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Abstract: In this paper, we consider the existence of infinitely many sign-changing
solutions for an elliptic equation involving double critical Hardy—Sobolev—Maz’ya
terms. By using a compactness result obtained in [C.H. Wang, J. Yang, Infinitely many
solutions for an elliptic problem with double Hardy-Sobolev—Maz’ya terms, Discrete
Contin. Dyn. Syst., 36(3):1603-1628, 2016], we prove the existence of these solutions
by a combination of invariant sets method and Ljusternik—Schnirelman- type minimax
method.
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1 Introduction and main results

Let v>3, u=00<t<s<225t) =2(N—-t)/(N-2) and 2*(s) =2(N —s)/ (N-2)., are the
critical Hardy—Sobolev—Maz’ya exponents, 2 isan open bounded domain
in r¥ We study the following equation:

=g = L ‘u‘) ()= + "?1.‘2*('-‘3)—2_“

[yt ly|®

+ a(x)u in {2,

u=0 onadf2, (1)

where « is a positive function, .-, - crxrv-+2<i < x It is well known
that solutions of (1) are critical points of the corresponding functional

J:HY2) =R

given by
1 |2 ®) 1 || 2" (4)
J(u / Vul|?—a(a dar [ di— / d.
)=3 f (vu lyl* 2*(s) S lyl®
2 2 (2)

363


https://www.redalyc.org/articulo.oa?id=694173273003
https://www.redalyc.org/articulo.oa?id=694173273003

Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 5, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

By using the following Hardy—Sobolev—Maz’ya inequality (Lemma 1),
we know that s is well defined and ¢t functional on#i@ for any open
subset of RV

Since (1) involves the double critical Hardy-Sobolev—Maz’ya
exponents, we can use the pioneering idea of Brézis and Nirenberg [5], or
the concentration compactness principle of Lions [16, 17], or the global
compactness of Struwe [23] to show that (2) has a critical point, then get
a positive solution to (1).

When s = ;1 = 0, a(z) = A and & = ~. (1) is related to the well-
known Brézis— Nirenberg problem [5]

—Au=Xu+ |u* 24 in 0,
u=0 ondf2. 5

where 2° = 2N/(V - 2) is the critical Sobolev exponent. Since the
pioneering work of [5], there are some important results on this problem.
See, e.g,, [6, 8,9, 11, 25]. Here we would like to point out [10]. In this
paper, Devillanovaand Solimini proved that when v > 7, (3) hasinfinitely
many solutions for each A > 0. Let us now briefly recall the main results
concerning the sign-changing solutions of (3) obtained before. If v > 4
and ¢ is a ball, then for any A > 0, (3) has infinitely many nodal solutions,
which are built by using particular symmetries of the domain 2 (see [12]).
In [22], Solimini proved that if ¢ is a ball and N > 7, for each A > 0,
(3) has infinitely many sign-changing radial solutions. When ¢ is a ball
and4 < N < 6, thereisa A\* > 0 such that (3) has no radial solutions, which
change sign if A € (0.1*) (see [2]). In [12, 22], the symmetry of the ball plays
an essential role, hence their methods are invalid for general domains.

When A € (0.4%), (1) is becoming Hardy—Sobolev—Maz’ya equation

| - [2%(8)—2,
LU L i
—Au — Lnulp Au + i

|y|? |y
w=0 ondf.

By using the idea of [10], the authors of [26] obtained infinitely
many solutions for Hardy— Sobolev—Maz’ya equation. Ganguly [13] and
Wang [29] used different methods to get infinitely many sign-changing

in {2

I'.L.-’\r

solutions. For the existence of infinitely many solutions or infinitely many
sign-changing solutions for the related equations, see [14, 24, 30, 32] and
the references therein. Very recently, Wang and Yang [27] proved the
existence of infinitely many sign-changing solutions for (1).

Theorem 1. Suppose that a((0,=)) >0 and @ is a bounded domain. If
(0.2%) € 90 (r— (0.2%)-v < 0 i72 @ neighborhood of 0.-*), where v is the outward
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normal of 9. If N >6+t when >0 andif N - 6+s when p=0,
then (1) has infinitely many sign-changing solutions.

