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Abstract: This paper is concerned with the controllability problem for higher-order
fractional damped stochastic systems with multiple delays, which involves fractional
Caputo derivatives of any different orders. In the process of proof, we have proposed the
controllability of considered linear system by establishing a controllability Grammian
matrix and employing a control function. Sufficient conditions for the considered
nonlinear system concerned to be controllable have been derived by constructing a
proper control function and utilizing the Banach fixed point theorem with Burkholder—
Davis—-Gundy’s inequality. Finally, two examples are provided to emphasize the
applicability of the derived results.

Keywords: controllability, fractional damped systems, stochastic systems, multiple
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1 Introduction

Fractional calculus is a dynamic mathematical argument and suitable for
analyzing various problems in evolving applied mathematical research
in dealing with many real- world applications. For more than a decade,
many researchers have paid attention on fractional differential equations.
The study of fractional differential equation consists of key approaches
to examine differential equations including fractional derivatives of
unknown function. The fractional derivatives appear as attractive and
powerful modeling tools in variety of areas such as bioengineering,
electrical networks, signal processing, viscoelastic materials and many
other physical phenomena [17, 18, 21]. In recent years, higher-order
fractional systems have been widely and efficiently studied because its
potential to model real time problems with more accuracy and its
occurrence in control problems [16, 19]. Damping is a force within or
beyond an oscillatory system that has the effect of restricting reducing
or preventing its oscillations. The fractional oscillator can be modeled
by establishing the fractional time derivative in standard harmonic
oscillator, which explains the physical occurrence based on the fractional
time evolution notion. Specifically, in the field of mechanics, fractional
damping may occur towards the modeling of mechanical systems with
viscoelastic components. It should be pointed out that the viscoelastic
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behavior of complex materials in many real time practices has been well
characterized by fractional-order components; see [2, 8, 24, 29, 30].

Controllability is an essential aspect of control theory, and it acts a
significant role in many control problems. The study of controllability
is to verify the presence of a control function that drives the control
system from its initial state to a final state in a specific time. More
works for the controllability problems have been discussed in recent
research; see [9, 20, 25, 27] and references therein. In recent years, the
controllability of fractional damped systems has attracted much attention
to researchers [11, 14, 28]. On the other hand, the stochastic analysis has
gained significance and attractiveness based on its applications in wide-
ranging areas of applied mathematics and engineering [4]. The research
discussing the uniqueness, existence and stability of several stochastic
differential equations gain more interests; see [1, 6, 12, 15] and the
references therein. Recently, there has been a very important progress in
the study of controllability of stochastic differential systems [13, 22, 26].

Stochastic process or noise is inevitable to model the time evolution
of dynamical systems, which are related to random influences.
Consequently, it is of intense importance to include the stochastic
effects into the analysis of fractional-order systems. Many works have
been done concerning the stochastic differential equations involving
fractional derivatives in the recent years for their importance in applied
sciences. Sun et al. [23] examined the controllability problem for neutral
stochastic fractional integro—differential systems involving infinite delay.
Guendouzi et al. [10] obtained the controllability concepts for the
fractional stochastic dynamical systems involving multiple delays by
means of Banach fixed point theorem. Recently, Cui and Yan [3]
explored the controllability result for neutral stochastic evolution systems
involving fractional Brownian motion. In [7], the authors obtained
the controllability problem for fractional stochastic evolution systems
involving nonlocal conditions and noncompact semigroups by means of
fixed point theory. However, up to now, the controllability concept of
higher-order fractional stochastic systems with damping properties and
multiple delays has not been considered in the literature. Thus, this topic
is an interesting one and essential to analyze it. The analysis includes the
contributions, which are stated as follows.

e Most of the earlier investigations on fractional systems have been
discussed with single delay. Consequently, it is essential to pay
consideration to the analysis of fractional damped stochastic
systems with multiple delays.

o Compared with several previous analyses, controllability of
higher-order fractional stochastic system with damping effects
and multiple delays is firstly presented for designing more general
fractional-order model.

o The linear system of higher-order fractional damped stochastic
dynamical system involving multiple delays is considered to
investigate the controllability concept by utilizing Grammian
matrix, it can be expressed in terms of Mittag-Leffler function.
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o Further, Burkholder-Davis—Gundy’s inequality and fixed point
theorem are utilized to derive the sufficient conditions for
the nonlinear higher-order fractional damped system involving
multiple delays.

Finally, to explain the efficiency and applicability of controllability
criteria clearly, we provide two examples. A brief viewpoint on how the
obtained results can be extended will be presented in the conclusion
section.

2 Preliminaries

Assume the complete probability space (o.7.p) involving filtration (7}
generated by the Wiener im-dimensional process with probability measure
pon . Let p—=1< py < A-1 < p < and < u— 1, the symbol D
represents differential operator. ™ denotes the m-dimensional Euclidean
space R. = [0.c). The state variable () denoted in the Hilbert space
13,7 x . &) is equipped with |l«3. = swies Ble)]?, where E(+) symbolizes the
expectation w.r.t measure p. The continuous map 7 = 7(0.7}:1%) is defined
from (0.7] into %, (7 x 2. B satisfying su.c, El+()]* < = Now we recall several
important basic concepts.

