prove the results, Wang and Yang [27] first used an abstract theorem, which is introduced by Schechter and Zou [21]. Then by combining with the uniform bounded theorem due to [28], the authors of [27] obtained infinitely many sign-changing solutions. The methods introduced in [4, 8, 13, 21, 31] sometimes are limited because, by general minimax procedure to get the Morse indices of sign-changing critical points, sometimes are not clear. Another limited condition is that the corresponding functional is also needed to be [image: 694173273003_gi78.png].

Before giving our main results, we give some notations first. We will always denote [image: 694173273003_gi79.png] Let [image: 694173273003_gi80.png] be endowed with the standard scalar and norm



[image: 694173273003_ee11.png]




The norm on [image: 694173273003_gi82.png] with [image: 694173273003_gi83.png] is given by [image: 694173273003_gi84.png]
[image: 694173273003_gi86.png] with the norm  [image: 694173273003_gi87.png], where [image: 694173273003_gi89.png] denote the Lebesgue measure in [image: 694173273003_gi90.png]. Denote [image: 694173273003_gi92.png] and [image: 694173273003_gi93.png]


We will use the usual Ljusternik–Schnirelman-type minimax method and invariant set method to prove Theorem 1. Our method is much simpler than the proof of [27]. In fact, our approach also works for the Brézis–Nirenberg problem involving subcritical perturbation term [image: 694173273003_gi95.png], which is not [image: 694173273003_gi96.png]. However, the techniques developed by Wang and Yang [27] or Schechter and Zou [21] cannot be applied directly. Let us outline the proof of Theorem 1 and explain the difficulties we will encounter.

In general, by using the combination of invariant sets method and minimax method to obtain infinitely many nodal critical points, we need the energy functional satisfies the Palais–Smale condition in all energy level. This fact prevents us from using the variational methods directly to prove the existence of infinitely many sign-changing solutions for (1) because [image: 694173273003_gi97.png] does not satisfy the Palais–Smale condition for large energy level due to the double critical Hardy–Sobolev–Maz’ya exponents [image: 694173273003_gi98.png] and [image: 694173273003_gi100.png].

In order to overcome the difficulty, we will adopt the idea in [10, 24] and [4, 31]. We first study the following perturbed problem:



[image: 694173273003_ee12.png](7)



where [image: 694173273003_gi101.png] is a small constant. The corresponding energy functional is



[image: 694173273003_ee13.png](8)



By the following lemmas, we will know[image: 694173273003_gi102.png] is a [image: 694173273003_gi103.png] function on [image: 694173273003_gi104.png] and satisfies the Palais–Smale condition. It follows from [1, 20] that [image: 694173273003_gi105.png] has infinitely many critical points. More precisely, there are positive numbers[image: 694173273003_gi106.png], with [image: 694173273003_gi107.png] as [image: 694173273003_gi108.png]. Moreover, a critical point [image: 694173273003_gi109.png]
for [image: 694173273003_gi110.png] satisfies [image: 694173273003_gi111.png]


Next, we will show that for any fixed [image: 694173273003_gi112.png] are uniformly bounded with respect to [image: 694173273003_gi113.png], then we can apply the following compactness result Proposition 1 (see [28, Thm. 1.3]), which essentially follows from the uniform bounded theorem due to Devillanova and Solimini [10], to show that [image: 694173273003_gi114.png]  converges strongly to[image: 694173273003_gi115.png]
in [image: 694173273003_gi116.png] as [image: 694173273003_gi117.png].

Therefore it is easy to prove that [image: 694173273003_gi118.png]
is a solution of (1) with [image: 694173273003_gi119.png]



Proposition 1. (See [28].) Suppose that
[image: 694173273003_gi120.png]
 and 
[image: 694173273003_gi121.png]
 satisfies the conditions in Theorem 1. If  
[image: 694173273003_gi122.png]
 when 
[image: 694173273003_gi123.png]
 and 
[image: 694173273003_gi124.png]
 when 
[image: 694173273003_gi125.png]
, then for any sequence 
[image: 694173273003_gi126.png]
, which is a solution of (7) with  
[image: 694173273003_gi127.png]
satisfying 
[image: 694173273003_gi128.png]
 for some constant independent of 
[image: 694173273003_gi129.png]
 has a sequence, which converges strongly in 
[image: 694173273003_gi130.png]
[image: 694173273003_gi131.png]
.