Wangand Yang also considered the following nonexistence theorem.

Theorem 2. (See [27].) Suppose that x > 3.4 e (@) and (a(x)+(/2)-Va) <0
Sforevery € (2. Then (1) does not have nontrivial solution in a domain,
which is star shaped domain with respect to the origin.

Remark 1. Let A, be the first eigenvalue of

—Au = Aa(x)u in {2
0 on0f2.

Since a(2) € ¢'(2) and is strictly positive, system (4) has infinitely many
eigenvalues{ . v....} such that 0 < \(©) < %) < (@) < <A@ <. It

(4)

is characterized by the following variational principle:

Vul?
M(2)=  inf fﬂ" I‘ |
ueH} (£2), u#0 fp (1 H‘

Let ¢, be the orthonormal eigenfunction corresponding to A, and
e > 0. Denote

H,;, = span{ei €. €}

Then #,, ¢ H,.. andm@) = Gz 7. It is easy to know that if A, < 1,
equation (1) has infinitely many sign-changing solutions. Indeed, by
multiplying the first eigenfunction €1 and integrating both sides, then we
can check thatif A, < 1, any nontrivial solution of (1) has to change sign.
Therefore, by the result of [28], to prove Theorem 1 it suffices to consider
the case of A, > 1.

Remark 2. When s = 0.t = 2 and & = N, Cao and Peng [6] considered
the following system:

—Au = }u\z* U +,u‘ UP
47

+ Au in (2,
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They obtained a pair of sign-changing solutions to (6). In [8,32], the
authors get infinitely many sign-changing solutions for (6). They only
considered the case 0 e 2 In another case, o ¢ 9, the mean curvature
of 90 at 0 plays an important role in the existence of mountain
pass solutions, see [3,6,14]. As it is pointed in [4,31], there are some
differences between the case + =2 and t < (0.2). Whent = 2, solutions
of (6) have a singularity at 0, and the authors of [8, 32] impose the
conditionue 0.(N—22/4—4). If t€(0,2), no such condition is needed. So
the estimates for the case € (0.2) and the case + = 2 are very different.
Therefore we have generalize the results in [32] to the case 0 € o0.

Remark 3. In order to prove the results, Wang and Yang [27] first
used an abstract theorem, which is introduced by Schechter and Zou [21].
Then by combining with the uniform bounded theorem due to [28], the
authors of [27] obtained infinitely many sign-changing solutions. The
methods introduced in [4, 8, 13, 21, 31] sometimes are limited because,
by general minimax procedure to get the Morse indices of sign-changing
critical points, sometimes are not clear. Another limited condition is that
the corresponding functional is also needed to be 2.

Before giving our main results, we give some notations first. We will
always denote 0 <+ <2 Let £ = #/(2) be endowed with the standard scalar

and norm
1/2
. % 2
(v = / VuVodz; |u|| = |\Vul*dx
Q 0
The norm on r* = °(2) with 1< s < is given by Jul. = (/, u o)/~ Li(2)
(1 <q<o0.0<t <2 with the norm Jul,.0 = (f, [u1/le' ar)/s, where dz denote the

Lebesgue measure in Y. Denote B, = {u e £ ||u| <} and B; = £\ B,.

We will use the usual Ljusternik—Schnirelman-type minimax method
and invariant set method to prove Theorem 1. Our method is much
simpler than the proof of [27]. In fact, our approach also works for the
Brézis—Nirenberg problem involving subcritical perturbation term f(x. u),
which is not 1. However, the techniques developed by Wang and Yang
[27] or Schechter and Zou [21] cannot be applied directly. Let us outline
the proof of Theorem 1 and explain the difficulties we will encounter.

In general, by using the combination of invariant sets method and
minimax method to obtain infinitely many nodal critical points, we need
the energy functional satisfies the Palais—Smale condition in all energy
level. This fact prevents us from using the variational methods directly
to prove the existence of infinitely many sign-changing solutions for (1)
because J(«) does not satisty the Palais—Smale condition for large energy
level due to the double critical Hardy—Sobolev—Maz’ya exponents 2 (1
and 2+(s).