Definition 1. Fractional derivative with Caputo sense of order
p1 (0 < mo < p1 < g + 1) for a function » : Rt — R is stated as

1 [ hmotD) (g)

I'(mog—p1+1)J (t—0)pr—mo ;
0

G DRl =

The Laplace Transform (LT) of fractional derivative with Caputo

sense is

mo—1

’C{(?Dfi ’?-(?‘-)}(éf) = B Z k) (4)gPr—1=F

Definition 2. The Mittag-LefHler function £, -) involving s > 0 is stated
as

= ~J

Epl ,0]_ e {] ol C

“—o T ,O1j -+ 1)

The Mittag-Leffler function £,...¢-) involving s1. p» > 0 is stated as
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E . >0, z e C.
15 pz ;T Plj"‘ﬁg): Pl ;

The LT of &,, ,.¢-) is

L{tP>71E,, . (£ at’) }(€) = é?—_pg
(i
For -1, we hae
LB Latf) HE)= L_l
o &1 Fa

Lemma 1 [Burkholder-Davis—Gundy’s inequality]. (See [4, 5].) For

any - > 1and for arbitrary c¢-valued predictable process #(t). ¢ € 0.7], one has
y ry p p

t 2r t i
E(1 ] P (€) dw() )é E( ] W(@Iliodf).
o<tT 2
0 0
Where Cp = (r(2r — D) (2r/(2r — 1))>°

Let the Cauchy fractional problem

oD y(t) — AGDPy(t) = h(t), t>0.
: : —1
y(0) = vo. (D) =g, .or o T Q) = Bn
(1)
with p-1<pm <pr-1<p<rand a<p—1
Here #:7 — R* is a continuous function, and A is a » x n matrix.
Applying LT to (1), we get
EPY (£) — &P 1y(0) — £Pr 2y (0) — - - - — £Pr#yH1(0)
— ALY (€) + APy (0) + ALY (0) + - - - + AEP P H(0)
= H(¢).

Applying inverse LT to the above equation, then utilizing LT of
Mittag-Lefler function and convolution operator, we obtain
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L—1
I}(f) — Zylr(o)frEplfpg,lJrT' (Afﬂl—,’)g)
T

()
A—1
B Z yr(O)Afpl_p2+rEp1—pg,m—pg+1+-r (Atpl_pg)
r=0
i
+ /(f = Y (A —E)P P R(E) dE.
0

3 Controllability result for linear system

Consider the linear damped fractional stochastic system involving
multiple delays of the form

EDfy(t) — ASDPy(t)

i
dw(t
= Bu(t) + ZCi-u(t —7;) + olt) 'lf(‘ ) e, T]=T,
0 ‘ )
/ add—1 —

y(0)=wo, ¥ (O)=w1, ..o, ¥7(0) = yuy,
u(t) = ¢(t), te|[—7p,0), N
where 1< p1 < A—1< p2 <A and <1y e rr. represents a state variable,
AeR™" BC eR™" =01 .P. are constant matrices, u(f) ¢ " denotes a
control input, 0=r <n <. <7 <. <, <7 are constant delays, and

represents the initial control function w(f) represents m-dimensional
Wiener process involving 7, generated by w(¢).0 < ¢ <t,and o: 7 =R is
a continuous function.

The solution of fractional system (2)—(4) takes the form
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p—1
y(t) - Z yT‘(O)lepl—,DQ,l—i—r (Afpliﬁ&)

r=0

A—1
n Z y"(0) At 7p2+rEPl —p2,p1—pa+l4T ('Atpi 7’92)
=0
t

13 f(f - f)pl_lEmﬁog,pl (A(f - €)p1—pg)3u{§) d§

0

' P
+ f(t — E)Pr A By pa, p (Al — £)PrP2) lzcw(ﬁ - Ti)] d¢
0 i=0
i

n
+ f (8 — )P By gy, py (At — )71~ ( ] o (9) dw(ﬁ)) de.

0 0

Formn<t<mp k=0.1,..., P-1,

n—1
y(t) = Z Yy (0)" Epy—po 14+ (Afpl_pg)
r—b

A—1
- Z YO APT PR e o (Atm—pz)
=0
t

+ (= € B, (Al - 77 Bule) de

0
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k t—T;

+ Z / (f —&— Ti)pl_lEmfﬂQ,pl (A(f —&— T‘L)pl_pg)cib‘(g) df
i=0 "

i

+/(f =" T Epypy 0 (Al =) 772) ([J(ﬂ)du'(ﬁ)) dg

0
p—1

= Z Z/T(‘))fTEp1—pz,1+r(-Afplipﬁ)
r=0

A—1
_ Z yr(O)Afpl7PQ+TEpl—p2,p17p2+l+T (Atmfpg)
=0
t

+ /(f - f)plilE.OrPQ, p1 ('A(f - 5)017'02)3“(5) dg

0
p—1
= I/T(D)frEm—ﬁa,l-%—r(Al‘plim)
r=0
A—1
=D VO Ty (A 0)
r=0

t

+ f (t = )P Epypy, o (A = )P P2) Bu(€) A€
k—1 =T i
+> / (Z(fETj)pllEmpz,m(A(fffj)m”)cj)U(f)dE