In the end, we will distinguish two cases to prove that [image: 694173273003_gi132.png] has infinitely many sign- changing critical points.


Case I. There are [image: 694173273003_gi133.png] satisfying [image: 694173273003_gi134.png]



Case II. There is a positive integer [image: 694173273003_gi135.png] such that [image: 694173273003_gi136.png] for all [image: 694173273003_gi137.png].

The central task in this procedure is to deal with case II. In fact, we can prove that the usual Krasnoselskii genus of[image: 694173273003_gi138.png] is denoted in Section 2) is at least two, where[image: 694173273003_gi139.png] Then our result is obtained.

Throughout this paper, the letters[image: 694173273003_gi140.png]
will be used to denote various positive constants, which may vary from line to line and are not essential to the problem. The closure and the boundary of set [image: 694173273003_gi141.png] are denoted by [image: 694173273003_gi142.png] and [image: 694173273003_gi143.png], respectively. We denote [image: 694173273003_gi144.png] weak convergence and by [image: 694173273003_gi145.png] strong convergence. Also if we take a subsequence of a sequence [image: 694173273003_gi146.png], we shall denote it again [image: 694173273003_gi147.png].

The paper is organized as follows. In Section 2, we introduce some notations and Hardy–Sobolev–Maz’ya inequality. In Section 3, we give an auxiliary operator [image: 694173273003_gi148.png]
and construct the invariant sets. We give the proof of Theorem 1 in Section 4.





2 Preliminaries


Now we give some integrals inequalities, for details we refer to [19].


Lemma 1 [Hardy–Sobolev–Maz’ya inequality]. 
Let 
[image: 694173273003_gi149.png]
 then there exist a positive constant 
[image: 694173273003_gi150.png]
 such that




[image: 694173273003_ee14.png](9)



for all [image: 694173273003_gi151.png]



Lemma 2. (See [13].) If 
[image: 694173273003_gi152.png]
 is a bounded subset of 
[image: 694173273003_gi153.png]
 then




[image: 694173273003_ee15.png]





with the inclusion being continuous whenever  
[image: 694173273003_gi154.png]



Remark 4. If [image: 694173273003_gi155.png] for [image: 694173273003_gi156.png] then [image: 694173273003_gi157.png] with



[image: 694173273003_ee16.png]




For each [image: 694173273003_gi159.png] and[image: 694173273003_gi160.png], we define



[image: 694173273003_ee17.png]





Lemma 3. (See [13].) Let 
[image: 694173273003_gi161.png]
 and 
[image: 694173273003_gi163.png]
, then the embedding 
[image: 694173273003_gi164.png]

is compact.


By Lemmas 2, 3 and Hardy–Sobolev–Maz’ya inequality, we know that the singular term [image: 694173273003_gi165.png] and [image: 694173273003_gi166.png] are finite and [image: 694173273003_gi167.png] where [image: 694173273003_gi168.png] isindependent of [image: 694173273003_gi171.png]. Therefore [image: 694173273003_gi172.png]
is a [image: 694173273003_gi174.png] function on [image: 694173273003_gi175.png] By Lemma 3, [image: 694173273003_gi176.png]
satisfies the Palais–Smale condition. In order to prove Theorem 1, it is enough to obtain sign-changing critical points for the functional [image: 694173273003_gi177.png].

Fix [image: 694173273003_gi178.png] In the following, we will always assume that [image: 694173273003_gi179.png]
[image: 694173273003_gi180.png]. In order to construct the minimax values for the perturbed functional [image: 694173273003_gi181.png], the following two technique lemmas are needed.