In order to overcome the difficulty, we will adopt the idea in [10, 24]
and [4, 31]. We first study the following perturbed problem:
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foy |2 () —2—E,, al2"(8)—2—e,,
—Au = il - Y 4. 18] \ ) + a(x)u in §2,
|yt y|*
u=0 ondfl (7)
where - > 0 is a small constant. The corresponding energy functional is
1 I jul2" @)=
J () = Vu|? — a(x)u?) —
=5 [ (9 o) 55— [ g
2 02
1 | 2% (s)—e
2*%(s) — ¢, ly|®
Q (8)

By the following lemmas, we will know.(v) is a ¢* function on ()
and satisfies the Palais—Smale condition. It follows from [1, 20] that
J.(u) has infinitely many critical points. More precisely, there are positive
numberse.;. 1 =2.3,...,, with c.; » +o0 as | — oo. Moreover, a critical point
uz1 for J.(u) satisfies J.(u.) = ...

Next, we will show that for any fixed i > 2. v, are uniformly bounded
with respect to &, then we can apply the following compactness result
Proposition 1 (see [28, Thm. 1.3]), which essentially follows from the
uniform bounded theorem due to Devillanova and Solimini [10], to show
that u-; converges strongly tow; in E as = — 0.

Therefore it is easy to prove that u is a solution of (1) with
J(uy) = ¢ := limg 9 cey.

Proposition 1. (See [28].) Suppose that a((0,-*)) > 0 and « satisfies the
conditions in Theorem 1. If N>6+t when 1 >0 and N >6+s when
pn = 0, then for any sequence . , which is a solution of (7) with ===, — 0
satisfying \u.| < C for some constant independent of 1. un has a sequence,
which converges strongly in o n — . .

In the end, we will distinguish two cases to prove that /(u) has infinitely
many sign- changing critical points.

CaseI. Thereare 2< 1, < <l; <--- satisfying e, <--- <, <---.

Case II. There is a positive integer L such that ¢; = ¢ forall 1> L.

The central task in this procedure is to deal with case II. In fact, we
can prove that the usual Krasnoselskii genus of k. \ w (v is denoted in
Section 2) is at least two, wherex, := {u e E: J(u) = . J'(u) = 0}. Then our result
is obtained.

Throughout this paper, the lettersc.c..c..... will be used to denote
various positive constants, which may vary from line to line and are not
essential to the problem. The closure and the boundary of set ¢ are
denoted by ¢ and o¢, respectively. We denote «_.» weak convergence and
by «—” strong convergence. Also if we take a subsequence of a sequence
{u}, we shall denote it again {u.).
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The paper is organized as follows. In Section 2, we introduce some
notations and Hardy—Sobolev—Maz’ya inequality. In Section 3, we give
an auxiliary operator 4. and construct the invariant sets. We give the
proof of Theorem 1 in Section 4.

2 Preliminaries

Now we give some integrals inequalities, for details we refer to [19].
Lemma 1 [Hardy-Sobolev—-Maz’ya inequality]. Ler ~>30<i <o
then there exist a positive constant s = 5(2.s) such that

|u‘2 (s) 2/(2%(s)) _ |
}[ o dx < & \Vﬁqzdr
Y 3

(2 (9)

for all u € Hi(2).
Lemma 2. (See [13).) If © is a bounded subset of =~ o<t <2 >3 then

LE(02) .42 (12)

with the inclusion being continuons whenever 1 < ¢ < p < .
Remark 4. If f € Lr(2) for 1 < p < . then f € L*(2) with

flp < Clf

For each £ and 4 ¢ £, we define

- &G 1/(2*(s)—e
]uh—#(/hfji_m> S (qu )M )
4 lyl* ly|®

pff)

Lemma 3. (See [13].) Let 1 <q<2(t),0<t <2 and N >3, then the
embedding i) - 110 is compact.

By Lemmas 2, 3 and Hardy-Sobolev—Maz’ya inequality, we know that
the singular term J, l«* /s and [,/ @~/ are finite and ). < ¢jul. where
c isindependent of . Therefore J. is a ¢! function on #}(2) By Lemma 3,
J. satisfies the Palais—Smale condition. In order to prove Theorem 1, it is
enough to obtain sign-changing critical points for the functional ..