t—Tg k
+ / (Z(t - E - Tj>p171Eﬁ1—92, P1 (A(t - 5 - Tj>p1p2)cj) u({:) df

=0

k
(Z(t =) T By (Al — €~ Tj)plpg)cj) p(§)dg

t n
+ [ (=P T Ep o (At — P P2) ( a () dw(ﬁ)) de.
f /

o0

p—1
OEIR (0 - T )
r=0

A-1

_ Z yr(U)Afm*.02+1“Ep17p2vmip2+1+7p (Atpl*p?)
r=0
t

+ / (t— )P Epypa, o1 (At — £)P*772) Bu(€) d€

p—1 Ty
L5 (Zu &= 1) By, (At — £ — rj)f"”)cj)u(a) g
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t—Tp

P
-/ (Z(f—ﬁ—Tg’)m_lEmpg,m(v‘l(f-—é o Pﬁ)c) (6) de
0 #=0

T

p(€)dg

0 k
/ (Zf g 1E.ﬂz pg,pz(A(tfng)pl pﬁ)cj)

]a(d)du‘(i)}

0

n
+ f(f — ‘5)p171Em—p2,p1 (A(f = f)pliﬁr‘)) ( J ) dé.
0

Controllability Grammian matrix y is as follows

T
[ P 1Ep1 pg,pi(A(T—E)ﬁi—ﬂg)B:l
0

X [(T = )7 ™ Epy gy, 00 (AT — )7 )B]" d¢
p_1 T-T i
+y [ [ (

Z T - 6 - Tj)plilEplfpg,,Ol (A(T . 6 - Tj)plpz)cj:|
1:0777’14»1 j=0

i *
X[E - p1—1

(T — &~ 75)" " Bopwpa, pn (AT — €~ Tj)’””)cj] dg
=0
T—71p P
g / |:Z(T &= Tj)p171E91*P2,~01 (A(Tf - Tj)plpz)cj:|
0 j=0

P *
" |:Z(T o ‘E - Tj)pl_lEﬂrﬂL P1 ('A(T o 6 o Tj)Pl_m)Cj} g
=0

1€ .

Definition 3. System (2)-(4) is known as controllable on 0.7 if there
exists a control «(t) for every yo.u..

.yu—r.ur € B*, Then the solution ) of
system (2)—(4) satisfies 4(0) = vo. #(0) = vr....s*~1(0) = yr. u(T) = v

Theorem 1. The linear fractional system (2)-(4) is controllable on g if
and only if the n < n Grammian matrix

T
/ ,01—1Ep1 S (A(T - g)m—m)B}
0

% [(T . 5)’0171Em—pg,91 (A(T = 5)’01702)3} i dé
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P-1 Tt i
i Z / [ — Tl Bl e i (A(T_ 2 —Tj)pipg)cj]

iZOT Tit1 J:
*

% l (T —{- Tj)pl_lEprm,m (»A(T —~f = Tj)pl_pr‘))cg] d¢

=0

T—7p P
L / lZ(T &= )p 71E.01 —P2, P1( (T_f_ Tj)plpg)cj}

P *
x [Z(T— £ = 4P ™ By, o0 (A(T — & mmm)cj] a¢

j=0

is nonsingular.
Proof. Assume that y is nonsingular. For every vo. v1. -+ Yu—1 and vr, we
can take the following input functionu(r):

D* (T, )W-1(k), te[0,7],
() = ¢ DECT, OW=248), +& [T —punT =7l
Di(T, ) W=L(k), te€[0, T —7p],

where

]D)l (T t) - (T - f‘)pi_lEm—PQ, 1 (A(T o t)pi_pQ)B

for te0.7]

DQ(T.I‘-) = [Z(Tf )Pl 1Ep1 —pa, p1 (A(T*f—q- )P1— PQ)C}}
J=0
fOr te[T -7, T—m)s

i3

DS(T.- t) = [Z(T == Tj‘)plilEmfpg,m (A(T S o TJJPIPQ)CJ} ’

j=0

fortelo. 75l

. il -
k= 3 JF— ; 'y-rTTEpz—,OQ,1+?” (‘AT’OI pg)
A—1

- Z yrATpl_pg—HEm—pz;91—P2+1+'?" (‘ATpl_pg)
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07 &
=+ /(Z(T_g_Tj)pl_lEmpz,m( (T - '5_7)'01 pg)c) p(£) d§

i=0

7. 7
+ [T =P By (AT - 6777) ( [ow dww)) ds:] |

At =T, the solution of system (2)—(4) can be written in the following
form:
Formula

Z YT Epy—po. 1+r(AT’J1 ,02)

11
yr( )‘ATpl p2+TEP1 p2,01— /32+1+r("4Tp1 pg)
=0
T p-1 T
+fJD>1(T HDE(T, )W 1 (k)d f (T ODE(T, )W (k) d¢
0 ZZOT Ti+1
T—7p
+ / D3 (7, 6)D5(T. )W (k) de
0

0 k
f (Z —§— TJ 1Ep1—p2,,o1 (AT - €&~ J)pl m)c ) o(€) dE

—rp \I=0

T n
+ ] (T =" Epmpa,pu (AT = )7 77) ( f a(ﬁ)dw(ﬂ)) ¢ = yr.