Lemma 4. 
Assume 
[image: 694173273003_gi183.png]
 Then there exists 
[image: 694173273003_gi184.png]
 such that for all 
[image: 694173273003_gi185.png]




[image: 694173273003_ee18.png]





where 
[image: 694173273003_gi187.png]



Proof. Since [image: 694173273003_gi188.png]
is finite dimensional, by Lemma 2, we know that [image: 694173273003_gi189.png] is defined as the norm on [image: 694173273003_gi190.png]  There is a constant [image: 694173273003_gi191.png] such that [image: 694173273003_gi192.png] for all  [image: 694173273003_gi193.png] Therefore



[image: 694173273003_ee19.png]




Since[image: 694173273003_gi194.png] and [image: 694173273003_gi195.png], we have that [image: 694173273003_gi196.png] The proof is complete.


Lemma 5. 
For any 
[image: 694173273003_gi197.png]
[image: 694173273003_gi198.png]
, 
[image: 694173273003_gi199.png]
 there exists 
[image: 694173273003_gi200.png]
 such that




[image: 694173273003_ee20.png]





Proof.




[image: 694173273003_ee21.png]




Since[image: 694173273003_gi201.png] and [image: 694173273003_gi202.png], there exists [image: 694173273003_gi203.png] such that [image: 694173273003_gi204.png] The proof is complete.

Lemma 5 implies that 0 is a strict local minimum critical point. Then we can construct invariant sets containing all the positive and negative solutions of (1) for the gradient flow of [image: 694173273003_gi205.png]. Therefore nodal solutions can be found outside of these sets.





3 Auxiliary operator and invariant subsets of descending flow


For any [image: 694173273003_gi207.png]
[image: 694173273003_gi208.png], let [image: 694173273003_gi209.png] be given by



[image: 694173273003_ee22.png]




for [image: 694173273003_gi210.png]. Then the gradient of [image: 694173273003_gi211.png] has the form



[image: 694173273003_ee23.png]




Note that the set of fixed points of [image: 694173273003_gi212.png] is the same as the set of critical points of [image: 694173273003_gi213.png], which is [image: 694173273003_gi214.png] . It is easy to check that [image: 694173273003_gi215.png] is locally Lipschitz continuous.

We consider the negative gradient flow [image: 694173273003_gi216.png] of [image: 694173273003_gi217.png] defined by



[image: 694173273003_ee24.png]




Here and in the sequel, for [image: 694173273003_gi218.png], denote [image: 694173273003_gi219.png], the convex cones



[image: 694173273003_ee26.png]




For [image: 694173273003_gi220.png] we define



[image: 694173273003_ee27.png]




In the following, we will show that there exists [image: 694173273003_gi221.png] such that [image: 694173273003_gi222.png] is an invariant set under the descending flow for all [image: 694173273003_gi223.png]. Note that [image: 694173273003_gi224.png] contains only signchanging functions, where



[image: 694173273003_ee28.png]




since [image: 694173273003_gi225.png] contains only signchanging functions. By a version of the symmetric mountain pass theorem, which provides the minimax critical values on [image: 694173273003_gi226.png], we can prove that (6) has infinitely many sign-changing solutions.

For any [image: 694173273003_gi228.png] and [image: 694173273003_gi229.png] denotes the open [image: 694173273003_gi230.png]neighborhood of N , i.e.,



[image: 694173273003_ee29.png]




whose closure and boundary are denoted by [image: 694173273003_gi231.png] and [image: 694173273003_gi232.png]. By the following result, we can know that a neighborhood of [image: 694173273003_gi233.png] is an invariant set. We can use similar way as Lemma 2 in [9] and Lemma 3.1 in [3] to get the following lemma.


  Lemma 6. There exists [image: 694173273003_gi234.png] such that for any [image: 694173273003_gi235.png] there holds



[image: 694173273003_ee30.png]




and



[image: 694173273003_ee31.png]




Moreover, every nontrivial solutions [image: 694173273003_gi236.png] and [image: 694173273003_gi237.png] of (5) are positive and negative, respectively.

