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Abstract: In this paper, we deal with the existence of solutions for a coupled system of
integral equations in the Cartesian product of weighted Sobolev spaces E = W 1,1(a, b)
x W 1,1(a, b).

The results were achieved by equipping the space with the vector-valued norms and
using the measure of noncompactness constructed in [F.P. Najafabad, ].J. Nieto, H.A.
Kayvanloo, Measure of noncompactness on weighted Sobolev space with an application
to some nonlinear convolution type integral equations, J. Fixed Point Theory Appl.,
22(3), 75, 2020] to applicate the generalized Darbo’s fixed point theorem [J.R. Graef,
J. Henderson, and A. Ouahab, Topological Methods for Differential Equations and
Inclusions, CRC Press, Boca Raton, FL, 2018].

Keywords: coupled system of integral equation, weighted Sobolev spaces, Darbo’s fixed
point theorem, M-set contractive, generalized measure of noncompactness.

1Introduction

Sobolev spaces wmz(2) (2 c RY) [7] are the classes of functions s defined
a.e.on 0 with its derivatives in distributional sense p*f for orders |a| < m in
#(2). One of the most important mathematical discoveries of the XXth
century was the concept of Sobolev spaces. This theory is essential in the
study of nonlinear partial differential equations in modern analysis. In the
early 1970s, Muckenhoupt [14] introduced the 4, class of weights, which
are common in applications. Following that, many papers and books
have been discussed intensively in Sobolev spaces with Muckenhoupt’s
weights.

Measures of noncompactness introduced by Kuratowski [12] are
functions that measure the degree of noncompactness of sets in complete
metric spaces. These functions play an outstanding role in fixed point
theory. In 1955, Darbo presented a fixed point theorem [8] using this
notion. Furthermore, several interesting papers on the solvability of
various integral equations in Sobolev spaces without weights using the
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measures of noncompactness have been shown; see, for example, [3, 5,11,
13].

The coupled system of integral equations describe a phenomenon in
biological science, physics, electrodynamics, electromagnetic, and fluid
dynamics. In the last decades, the problem of existence solutions of these
equations has been taking greatinterest [ 1,4, 16—18]. In particular, Nasiri
et al. [16] gave an existing result of the following category of Volterra
integral equations system:

o1(1) = A(e) + £ (2, 01(1), 02(1))
+P(o1(1), 02(1)) fg(st 01(5). 02()) Q(01(<). 02(<)) ds,
0
02(1) = A(L) + (1, 02(1), 01 (1))

+ P(02(e), 01(1)) /g(s'. 02(5), 01())Q(02(5), 01(5)) ds
0 (1)

in co.z.6)xc(o.11.¢). Here ¢ is real Banach algebra, and the entries on
system (1) satisfy certain conditions. The idea used here is to prove that
system (1) has a coupled fixed point with the help of the measure of
noncompactness defined by

(K1 x o) = G(n(Kq). n(Ks)),

where ..k, ¢ ¢(0,L].€), ¢ is a convex function from R? into R,
satisfying G(t:.7) = 0 if and only if t: =2 =0, and p is a usual measure of
noncompactness.

Another method to ensure the existence of solutions of a coupled
system of integral equations is to work on some suitable generalized
Banach space in the sense of Perov. In [10], the authors extended Darbo’s
fixed point theorem on generalized Banach spaces by replacing the set
contraction factor with a matrix convergent to zero and the usual measure
of noncompactness of a set A with a generalized (vector) measure of
noncompactness

11(A)
pa(A) = :

pn(A)

(see Definition 8 and Theorem 1 below).
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More recently, authors in [15] constructed a new measure of
noncompactness on weighted Sobolev spaces Wz #(2), where w is 4, weight,
and presented the effectiveness of this measure by studying the existence
of solution of some nonlinear convolutiontype integral equations using
Darbo’s fixed point theorem.