0 0

Therefore, system (2)—(4) is controllable on .71
On the other hand, assume that system (2)—(4) is controllable, but the
matrix v is singular. Then there exists a vector - # o such that

_
[ (T = "1 Eyy_py oo (A(T — €)"=7)B]
0

W (TP B . il (T*f)pﬁm)lg]*"#df
1, T

P- Sl
e { Ty S (A(T—a—mﬂl‘”)‘”}
0

£=| G j=0

X |: (Tffij)plilEprﬁﬂ-Pl (A(TETj)pipg)Cj:| zd§
J
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Hence
2T = £ By g, oy (AT — £)PrP2)B =0,
oy Tt 4
Lk Z / lz gTj)pllE,Dl—PQ,P1(“4(T§Tj)plpg)Cj] —()
=0T Tigr -7 0
and
T—Tp

P
/ |iZ(T —i— Tj)ﬂlilEm—pQ.pl (A(T —~E— Tj)plpg)CJ =0
0 =

fortes.
Since system (2)—(4) is controllable, it can be driven from the initial
pointsyo = y1 = --- = -1 =0 to the final point yr = = So there exists a

control «(¢) that drives the initial state to y; = zatt = 7.

yr =

,,
f (T = ) E o, o (A(T = €)71=P2) Bu(€) dé
0

P—-1 T-7 i
+Z / (Z(TfT) 1EP1 —p2, p1(~’4(T7‘=7T)p1 pg) ) (g)df
=0y ., \j=0
T—7p P
iy / (Z(T£ = Tj)p171Ep1f,og,p1 (A(T* £ Tj)plpg)cj) “(5) d¢
j=0
vz
B f (Z(T & )1_1Ep1—pz px( (T 5*7)91 pg)cj)r(f)df
“7p \J=0
T n
+ | 0T — &7 By (AT g)ﬂlpﬁ)( o(V) clu(0)) d¢
/ /
Thus
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.
g / (T — )P 2By pu (A(T — £)7122) Bu(c) de
0

pig T=m i
+ Z f 2 (Z(T &= 150" " Borp, 00 (AT = €~ Tj)plpg)ci)

IZOT*THJ 7j=0

x u(€)deg

T—-1p P
+ [ 3*(Z<T£Tj)”‘lEplpg,pl(A(TfTj)“‘”)cj)u(f)df

0 1=
0 k
¥ ]:*(Z(TﬁmmlEm_w (A(Tam‘“”)cj) (&) d
rs  \I=0

n
+/:*(T75)P1*1Eprpwl (A(T —£)Pr=*) (O/J(d)dw(t))) de.

Then, taking into account that
-
[T = " By (AT — 97~} BulE)
0

gag To% i
e Z / 2 (Z(T— §— Tj)p171EPI—P9sP1 (A(T_ §— Tj)plpg)cj)

"i:D/;’—_'_i_H»1 F=0
x u(£)dg
T—7p P
t / 2? (Z(T G Tj)pl_lEm—pg,m (A(T sif Tj)pl_m)cj) u(§) dg
J s
and
y k
£ ] " (Z(T — &= T3P T B gy, o (A(T — € — Tj)pl_”)cj) e(&) d¢
e %D

T Ui
4 / (T = € Epypy, o (A(T — €)71772) ( f a(r))d-u.s(-rn) ¢
0

0

tend to zero, it follows that :*z = 0 This implies the contradiction to
- #0 Hence the matrix 11 is nonsingular.

4 Controllability result for nonlinear system

In this section, we analyze the controllability criteria of nonlinear
fractional damped stochastic dynamical system (5)-(7) based on
contraction mapping principle. Consider the nonlinear damped
fractional stochastic system involving multiple delays of the form
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SDfy(t) — ATDPy(t)

= Bu(t) + Y Ciult — 1) + h(t,y(t)) + o (t, y(f))dlgf). te [().(ﬂ).

i=0 i 5

y(0) =y, YO =y, ..., ¥"7H0) =ppyy
u(t) = ¢(t), te|—7p,0),

7)

where n—1<p<prA-1<p<Arand r<p-1.45.c and w(t) are defined
as in previous section, O=m<m<--<m<--<7p<7p ar€ constant
delays, y e R, u(t) eR™. h: 7 x R* 5 R" and o : 7 x R* — R"*™ Then the solution

of system (5)—(7) is defined as

p—1

ut) = Z Yy (0)t" Epy —py 145 (AP 772)

r=0

A—1
_ Z yT‘(O)AtPI*PQ+TEpl_p2’pl_p2+1+r (AtM*PQ)
r=0

0

+ ] (Z(fﬁTj)pllEm—pz,m(A(fffj)“”)cj)»ﬁ(f)dﬁ

e \i=0

t

+ ] (t = )P By o (Al — €P17P2)R(€, y(€)) dE

0
t

n

+ f(f — g)PL*IEpl,pwl (A(t — 5);31—92) (/U(ﬂ. y(ﬁ)) du‘(i))) dg

0 0

t

+ /(f - f)pl_lEm—,ﬂQ, £1 (A(f - f)pi_m)Bu(f) dg

0

p-1 t=Tigs
+ (Z(f —§— Tj)plilEmfﬂQ, p1 (‘A(t —&— Tj)plpg)cj) U(&) dg

it

P
(f =g = Tj)plilEﬁi—Pﬁa P1 ("4(IL = — Tj)pipg)cj) “‘(E) dg,
- (8)