By using the combination of invariant sets method and minimax method, we can construct a nodal solution first, then to prove our main result. We need a deformation lemma in the presence of invariant sets.


 Definition 1. A subset [image: 694173273003_gi238.png] is an invariant set with respect to [image: 694173273003_gi239.png] if, for any [image: 694173273003_gi240.png], [image: 694173273003_gi241.png] for all [image: 694173273003_gi242.png]


From Lemma 6 we may choose an [image: 694173273003_gi243.png] sufficiently small such that [image: 694173273003_gi244.png] are invariant set. Set [image: 694173273003_gi245.png]. Note that [image: 694173273003_gi246.png] int[image: 694173273003_gi247.png] and [image: 694173273003_gi248.png] only contains sign-changing functions.

Since [image: 694173273003_gi249.png] satisfies the Palais–Smale condition, we have the following deformation lemma, which follows from Lemma 5.1 in [18] (also see Lemma 2.4 in [15]).

Define [image: 694173273003_gi250.png] where [image: 694173273003_gi251.png]
[image: 694173273003_gi252.png] Let [image: 694173273003_gi253.png] be  such  that [image: 694173273003_gi254.png] where [image: 694173273003_gi255.png] dist [image: 694173273003_gi256.png]


We can use the similar method to the proof of Lemma 5.1 [18] and Lemma 2.4 [15] to prove the following lemma.


  Lemma 7. Assume that [image: 694173273003_gi257.png] satisfies Palais–Smale condition, then there exists an [image: 694173273003_gi258.png] such that for any[image: 694173273003_gi259.png], there exists [image: 694173273003_gi260.png] satisfying:




	

[image: 694173273003_gi261.png]




	

[image: 694173273003_gi262.png]




	

[image: 694173273003_gi264.png] is odd and a homeomorphism of [image: 694173273003_gi265.png]




	

[image: 694173273003_gi266.png] is nonincreasing 



	

[image: 694173273003_gi267.png] for any [image: 694173273003_gi268.png]












4 The proof of Theorem 1


In the following, we assume that [image: 694173273003_gi269.png]. For any [image: 694173273003_gi270.png]
[image: 694173273003_gi271.png] small, we define the minimax value [image: 694173273003_gi272.png] for the perturbed functional [image: 694173273003_gi273.png] with [image: 694173273003_gi274.png] We now define a family of sets for the minimax procedure here. We essentially follow [3], also see [18] and [20]. Define



[image: 694173273003_ee32.png]




where [image: 694173273003_gi275.png] is given by Lemma 4. Note that [image: 694173273003_gi276.png] since [image: 694173273003_gi277.png]. Set



[image: 694173273003_ee34.png]




for [image: 694173273003_gi278.png]. From [20] [image: 694173273003_gi279.png] possess the following properties:




	

[image: 694173273003_gi280.png] and [image: 694173273003_gi281.png] for all [image: 694173273003_gi282.png].



	
If [image: 694173273003_gi283.png] is odd and [image: 694173273003_gi285.png] on [image: 694173273003_gi286.png], then [image: 694173273003_gi287.png] for all [image: 694173273003_gi288.png].



	
If [image: 694173273003_gi289.png] is open and [image: 694173273003_gi290.png] and [image: 694173273003_gi292.png] then [image: 694173273003_gi293.png]








Now, for [image: 694173273003_gi294.png], we can define the minimax value [image: 694173273003_gi295.png] by



[image: 694173273003_ee35.png]





  Lemma 8. For any [image: 694173273003_gi296.png] and [image: 694173273003_gi297.png] then [image: 694173273003_gi298.png] is well defined, and [image: 694173273003_gi299.png] where [image: 694173273003_gi301.png] is given by Lemma 5.