The organization for the rest of this manuscript is as follows: Section
2 is devoted to the presentation of definitions and some auxiliary results
regarding the main objects of the monograph. In Section 3, we present
existence results with the help of the so-called generalized measure of
noncompactness for the following system of the integral equation (SIE):

L

01(t) = P1(e, 01(1). 02(1)) + f Ki(e,¢)L1 (s, 01(2), 02(¢)) ds,

a (2)

where the functions P P.. KiKs L. Lo are given and verify some
conditions. The functional setting of this system is the generalized
Banach space ¢ = w*(.0) x w2(@.»). Finally, an example is given to show the
effectiveness of the obtained result.

2 Preliminaries

We recall some concepts that are necessary for this paper. So, this
section deals with notations, definitions, and auxiliary results of weighted
Sobolev spaces, generalized Banach spaces, generalized measures of
noncompactness, and fixed point theory. Beginning with a review of the
definition of weights, in particular, 4, weights, for more details, we refer
the reader to the following monographs: [9, 14].

Definition 1. (See [19].) A weight on R is a locally integrable function
w such that w() >0 for a.e.t € R.

Definition 2. (See [19].) A weight w is said to be an 4, weight if there
exists a positive constant A such that for every ball 5 c &,

1 1
wl(e d:.) esssup —— < A, where j{ )| di= / f(e)] de,
(55 ) esssup sl a=z [ 150
B B B

here |5/ is the Lebesgue measure of the ball B. The infimum over all such
constants A is called the 4: constant of «w. We denote by 4: the set of all

4, weights.

Let w be a weight, and let (w.1) c & be open. We define the weighted
Lebesgue space Li((a.1)) as the set of measurable functions 7 on (a.t) such
that
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”JCHL}U((&,E))) — |f(f)\w(£) de < o0.

L

Definition 3. (See [19].) Suppose that the weight w is in 4:. Then we
define the weighted Sobolev space 21((a.)) as the set of functions £ L ((a.t))
with weak derivatives /' € £i((a.0)). The weighted Sobolev space w2 ((.1)) is
a Banach space with the norm

1wt amyy = max{ I FllLs (@b 1 28 (o) }-

Now, define on M. (R,) the partial order relation as follows. Let
M,N € Mpn®). m > 1t and n = 1. Put ¥ = (Mijigemicicn and N =
(Nijhigi<ma<icn. Then

Formula

M<N ifN;;>Mforallj=1...m i=1_..n

M<N ®N;; > Mglorallj=1,...,m, i=1,...,n.

Let A=11, 4 be a bounded set of &, the supremum bound (resp. the
infimun bound) of 4 is the vector

sup{Ai: \; € A}
sup{\: A e A} = :
sup{An: An € An}

inf{A\;: A\; € A1}
resp. ﬁ'{)\: AE A} = :
inf{A\n: A\p € An}

Definition 4. Let ¢ be a vector space on K = R or C.. By a generalized
norm on £ we mean a map

lollx

||.

G:

c:E-RY, oo
lolln

satisfying the following properties:
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i. Forall ce&iflicls =0, then o =0,
ii.  Mollc = Melle for all o € € anda e K, and
iii. Jo+ylc < llellc =yl forall o,y € €.

The pair |fo) is called a vector (generalized) normed space.
Furthermore, (. o) is called a generalized Banach space (in short, GBS) if
the vector metric space generated by its vector metric is complete.

Proposition 1. (See [10].) Iz a GBS, in the sense of Perov, the definitions
of convergence sequence, continuity, open subsets, and closed subsets are
similar to those for usual Banach spaces.

Let (o) be a generalized Banach space. Throughout this
paper and for r = (n...m)eRLoes, and i=1,...n, We
denote bymo.r-) —{ee lo—olc<r}  (resp. Biloor) = {e€ & llo—cli <)) the open
ball centered at 0 with radius r (resp. ) and by
Blonr) ={oc € lw—dle<r} (e Bilonry = {ec & |m-dl <)) the closed ball centered at oo
with radius  (resp. r;). If oo = 0, we simply denote 5, = B.») ad 5, = B.»).
Finally, we respectively denote by & and co(k) the closure and the convex
hull of an arbitrary subset « of ¢.