Fix ¢€@2() In the following, we will always assume that = €
0, 2(s)— ). In order to construct the minimax values for the perturbed
functlonal Je, the following two technique lemmas are needed.

Lemma 4. Assume m > 1. Then there exists R = R(H,,) > 0 such that

forall - <
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silp Jelu) <0,
B&NH

where Bj, = B\ By,

Proof. Since H,, is finite dimensional, by Lemma 2, we know that .
is defined as the norm on (2 There is a constant ¢ > 0 such that
Jul~ < cju = for all u € H,,.. Therefore

i Juf? ()< /\“\2 i
Jo(u) < = I -
T () < Sl - / o R

gﬂﬂ?ﬂ«ﬂ)

Since2#(s)—¢ > 2and A > 1, we have that ..« .cn, /- (w) = —<. The proofis
complete.

LemmaSs. Forany ¢ € (0.2°(s) =€), x>1 there exists p=p(c), a =a(c) >0
such that

it Jd.(a) =
9B, kw) 2

Proof:

1 Mz (t)— 1 ‘u‘T‘(s)fE
Jo(u Vu|* — af 12 [ /
"= 2[“ =l T O T

2

£
e’

' (s)—
2*(t)— 2*(s)—

A —1 P — Oy uQ(t)c Cslu
=

[\.alr—=

2

Since2* —=>27t) —c>2*(s)—c>¢>2 and A >1, there exists
p=ple). a = a(z) > 0 such that ifos, J.(u) > o. The proof is complete.

Lemma 5 implies that 0 is a strict local minimum critical point. Then
we can construct invariant sets containing all the positive and negative
solutions of (1) for the gradient flow of .J.. Therefore nodal solutions can
be found outside of these sets.

3 Auxiliary operator and invarjant subsets of descending
flow

Forany = € (0.2°(s)-¢), let A.: £~ E be given by

J—2- |u\> (a)—~2—£,,

A (u) == (—A)~ (;uu + a(.z*)u)

|yt |y

for u e £.. Then the gradient of J. has the form
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VJ:(u) =u— A-(u).

Note that the set of fixed points of A. is the same as the set of critical
pOintS of i, which is « = {ueE: V() =0} .Itis easy to check that v7. is
locally Lipschitz continuous.

We consider the negative gradient flow ¢. of .J. defined by
d

d
o< (0, u) = u.

O (t,u) = =V.J(p:(t,u)) fort >0,

Here and in the sequel, for v € £, denote v#() = max(zu(1.0), the convex

+P={u€eFE:u>0}, —P={u€ekFE: —u>0}

For 0 > 0, we define

(£P)g :={u € E: dist(u,£P) < 6}.

In the following, we will show that there exists 4, > 0 such that =p), is
an invariant set under the descending flow forall 0 < ¢ < 4. Note that £\ w
contains only signchanging functions, where

W := (+P)s U(—P)s,

since £\ w contains only signchanging functions. By a version of the
symmetric mountain pass theorem, which provides the minimax critical
values on £\, we can prove that (6) has infinitely many sign-changing
solutions.

Forany N c £ and 4 > 0. N; denotes the open 5-neighborhood of N, i.e.,

={u € E: dist(u,N) < d},

whose closure and boundary are denoted by x; and ox;. By the following
result, we can know that a neighborhood of +P is an invariant set. We
can use similar way as Lemma 2 in [9] and Lemma 3.1 in [3] to get the
following lemma.

Lemma 6. There exists 6, > 0 such that for any ¢ € (0.6, there holds
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A (8(£P)g) C (£P)s.

and

o-(t,u) € (£P)g forallt > 0andu € (£P)y.

Moreover, every nontrivial solutions « € (+P); and u € (-P)s of (5) are
positive and negative, respectively.

By using the combination of invariant sets method and minimax
method, we can construct a nodal solution first, then to prove our main
result. We need a deformation lemma in the presence of invariant sets.

Definition 1. A subset w ¢ £ is an invariant set with respect to ¢. if,
foranyuew, ¢.(t.u)e w forall t > 0.