Proof. Consider the attracting domain of [image: 694173273003_gi302.png] in [image: 694173273003_gi303.png]:



[image: 694173273003_ee37.png]




Note that [image: 694173273003_gi305.png] is open since [image: 694173273003_gi306.png] is a local minimum of [image: 694173273003_gi307.png] and by the continuous dependence of ODE on initial data. Moreover, [image: 694173273003_gi308.png] is an invariant set, and[image: 694173273003_gi309.png] In particular, the following holds



[image: 694173273003_ee38.png]




for every [image: 694173273003_gi310.png] (see [3, Lemma 3.4]). Now we claim that for any [image: 694173273003_gi311.png] with [image: 694173273003_gi312.png], it holds



[image: 694173273003_ee39.png](10)



If this is true, then we have [image: 694173273003_gi313.png] and [image: 694173273003_gi314.png] because [image: 694173273003_gi315.png] and sup[image: 694173273003_gi316.png] by Lemma 5.

To prove (10), let



[image: 694173273003_ee40.png]




with [image: 694173273003_gi317.png] and [image: 694173273003_gi318.png] Define



[image: 694173273003_ee41.png]




Then [image: 694173273003_gi319.png] is a bounded open symmetric set with [image: 694173273003_gi320.png] and [image: 694173273003_gi321.png] Thus, it follows from the Borsuk–Ulam theorem that [image: 694173273003_gi322.png] and, by the continuity of [image: 694173273003_gi324.png], [image: 694173273003_gi323.png]. As a consequence,



[image: 694173273003_ee42.png]




and therefore



[image: 694173273003_ee43.png]




by the “monotone, subadditive and supervariant” property of the genus [23, Prop. 5.4]. Since [image: 694173273003_gi325.png]




[image: 694173273003_ee44.png]




Thus for [image: 694173273003_gi326.png], we conclude that



[image: 694173273003_ee45.png]




which proves (10).

Thus [image: 694173273003_gi328.png] is well defined for all [image: 694173273003_gi329.png] and [image: 694173273003_gi331.png]


The proof is complete.


  Lemma 9. 




[image: 694173273003_ee46.png](11)



Proof. If not, we assume that



[image: 694173273003_ee47.png]




By Lemma 7, for the functional [image: 694173273003_gi334.png], there exist [image: 694173273003_gi335.png] and a map [image: 694173273003_gi336.png] such that [image: 694173273003_gi337.png] is odd, [image: 694173273003_gi338.png] and



[image: 694173273003_ee48.png](12)



By the definition of [image: 694173273003_gi340.png], there exists[image: 694173273003_gi341.png] such that [image: 694173273003_gi342.png]. Let [image: 694173273003_gi343.png] It follows from (14) that



[image: 694173273003_ee49.png]




On the other hand, it is easy to show that [image: 694173273003_gi344.png] by Lemma 4 and the property (ii) of [image: 694173273003_gi345.png] above. As a result, [image: 694173273003_gi346.png] This contradicts with [image: 694173273003_gi347.png]. The proof is complete.

Lemma 9 implies that there exists a sign-changing critical point [image: 694173273003_gi348.png] such that



[image: 694173273003_ee50.png]




As a consequence of Lemma 8, we have that [image: 694173273003_gi349.png] is well defined for all [image: 694173273003_gi350.png] and [image: 694173273003_gi351.png] Now we can show the following lemma.


  Lemma 10.
[image: 694173273003_gi352.png]



 Proof.  Here we deduce by a negation.  Suppose [image: 694173273003_gi353.png] Since [image: 694173273003_gi355.png] satisfies Palais–Smale condition, it follows that [image: 694173273003_gi357.png] and is compact. Moreover, we have



[image: 694173273003_ee51.png]




Indeed, assume [image: 694173273003_gi358.png] is a sequence of sign-changing solutions to (6) with [image: 694173273003_gi359.png]
[image: 694173273003_gi361.png], and we have



[image: 694173273003_ee52.png]




By using the variantional principle of (5), we obtain



[image: 694173273003_ee53.png]




It follows that, by Sobolev embedding theorem, [image: 694173273003_gi362.png] where [image: 694173273003_gi363.png] is a constant independent of [image: 694173273003_gi364.png] This implies that the limit [image: 694173273003_gi365.png] of the subsequence of [image: 694173273003_gi366.png] is still sign-changing.