Definition 5. A matrix i/ € m,..(®,) is said to be convergent to zero if

M™ 30 asm — oo.

Lemma 1. See [20].) Let M € Mo (R+) . The following affirmations are
equivalent:

i, M™ 50 asm — oco.
ii. 'The matrix 7 — A7 is invertible, and (7 - 1)t € Mo (®y).
iii. The spectral radius p(1!) is strictly less than 1.

Definition 6. Let ¢.|-jc) be a GBS, and let K be a subset of ¢. Then
i is said to be G-bounded if there is a vector v er:. such that for all
0eK, |olle <V, and we write

SUp perclolly

IKllc :=su{llellc : 0 € K} = ; V.

SUPpeic | 2]|n

Definition 7.Let (. ||) be a GBS. A subset « of ¢ is called G-compact if
every open cover of « has a finite subcover. « is said relatively G-compact
if its closure is G-compact.

We denote by a:(¢) the family of all relatively G-compact subsets of ¢.

Now, we present a definition of an axiomatic measure of
noncompactness for generalized Banach spaces similar to that introduced
in 1980 by Banas” and Goebel [6].

Definition 8. Let (.||c) be a GBS, and let sa(e) be the family of G-
bounded subsets of £. A map
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f11(A)
na - Bg(g) — LO —*OO)R. A — ,u.G(A) — :
P»'-n(A)

is called a generalized measure of noncompactness (for short G-MNC)
defined on ¢ if it satisfies the following conditions:

i.  The family kerpc() = {A € Ba(€): pe(4) = 0} is nonempty, and
keruc(e) c Na(e).

ii. Monotonicity: A: € Az = ja(A) < 6 (A2) for all A1, 4; € Ba(e).

iii. Invariance under closure and convex hull: #c(4) = 1e(4) = nelco(4))
for all4 e Bo(€).

iv. Convexity: nc(d + (1= Ndo) < Mua(d) + (1= Vpa(4) for all a4 esae)
and r e [0.1].

v. Generalized Cantor intersection property: if (4n)n>1 is a sequence
of nonempty, closed subsets of ¢ such that 4 is G-bounded and
A1 DAy DD Ap-er, and lmmo e nc(4n) = 0re, then the set A« == N3, 4n is
nonempry and is G-compact.

Definition 9. Let (.| |c) be a GBS, and let e be a G-MNC. A self-
mapping s:€ — ¢ is said to be a 1/-set contractive with respect to e if
s maps G-bounded sets into G-bounded sets and there exists a matrix
M € M,..(x*) such that

pna(S(A)) < Mpug(A)

for every nonempty G-bounded subset A of ¢ If the matrix s
converges to zero, then we say that s satisfies the generalized Darbo
condition.

Theorem 1. (See[10].) Let ¢ be a GBS. Then every nonempty G-
bounded, closed, convex subset K of & has the fixed point property for
continuous mappings satisfying the generalized Darbo condition.

Theorem 2. (See [15].) Let A be a bounded subset of the space w3 (.

.For veaand -0, let us denote

1°(0.€) = sup{|lmhe — ollwia gy 1] < e},

(A, ) = b'up{;.;o(g. £): o€ A},
(A} =Tim g (A, =),

e—0

4]

~—

where mol) =ol+h) for 1, h eR,, and
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(ZT(A) i Sup{||£}||If1f;{.=1((a.gb}\BT): 0 € «4}
d(A) = lim dr(A),

T—oco
p(A) = p°(A) +d(A).