From Lemma 6 we may choose an ¢ > 0, sufficiently small such that @7,
are invariant set. Set w = #Pj,u=P),.. Note that ¢.(t.ow) c intV) and @ := E\W
only contains sign-changing functions.

Since J. satisfies the Palais—Smale condition, we have the following
deformation lemma, which follows from Lemma 5.1 in [18] (also see
Lemma 2.4 in [15]).

Define k!, = k..nw. K2, = k..nQ. where K. . := {u € E: J.(u) = ¢, J.(u) = 0}.
Lety > 0 be such that (!.), ¢ w. where (5,), == {u € E: dist (u. K2,) < p}.

We can use the similar method to the proof of Lemma 5.1 [18] and
Lemma 2.4 [15] to prove the following lemma.

Lemma 7. Assume that J. satisfies Palais—Smale condition, then
there exists an 4, > 0 such that for anyo < ¢ < 4, there exists nec(0.1x £.£)

satisfying:

i. n(t.u) =ufort=00rug J='([c— o, c+ &]) \ (K2,),

11 LIS UW (K2 IS U and (1, JH UIW) € TS UW if
. K2, = 0. Here J! = {u € E: J.(u

Vforanyd € R.

iii. #(t.-) is odd and a homeomorphism of £/ort < (0.1
iv. JL(n(-.u)) is nonincreasing
v. (. W)cw foranyteo.1].

4 The proof of Theorem 1

In the following, we assume that » -1. For any = € (0.2°(s) - ¢) small,
we define the minimax value c.; for the perturbed functional ..« with
I=2.3..... We now define a family of sets for the minimax procedure here.
We essentially follow [3], also see [18] and [20]. Define

G i={he C(BgrNH,,.E): hisoddand h =idon d9Br N H,,}.

where R > 0 is given by Lemma 4. Note that ¢, #0 since i€ ... Set

I :={h(BRNH,\Y): heG,,, m>1,Y =—Y isopenand v(Y) < m — {}

for & >2. From [20] ; possess the following properties:
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ii n#vandrn. cnforalli>o2.

ii. Ifoecp) isoddand 6= on 9By H,,., then ¢4)c nitacn for
all 1> 2.

iii. If 4er,Z=—-27 is open and ~(Z)<s<! and i-s>2 then
FAVAS I

Now, for 1 > 2, we can define the minimax value c-1 by

e = inf sup J(u)-
A€l ye ANQ
Lemma8.Foranyaernandi > 2 4nq # 0. then c-siswell defined, and

c-1 > o >0, where « is given by Lemma 5.
Proof. Consider the attracting domain of () in E:

I o= {-u. € b: ¢-(t,u) -0, ast — oc-}.

Note that D is open since 0 is a local minimum of 7. and by the
continuous dependence of ODE on initial data. Moreover, oD is an
invariant set, and=7); n =Py, < p. In particular, the following holds

J-(u) >0

for every e riam ) (see [3, Lemma 3.4]). Now we claim that for
any 4 e 1; with 7> 2, it holds

ANQnNoD # 0.

If this is true, then we have A n©Q # ¢ and ¢.» > a > 0 because 98, c »
and SUP ang Je (1) > infop Je(u) > infop, Jo(u) > a >0 by Lemma S.
To prove (10), let

A = K Bg 5 \ ¥)

with ~v)<m -1 and 1> 2. Define

() = {u. € BRnNH,: h(u) e D}.

(10)

Then o is a bounded open symmetric set with 0 € 0 and 0 ¢ B H,.
Thus, it follows from the Borsuk—Ulam theorem that 4(90) = m and, by
the continuity of h, h(00) Cc OD. As a consequence,
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hOO\Y) C ANaD.
and therefore
HANBD) > 4(hEO\Y)) > 100\ Y) > +(00) —(Y) >

by the “monotone, subadditive and supervariant” property of the genus
[23, Prop. 5.4]. Since (+P); n (—P)snoD = 0,

v(W N oD) < 1.

Thus for 1 > 2., we conclude that

HANQNED) > Y(ANAD) —y(WNéD) 21—131,
which proves (10).
Thus -, iswell defined forall i1>2 and v <a<ecca <eccs < <ecr <o

The proof is complete.
Lemma9.