0
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DT, )Wy, te[0,T],
u(t) =S DT, )Wy, te[T —7, T — 7,
DY(T,t)yW—1y, te[0, T —7p], o)

Du(F,8) = (T — )" Bsy_sy 0 (AT —2)F2)B

for te.7]

i

Do (T, i) = [ (Fi=ii= Tj)pl_lE.ﬂrpz,m (-A(T i Tj)pl_m)c‘i} ’

j=0
for t € [T — i, T,
P
]]])3(7-.2‘) — [Z(T e Tj)plilEmfpg,pl (A(T il Tj)mﬂg)cj}
7=0

forte . 7l

i —
o= § llﬂ' = ; lerrEplfm,lnLr (ATplipg)

p

_ Z @/rATpﬁpHrEpﬁpg,pl7p2+1+r (447-,017.09)
=0

0 k

o / (Z(T &= 13) LBy, g (AT — £ — 15 =12)C ) o(€) deé

e i

(F— 81 oy g UT —E)PPRYR(E, yl€)) A8

A Ul
(T = P Bprmpa, pu (A(T — )P 2) ( o (0,4(9)) dw(m> dg] .
/ /

We impose the following assumptions.

(H1) The linear damped fractional stochastic system involving
multiple delays (2)-(4) is controllable on p.7).

(H2) There exist the constants ¥.i-0 such that the continuous
functions ;, and o satisty the following:

Int )P < NA+1pl?), oyl <L+ yl?).

+

(H3) Forevery ¢ > 0 and +.y € R, there exist constants v,z > 0 such that
the functions /, and & satisfy the following Lipschitz form:
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[n(t.2) = e p)I* < Nl = ol, - lott.) = ot 9)]* < il — ol
For transience, we present the following representations:

ar = [[¢" Bpy—pa,1r (A7) ||,

R | —— e

Ga = ||E01 —p2. o (At = )77 pg)”

fZEH — ) 71E.01 —p2, p1 (A(?L =i == Tj)pﬁpQ)CjHQ d§,

—rpJ=0

p—1 A—1 N 7-‘2,0171
W= lEyTz + ay ;} EHyrH2 4+ ay ; EHy.rH2 + uv + 4(;3L0L2

Dip—l
T Yl aT
i
x/(fl LE[ly)|%) M)@+@2 N [1+mw M) « ].
0 0 HL 0
e@ =
M =|Dy(T.8)|, M=|D(T.2)|. M=|Ds(T.1)]. (10)

Theorem 2. Assume that (H1)-(H3) hold, then the nonlinear fractional
system (5)-(7) is controllable on 7.
Proof. Define an operator ¢: 1 — 1 as follows:

(5/ Z f E017p2,1+7‘ (Atpl_pg)

=0
A—1
- Y (D)-Afpi_p2+rEﬂ1—Pz,~Pi—P2+1+T ('Atpl_m)
r=0
i k
I / (Z - B i (A —£€ Tj)plm)cj)sﬁ(ﬁ)df
S

+

oL S

(t = €)P " Epypy, py (ALt — €)772) R (€, y(€)) dE

+

n
ua“lEWﬂmAAu@mpﬂ(]owywnmmw)@
0
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t

& f (t = )P Epypn. pu (Alt — £)792) Bu(€) de

0
Poa, T g g
& Z / (Z(f —i§— Tj)plilEm—pa,.ol (A(f' ~ Tj)pipz)cj)
=0, _»  \j=0
x u(€)dE
E*TP P
+ / (Z(f —~k T:f)plilEm—pg,m (A(f = = Tj)plpg)cj)
g L3P
X u(§)dg, (11)

where the control function u(#) is defined as in (9).

By Theorem 1, the control () (9) transfers 4(1) (8) from the initial state
yo to the final state y7, provided that the operators ¢ has a fixed pointin 7.
So, if the operator ¢ has a fixed point, then system (5)—(7) is controllable.
As mentioned before, to prove the controllability of system (5)-(7), it is
enough to show that ¢ has a fixed point in 7. To do this, we can employ
the contraction mapping principle. In the following, we will divide the
proof into two steps.