Assume [image: 694173273003_gi367.png] Since [image: 694173273003_gi368.png] and [image: 694173273003_gi369.png] is compact, by the “continuous” property of the genus [23, Prop. 5.4], there exists an open neighborhood [image: 694173273003_gi370.png] in [image: 694173273003_gi372.png] with [image: 694173273003_gi373.png]
[image: 694173273003_gi374.png] such that [image: 694173273003_gi375.png] Now using Lemma 7 for the functional [image: 694173273003_gi377.png], there exist [image: 694173273003_gi378.png] and a map [image: 694173273003_gi379.png] such that [image: 694173273003_gi380.png] is odd, [image: 694173273003_gi381.png] and



[image: 694173273003_ee54.png](13)



Since [image: 694173273003_gi382.png] we can choose [image: 694173273003_gi383.png] sufficiently large such that [image: 694173273003_gi384.png] Clearly, [image: 694173273003_gi385.png] By the definition of [image: 694173273003_gi386.png] we can find a set[image: 694173273003_gi387.png] that is, [image: 694173273003_gi388.png] where [image: 694173273003_gi389.png]  such that



[image: 694173273003_ee55.png]




for any [image: 694173273003_gi390.png] which implies [image: 694173273003_gi391.png] It follows from (13) that



[image: 694173273003_ee56.png](14)



Let [image: 694173273003_gi392.png] Then [image: 694173273003_gi393.png] is symmetric and open, and



[image: 694173273003_ee57.png]




Then it is easy to check [image: 694173273003_gi394.png] by (ii) and (iii) above. As a result, by (14),



[image: 694173273003_ee58.png]




This is a contradiction to [image: 694173273003_gi395.png]. The proof is complete.


 Lemma 11. For any fixed [image: 694173273003_gi396.png] is uniformly bounded with respect to [image: 694173273003_gi397.png], and then [image: 694173273003_gi398.png] converges strongly to ul in [image: 694173273003_gi399.png] as [image: 694173273003_gi400.png].

Proof. Indeed, by using the same [image: 694173273003_gi401.png] above, we can also define the minimax value for the following auxiliary function:



[image: 694173273003_ee59.png]




Here we choose [image: 694173273003_gi403.png] sufficiently large if necessary such that Lemma 4 also holds for [image: 694173273003_gi405.png]. Then by a [image: 694173273003_gi406.png] version of the mountain pass theorem [20, Thm. 9.2], for each [image: 694173273003_gi407.png], [image: 694173273003_gi408.png] is well defined, and [image: 694173273003_gi409.png] because



[image: 694173273003_ee60.png]




where



[image: 694173273003_ee61.png]




Therefore, for any fixed [image: 694173273003_gi410.png], [image: 694173273003_gi411.png] is uniformly bounded for [image: 694173273003_gi412.png]
[image: 694173273003_gi413.png], that is, there is [image: 694173273003_gi414.png] independent on [image: 694173273003_gi416.png] such that [image: 694173273003_gi415.png] uniformly for [image: 694173273003_gi417.png] because [image: 694173273003_gi418.png] is a nodal solution of (6) and [image: 694173273003_gi419.png] By the definition of [image: 694173273003_gi421.png], we can obtain the following:



[image: 694173273003_ee62.png]




where [image: 694173273003_gi422.png] and [image: 694173273003_gi423.png] Therefore [image: 694173273003_gi424.png] is uniformly with respect to [image: 694173273003_gi425.png]. So we can apply Proposition 1 and obtain a subsequence [image: 694173273003_gi426.png] such that [image: 694173273003_gi427.png] strongly in [image: 694173273003_gi428.png] for some [image: 694173273003_gi430.png] and also [image: 694173273003_gi429.png]. Thus [image: 694173273003_gi431.png] is a solution of (5), and [image: 694173273003_gi432.png]. Moreover, since [image: 694173273003_gi433.png] is sign-changing, similar to Lemma 10, by Sobolev embedding theorem, we can prove that [image: 694173273003_gi434.png] is still sign-changing. The proof is complete.