I{PE‘,CE?E ﬂ Q % @

Proof. If not, we assume that

IXFE,LTEJ ﬂ Q % @

By Lemma 7, for the functional J., there exist s -0 and a map
n € C(0.1] x £, E) SU.Ch that n(l.-) is Odd, n(l,u) = uforu € Jee=2 and

(1, JEPUW) c IS U

(12)

(11)

By the definition of c-, there existsa e 1 such that swaqq /(0 < e+ 0.
Let B = (1. 4). It follows from (14) that

sup Jz(u) < ¢ — 0.

BNQ
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On the other hand, it is easy to show that B < 1; by Lemma 4 and the
property (ii) of 1; above. As a result, c-: < c..—4. This contradicts with s - o.
The proof is complete.

Lemma9 implies that there exists a sign-changing critical pointu-: such
that

Jf-‘ (u::‘.._.-f) — Cg l-

As a consequence of Lemma 8, we have that c:; is well defined for
all 1>2.and0<o<eo<es< - <ei<-. Now we can show the following
lemma.

Lemma 10. i = coasi — oo

Proof. Here we deduce by a negation. Suppose c.; — 7. < coas | — oo
Since .J. satisfies Palais—Smale condition, it follows that k... #¢ and is
compact. Moreover, we have

K . =Kz Q0

Indeed, assume {v.}v is a sequence of sign-changing solutions to (6)
with 7.(u..) = =1, and we have

. : i“‘:-tl-|2*(t}75 "uci[. ‘2*(5)*&:
v, a 2 . T it 2 s / E,lq / 2N ¥ .
/ ‘ ug_li‘ a(l)‘“:.z,; I T 4 o
{2 {2 £2

By using the variantional principle of (5), we obtain

oA IO e 0o Al v VI
S PR £ Vg - N
By = |y . ly|*
2 02
It follows that, by Sobolev embedding theorem, |z, >« ~0. where cq

is a constant independent of i. This implies that the limit @ < k.. of the
subsequence of {v-.}ex is still sign-changing.

Assume~ (K2, ) = . Sinceo ¢ k2. and #2.. is compact, by the “continuous”
property of the genus [23, Prop. 5.4], there exists an open neighborhood
~ in £ with #2. c N such that +(¥) = 7. Now using Lemma 7 for the
functional J., there exist ¢ - 0 and a map vec(o.1x £.£) such that (1. is
odd, 41, u) = utoru e s=-2 and

(1, JEY UW\N) Cc JE°UW,
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Since c.;—»@asl—»o, we can choose ; sufficiently large such
that c,>a-0/2 Clearly, c.ior >c.i>e.-0/2 By the definition of
e we can find a setderl,.. that is, A=hrBrnH,\Y), where
heGunm2l+7,vY)<m—(1+7), such that

[ i
Je(t) < 6 jow+ 10 < Cz + 0

for any u e 4nq. which implies 4 c ==+ uw. It follows from (13) that

gkl A% N =L

Let v, =vun-'(v). Then v; is symmetric and open, and

(14)

¥y € 0¥ )+ (h L(N )) m—(I+71)+7=m—1L.

Then it is easy to check .- . uz:nm,\ vy e n by (ii) and (iii) above. As a
result, by (14),

ceq < sup Je(u) < sup J.(u) < e
ANQ n(1, AAN)NQ

This is a contradiction to c., > - /2. The proof is complete.

Lemma 11. For any fixed / > 2 |ju.,| is uniformly bounded with respect to
¢, and then v=1 converges strongly to ul in £ as = — 0.

Proof. Indeed, by using the same 1, above, we can also define the
minimax value for the following auxiliary function:

2 ul? — a(x)|ul? a %— L Jul®
00 =5 f (9 =t = 5 [ - 5 [

02 9

ape= inf supdiu), —=28..-.
Aell yeA

Here we choose = - o sufhiciently large if necessary such that Lemma
4 also holds for J,. Then by a 2 version of the mountain pass theorem
[20, Thm. 9.2], for each 1 >2, a; > 0 is well defined, and a; = ccas! —

because
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s <} ooy [ (%2) -4 [
2

= J.(u) + do,

where

14 1
24 lalr - 2 J |gi°
12

(4

o

Therefore, for any fixed />2, e is uniformly bounded for = ¢
(0.2%(s) - ©), that is, there is ¢ = C(a;. 2) > 0 independent on = such that
e S O umformly for = because u- is a nodal solution of (6) and (..