Based on contraction mapping principle, we shall prove that ¢ maps 7
into itself. By Eq. (11), we have
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sup EH(EIJ)(IL)HQ

0<ULT
n—1 2
=8sup E y (0 E,, _ - (AtP1TP2
Ogté’f ;J ( ) p1—p2,1+ ( )
A—1 2
+8 sup E Z YOV AT P E e i patitr (.Atpl*’”)
0<t<T || i
0 k 2
+8sup E / Z(t_g_Tj)plilEPﬁPﬂqpl (A(t_g_Tj)prpz)Cj e(§)dg
0<t<T / \i%
-TP
t 2
+8sup E f (=P By gy py (Al —E)PP2) (€, 5()) dé
o<t |4
¢ 2
+8sup E /(1‘,75)‘7“1J1791_pz,p1 (A(t—=)P2)Bu(¢) d¢
0T
0
p-1 =T sy
+8sup E Z / ( (t—{—rj)‘”’l
0stsT i=0, 7. \j=0 2
X Eﬂrﬂz,m (A(t‘STj)plpﬂ)C:!) “(‘f) dg
t—7p P 2
+8sup E f (ffngj)pﬁlEprﬁz,m (-A(tffij)plipﬂ)Cj “(‘S) d¢
0<I<T J s
8
= R
b=1

Using Holder inequality, Burkholder—Davis—Gundy’s inequality
(here ¢, = 1) and (10), we have the following estimates:
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p—1 p—1
Rl < 8 Z EHyrfrEm*pz,lJrr (.Afm*m) ||2 < 8‘Il Z E”yrllQ'
r=0 r=0
A1 ) A-1
Ro <8Y By At? P E, o g1 (AP2) [T < 8Bz > Eyr|)
r=0 r=0

Rz <8 sup E
0<I<T

k
( Z(fingj)pﬁlEﬂrpa, p1 (‘A(tf ij)ﬁipg)Cj) 9(5) dg

=0

fo
TP
< Suw,
t 2
Ry<8 sup E f(f — P T E g o (AE = )P TP)R(E, y(€)) dE
o<i<T |

T
Y I S 2
0
t

f(t — 5)91*1Em,,32, o1 (A(t — 5)01*02) (fa(l?, y(ﬂ)) du'(ﬁ)) d¢

2

Rs <8 sup E
0T

T n
T2p1-1 N
< :32a3mlgl /(/ (1 + E”y(ﬂ)”Z) (li)) dé,
0 0

t 2
Re <8 sup E f(t - g)pi_lEm—m, p1 (‘A(t - E)Dl_pg)Bu(f) dg
o<t<T ||/
g | 7 =
<'m f Dy (T D5 (T )~ [m =S T By (ATP )
n =0
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A—-1
+ Z y-r‘ATﬁl 7p2+rEp1*02,P1 —pa+1+r («’47—’]1 7,09)

r=0

J

k
(Z(T §— TJ')milEprpQ, p1 (A(Tf {— Tj)plm)cj) w(€) d¢

j=0

(T =P By, po (AT = P77k (&, y(€)) dg

2

C’\\l O\-%

n
(T £)p17 PP, Pl( (T 5 ,01 p2 (/U 1’ )du( )>d£:|d£
0

] p—1 A-1
gM212’r Ellyrl” + a1 > Ellye]* + a2 Y Elly,|* +wo
r=0 r=0
720 T n
= 2
Lo Ly 11/(/(1+E|y(1))” )dﬁ) d¢
0 0
T‘2p1*1 A
+a3mw/ (1 + Elly©)|) }
0

Elyr|* +a ) By

r=0

A1 T20—1 T, )
+as > Elly,|? + uv + dasLe L2 11/(/(1+E”y(0}” )dz)) d¢

r=0 0 0

1—1 A
+a3T2p NT/(1+EH_11(£)||2)(1£}

R 2\ 22((T — ) — (T — 1))

2/)1 —1
8 =
Rs < §MQZQ(T7 ) |Ellyr|® +a Y Elly|?
' r=0
A1 1 )
+az Y Elly | + uv + dasL, L /(/ +E||y)]| )do) de
r=0 0 0

;
2/)171 / (1+E|y(©) 15}

0

Then

sup EH(EUJ(UHQ
0<t<T

p—1 A—1 TQ
SngEHyr” +8fLQZE||JT|\ v+ Bags—g vrf 1+ E|y(6)|?) a

T
7'2.01*1 .
+ 32 LoL

i 2p1 — 1 /

n
(/ (1+E[y)|?) dﬂ) de + %A]—QIQTW

0 0

8 9
=S §111212((T —73) = (T — 7ig1))w + §;uzﬁ(’r — 7p)w

b

-
QC(1+T)[/(1+EHy(£)H2) d{} gC'(l+T021;1£TEHy(5)H2)‘ t € [0,7].

0

Here ¢ is a constant, which gives that ¢ maps 1 into itself.
Next, forany .., e 7, we shall prove that ¢ isa contraction mappingon 71,
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E[[(€x)(t) = (€y) (D)

<8 sup E|Dy(T.)D] (T.HHw

0T
T

X [f(T T E o (AT =6 ”2)(/ (9, 2(9)) — o (9, y(9))] dw(? )) d¢
0

0
-
+f )P Epypa, o1 (AT =€) 772) (h(€, 2(€)) —h(&y(@))df}

0
+Do(T. D3 (T, )W 1

T Ul
f I B o o1 (AT —€)P 92)(/ (0. 2(0)) — o (9, y(¥))] dw( )) d¢
] 0

X

T

- [

+ D5 (7, T)]Da (T, )W

(T*S)plilEm—pmm AT =)™ pz ([ 1} r 1}) *U 0 1(1)))] w(d )) d¢
0

V7 B (AT =€) (b€, 2(6)) — (€, 9(6))) d{

—1

X

DL\-;