 Proof. Proof of Theorem 1 Noting that [image: 694173273003_gi435.png] is nondecreasing with respect to [image: 694173273003_gi436.png], we have the following two cases:


 Case I. There are [image: 694173273003_gi438.png] satisfying [image: 694173273003_gi439.png] Obviously, in this case, equation (1) has infinitely many sign solutions such that [image: 694173273003_gi440.png]



Case II. There is a positive integer [image: 694173273003_gi441.png] such that [image: 694173273003_gi442.png] for all [image: 694173273003_gi443.png].

From now on we assume that there exists a [image: 694173273003_gi444.png] such that [image: 694173273003_gi445.png] has no sign-changing critical point [image: 694173273003_gi448.png] with



[image: 694173273003_ee63.png]




Otherwise, we are done. In this case, we claim that [image: 694173273003_gi449.png], where [image: 694173273003_gi450.png]
[image: 694173273003_gi451.png] and [image: 694173273003_gi452.png] Then as a consequence, [image: 694173273003_gi453.png] has infinitely many sign-changing critical points.

Now we adopt a technique in the proof of Theorem 1.1 in [7]. Suppose, on the contrary, that [image: 694173273003_gi454.png] (note that [image: 694173273003_gi455.png]). Moreover, we assume [image: 694173273003_gi456.png] contains only finitely many critical points, otherwise, we are done. Then it follows that [image: 694173273003_gi457.png] is compact. Obviously,[image: 694173273003_gi458.png]. Then there exists a open neighborhood [image: 694173273003_gi459.png] in [image: 694173273003_gi460.png] with [image: 694173273003_gi462.png]
[image: 694173273003_gi461.png] such that [image: 694173273003_gi463.png].

Define



[image: 694173273003_ee64.png]




We now claim that if [image: 694173273003_gi464.png] small, [image: 694173273003_gi465.png] has no sign-changing critical point [image: 694173273003_gi466.png] Indeed, arguing indirectly, suppose that there exist [image: 694173273003_gi467.png] and [image: 694173273003_gi468.png] satisfying [image: 694173273003_gi469.png] with [image: 694173273003_gi470.png] and [image: 694173273003_gi471.png]


Then, by Proposition 1, up to a subsequence, [image: 694173273003_gi472.png] converges strongly to [image: 694173273003_gi473.png] in [image: 694173273003_gi475.png]. Therefore [image: 694173273003_gi476.png],



[image: 694173273003_ee65.png]




and [image: 694173273003_gi477.png].

This is a contradiction to our assumption and the fact that u is still sign-changing. The following proof is similar to that of Lemma 9. By using Lemma 7, for the functional [image: 694173273003_gi480.png], there exist [image: 694173273003_gi481.png] and a map [image: 694173273003_gi482.png] such that [image: 694173273003_gi483.png] is odd, [image: 694173273003_gi484.png] for [image: 694173273003_gi485.png] and



[image: 694173273003_ee66.png](15) 



Now fix [image: 694173273003_gi486.png] Since [image: 694173273003_gi487.png] we can find an [image: 694173273003_gi488.png] small such that[image: 694173273003_gi489.png] By the definition of [image: 694173273003_gi490.png], we can find a set [image: 694173273003_gi491.png] that is,



[image: 694173273003_ee67.png]




where [image: 694173273003_gi492.png] such that



[image: 694173273003_ee68.png]




for any [image: 694173273003_gi493.png], which implies [image: 694173273003_gi494.png]. Then by (15), we have



[image: 694173273003_ee69.png](16) 



Let [image: 694173273003_gi495.png]. Then [image: 694173273003_gi496.png] is symmetric and open, and



[image: 694173273003_ee70.png]




Then it is easy to check [image: 694173273003_gi497.png] by (ii) and (iii) above. As a result, by (16),



[image: 694173273003_ee71.png]




This contradicts to[image: 694173273003_gi498.png]. Then the proof for case II is finished. The proof is complete.
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