By the definition of A, we can obtain the following;

() = Ce] = -]E(u-ai) = ..]._:(ug‘g) — : <.];("u.€‘g)._ ‘U.E‘g>

+ ( 1 1 ) Jue |
L - |
Noe) —c @) - ol

0

&

&

| I | 1
> (5-¢) (1- 5 Jheal? >

where > 1.c € (0.27(5) - 9 and 2 < ¢ < 2°(»). Therefore il is uniformly with
respect to . So we can apply Proposition 1 and obtain a subsequence
{ushien such that e, ; — u; strongly in £ for some u; and also e, — ..
Thus u; is a solution of (5), and .(u) = «. Moreover, since w.. is sign-
changing, similar to Lemma 10, by Sobolev embedding theorem, we can
prove that u; is still sign-changing. The proof is complete.

Proof. Proof of Theorem 1 Noting that « is nondecreasing with respect
to 1, we have the following two cases:

CaseI. Thereare2 < 1, < - < 1, < .- satisfying «, < -+ < a, < ---. Obviously,
in this case, equation (1) has infinitely many sign solutions such that
() = .

Case II. There is a positive integer L such that ¢; = ¢ forall /> 1.
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From now on we assume that there exists a 5 - o such that /() has no
sign-changing critical point « with

J(u) € [c— 0, c)U (c. c+ 9.

Otherwise, we are done. In this case, we claim that ~(x%) > 2, where
K. ={ue E:Jw=c J'(u)=0} and k? = k.nQ. Then as a consequence, /() has
infinitely many sign-changing critical points.

Now we adopt a technique in the proof of Theorem 1.1 in [7]. Suppose,
on the contrary, that +(x2) = 1 (note that 2  0). Moreover, we assume 2
contains only finitely many critical points, otherwise, we are done. Then
it follows that &2 is compact. Obviously,o ¢ 2. Then there exists a open
neighborhood v in £ with 2 ¢ v such that »ov) = 2.

Define

Ve i= (JEFP\JEO)\ .

We now claim that if - > 0 small, 7. has no sign-changing critical point
uev.. Indeed, arguing indirectly, suppose that there exist = — 0 and u. € V2
satisfying ./Z(u.) = 0 with u# 20 and v ¢ V.

Then, by Proposition 1, up to a subsequence, u. converges strongly to
u in E. Therefore 7 (u) = o,

J(u) € [c — 0, c+ 0]

and ¢ K2,

This is a contradiction to our assumption and the fact that u is still sign-
changing. The following proof is similar to that of Lemma 9. By using
Lemma 7, for the functional J., there exist 5 ~ ¢ and a map v c(o.1) < £.5)
such that (1. is odd, #(1.u) = u for ue 7= and

gil, P UWXN)C JE°U w.

Now fix 7 > £. Since c..cc141 — case — 0, we can find an - >0 small such
thate. s, o111 € (= 6/2. ¢+ /2). By the definition of c-.i+1., we can find a set
A e, thatis,

A=h(BrNHp\Y),

where i€ Guom > 1+ 1.4(Y) <m—(+1) such that
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e .
Jelu) € Gema 1(5) < &40

for any u € AN Q, which implies 4 c 7=+ uw. Then by (15), we have

(1, AN N © JE ¥ W

(16)

Let v-vuimw. Then v is symmetric and open, and
’](?) <A(Y) +1 (h._l(N)) Lm—({I+1)+1=m—L

Then it is easy to check i1 nmnm. 7 en by (ii) and (iii) above. As a

result, by (16),
ceq < sup Je(u) < sup Je(u) < c—0.
ANQ n(1, AAN)NQ
This contradicts toi - umznm. 7 <rn. Then the proof for case II is

finished. The proof is complete.
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