+ (T*St)pl_lEPrpz,pl (A(T*E)pl_pg) (h(f- 1(5)) - h’(& U(f))) d%

—

+ (tf§)p171Ep1_p2,p1 (A(tff)“*”r") (/ [cr(ﬁ. 1‘(19)) — 0(‘[9. y(t?))] dw(i))) d¢
0

2

(T=8)" ™ Epipo, oy (A(L=6)"772) (R (€, 2(€)) — h(&,4(£))) dé

+
e

< (SMP1P + 8MP1P + 801 +8)

T
< E / VP o (AT —g)P7r2) (/ (0. 2(9)) — o (4, y(9))] du(t))) d§
0

2

+ (SMPIP 4+ 8217 + 8MP1 + 8)
2

-
x B /(T*S)pl_lEp1fpg,pl(A(T*S)Pl_pQ) (h(f, -"'-"(‘f)) —h (5- U(f))) dg

0

2p1—1
< 32a3;72L L(MPPP + M0 + MP1P + /([ E|[z(0) — y(0)|® ch}) de
-

0 0
2p1—1 T
+8as; \T(M P+ M+ MR ) fEH:r %) de
p—
0
2p1—1 .
< 8as- (M2 4+ NP2 4 M2 4+ 1) (ALo L+ NT) sup ElJa(t) — y(0)||* de.
2p1 — 2 0<t<T
Hence, if
Sy 4.3 99
8(132 2(1’\1 P o MR 1)(4L & 4 NT)
p —

then ¢ is a contraction mapping on 7. Now the Banach contraction
fixed point theorem guarantees that ¢ has a unique fixed point. Therefore,
the solution of system (5)—(7) is 4(+) that given by (8), and we can see that
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«7) = vr. Moreover, the control u(#) drives the state of system (5)—(7) from
wo to final state ¥7 on 10.7]. Consequently, system (5)—(7) is controllable
n [0.7].

5 Examples

Example 1. Consider the following linear damped fractional stochastic
system involving multiple delays:

3D () — ASDE(?)

— Bu(t Zc u(t — 1) + o (t) d‘({f), t €[0,7].

(12)

thre;:—I<p1§/:,A71<ﬂ2<)\.;1.)\€;\'._r/EIR2.f€Jand
I 0 2 0 0 0 0
A=10 1 1), B=|1 0]. ¢c=(1]., c=|[0].
=1 & 0 0 - 0 il
! yi(t)
ot)={1]. yt)= yz(f)
1 ys(t)

By Theorem 1, the Grammian matrix i defined as

T
/ 7— f .01 lEpl o (A(T*é)plipg)B]
0

[(T g)pl_lEPL*PQ,-Pl (‘A(Ti g)m—pz)g}* dé—
T—T[)

B Z ] [(T = € = 70)" T Epips, 01 (A(T — € — 70)7*~#2)Co]
=0 o

A HT— £= TO)pl_lEm—pg,m (A(T =iE = TD)Pl_pQ)COJ* d¢

T—71 1
iy / lZ(T — &= 1) " Epipa, o1 (AT —¢- Tj)plpg)cj]

.D =0

1 *
x {Z(T_ §— Tj)plilEmfpz,pz (A(T— E— Tj)mm)cjl d¢.

=0
The Mittag-Lefler function is given by

Ak ik(p1—p2)
p1r— p2)k + p1)’

Epi—pa. ps (f“-pl_pg Z T((
=0
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Epipa, o (At = £)P17F2)

, 10 2 . 4 3 )
:lI‘fOlleLflng
Lip1) 1 9 0 L(2p1 — po) A ¥ 6 1"(3/1172@)
7:3 8 i (t — £)3(p1=p2)
+|—2 9 il AR Y
g g g Bep— sl

ai a9 as
(T*f)pl_lEmfﬁQ.m(A(T*f)pl_pg): a4 0as 04

ar ag g

where

(ng)m—l N (T,Lf)?pi—m—l (T,£)3P1—292—1

T T ) T(2p1 — pa) T(3p1 — 2p0)
4(7'_5)3.0172.0271 8(7'—5)4"1*3’32*1
= +
2 I(3p1 —2p2) [(4p1 — 3p2)
Q(T,.g)Qm—pz—l Q(T,‘S)Sm—lag—l 2(T75)4p1—3pz—1
“ TR0 — ) L(Bp1 —2p2) I'(4p1 — 3p2)
(—)(T —g)Pr—2et N (=2)(T —g)*rr 3,1 n
a4 = .
! L(3p1 —2p2) ['(4p1 —3p2)
(T_f)r)rl (7‘_5)2917.0271 3(7‘_5)391*29271
T T T T(2p1 — p2) T(3p1 — 202)
(ng)Qplfpzfl (7‘,5)3;017213271 (7'75)4;0173;0971
= +
T TTRm—m) | TGei-2m) | T(dp - 3p)
I (=T =Pt N (=) (T=g)*r2rt N (=)(T=g)trset
T TR2a-) T(3p1 —2p2) T(4p1 — 3pa)
2(7'_,5)2.01*9271 Q(T_g)Srn*ngfl 2(7’_5)4!71739271
= +
T T - ) T(3p1 — 2p2) T(4p1 — 3p2)
e (TP
Tl

L=l e =)
== =

ay ag as
(T*f)plilEprpz:Pl(‘4(7-75)'()17109)8: a4 a5 dp

ay ag dag

az ag
— as ag | .
ag g
[(T = £)p1_1EPL*p2,Pl (;1(7- _ E)Pl—pg)B]

X [('T - ‘S)PrlEprm”m (44(7' _ g)pﬁpg)lﬂ X

as Qs o W EE a.% + rzg 05 + azag a8 + asdqg
=M dy '@ D = | asas + aza a2 + a2 asag + detg
5 6 205 36 5 6

ag  ag 2 e 53 agag + agzag a5ag + agdg ag + ag
=
Similarly,
=] 5
[(T =g = T Epi—p2, p1 (A(T = £~ )™ DQ)CU]

bl b2 bg O bg
= b4 b5 be. 1 = bS
br bg by 0 bs
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where

s (T—E—mp)Pr~ 1 N (T—&—mp)2Pr—P2—t N (T—&—mg)3Pr—2r2—1 -
" I'(p1) i [(2p1 — p2) “ [(3p1 — 2p2)

4(7'_5_70)3.01—2@—1 8(7'_‘5_70)491—3@—1

by = + e
g L(3p1 — 2pa) T(4p1 — 3p2)
b — 2(7'_5_70)2.01—p2—1 N 2(7‘—5—70)3*91_2'02_1 N 2(7-_5_70)4171—302—1
T TRei—p) T TBpi—2) | T(dp—3ps)
y _ (T—g=mp)er?
. I'(p1) -
p1—1 pP1—pP2
6 ) : E,Oi—PQ P1 (A(T —if— 7 ) )Cl]
dg dg 0 d.g
d5 dﬁ 0 — dﬁ
dg dg 1 dg
where
B (7'75771)9171 (775771)21317.0271 (T,Lf,ﬁ)?»mﬁprl o
L T(p1) T(2p1 — p2) T(3p1 — 2p2) !
o 4(7', £— 71)3p1720271 " 8(7' —-£- 71)40173/3971
: I'(3p1 — 2p2) | ['(4p1 — 3pa)
i AT —E—=a PP T —f gy 201
a T(2p1 — p2) T(3p1 — 2p2)
LAT—Gonyitet
l ['(4p1 — 3p2) ‘

(T—¢—m)"~"
I'(p1)

(T = € —70)" " Epimpy, py (AT — € — 70)772)Co]
X T £ = g 71E01—02,91 (“A(T_ g TO)JOI?M)CO]*

bg b5 bgbg
5255 ?g 5568 — b*
Bab il b2

d.g =

901



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 5, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

1
!Z(T = Tj)pl_lEﬂl—m; p1 (-A(T g Tj)p1—p2)cj]

i=0

1 *
A [Z(T —{—= Tj)pl_lEm—P-.L P1 ("4(7- —{- Tj)m—pz)cj]
4=0

b% Eh dg bgb5 e dgdﬁ bgbg e dgdg
bgb5 + deG b% + (]% b5b8 + (IG(ITQ =
bgbg + dgdg E)5bg + (]G(ig fl)g S dg

Thus, the matrix 17 is obtained by

T T —10 T—11
W = fa.* d€ + f b* d€ + / dgdg >0, T =0
0 ‘T—Tl 0

From the above, we have shown that v is a nonsingular matrix. Thus,
we can ensure that system (12) is controllable on 0.71.

Example 2. Consider the following nonlinear damped fractional
stochastic system involving multiple delays:

6D y(t) — AGD{y(t)

P a ]
= Bu(t) + Z Ciu(t — ) + h(t.y(t)) + o (t.y(t)) d“lm , te[0,7],
i=0 e (13)
where i-t1<pm<pur-t1<m<ipreNyerties and AB.G.c; and »¢) are as
above,
111(0.05%1(-_;/1 ) sin yq (%)
ot y(t)) = w : h(t,y(t)) = | cosya(?)
sin(y3) ys(t)

Since the corresponding linear fractional system is controllable by
Example o(t.y(1) and f(t.4(1) satisfy the assumptions of Theorem 2. Based
on that, we conclude that system (13) is controllable on .71

6 Conclusion

In this paper, we have analyzed the higher-order fractional damped
stochastic system involving multiple delays in both linear and nonlinear
cases. Based on controllability Grammian matrix, controllability results
for the considered linear damped fractional stochastic system have been
attained under suitable assumptions. Some sufficient conditions, which
ensure the controllability of nonlinear damped fractional stochastic
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system containing multiple delays in control have been derived by
applying the fixed point technique. Examples were provided to verify
the established criteria. The proposed technique could be implemented
to other type of fractional-order dynamical systems. An interesting
extension would be to study the controllability concept for the fractional
damped nonlinear equation involving time-varying delay or fractional
damped stochastic system with various delay effects. This area will be the
future focus of our research.
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