The ﬁmction po: Ba(Wii((a,b)) — Ry is a measure of noncompactness on
the weighted Sobolev space w:(a.v)) , and moreover, verji= NV (a.0))

Proposition 2. The space € =WE'((a.h) x Wi ((a.0)) define a generalized
Banach space equipped with the generalized norm

£ /1

AN Y

Sfor each 1= (5. f2) € WiN(w.0) x Wi (b)) . Furthermore, the function
LG :Ba(WE((a,0) x Wh((a, b)) — RZ dcﬁm’d as

W' ((a,b))
W' ((a,b))

i/ IO (e
(A = (L;Ej;;) - (L(,Ej;;i (jéﬁ) s LAY - Bl

is generalized measure of noncompactness on ¢.
Definition 10. (See [2].) A function s:r"xr* —® is said to have the
Carathéodory property if

i.  thefunction ¢ — f(i.«) is measurable for any . e r,
ii. the function « - (..« is continuous for almost all + ¢ Y .

3 Main results

In this section, we study the existence of solutions for the system of
integral equation (SIE) (2). Problem (2) will be discussed under the
following assumptions:

(H1) K,k € c({@ 02 R)

(H.) The functions p,.P,:(at)xRxR—R satisfy the Carathéodory
conditions and have the continuous derivatives of order 1 with respect to
the first variable, and

a) There exists a matrix 1, = (&2 822) € Mawa(L=(a, b), R, ) such that for
each (1,01, 0), (181, 3) € (a,b) xR xR and for i e {1.2}, we have

b) There exists a matrix - (i %) em.e such that for each
(1,01, 02), (1,51, 32) € (a,b) xR xR and for i € {1.2} and j e {1.2}

c) There exists a matrix - () cmar) such that for each
(1,01, 02), (1,01, 82) € (a,b) xR xR and for i € {1,2} and j e {1.2}, we have
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P,

d) For each i € {1.2} the functions pi¢.0.0 e w2,
(H3) The functions L;.Lo:(a.b)xRxR—R satisfy the
Carathéodory conditions and have the continuous derivatives of
order 1 with respect to the first variable, and

a) 'There exists a matrix 1 - (3 32) € Mo ((e.).R2)) such that for
each (s.01.02). (. 21.22) € (a5) xR xR and for i € {1,2}, we have
|Li(s, 01, 02) = Li(s, 01, 02)| < Bia()lor — @1 + Bi2 (<)l o2 — 2
b) There exists a matrix - (2% e maci@nr) such that
for each (s.01,02).(c.31,3) € (a.b) xR xR and for e {1,2}
and; e {1.2}, we have

aL aL ;
00 08) - & 6 1, 2] Ligls F

c) 'There exists a matrix i, = (31 %:2) € Mas(Z'((a.0).E,) such that
for each (s 01,00),(s,81,) € (a,6) xR xR and for e {1,2}
and; e {1.2}, we have

e) Foreach i€ {1,2}, the functions &) = [:|L(.0.0)d exist, and ¢, € LY (a.b)

Theorem 3. Suppose that assumptions (H1)-(H3) are satisfied. Then the
system of integral equation (SIE) (2) has at least one solution in i<
ifthereis r e R? such that

(1‘1)> llarullze ALK AL s+l lln) a2 llzee A0 2K (A2l +llm2 )
T2 llaz,ullze +A2 0+ K (82,1l 2 +lim2,illn)  Nlaz2llzee +A2, 2K (182,20 0 +In2,2 100

, (n) N IP1( 0, 0)lyyre s +K1E ]y
2 ”PQ(.'G'O)HW&’I +I\"H€QHL3J (3)
and the matrix

: ||"—"«'1,1HL">° -+ Q‘R—”ﬁLIHLI ”Q'?,IHLOC -+ 2I{||:‘32;1HL1

HO;LQ HLoo + 2[(”31,2 HLI ”0'2:2 HLoo & I .2_[&' ,32!2 HLi

converges to zero. Here

oK; ,
i )

K 7= max sup lK@-(z.,g)‘. sup
e} (.f,,c;)E(a,b)2 [a,c)Emg

P7’00f We define the Operator = : Whi(a.b) x Whi(a.b) — Whi(a.b) x Whi(a.t) by

Z(2)(0) = (_:1(9)([,)) _ (Pl(t,. 01(0), 02(1) + [ Ka(t,9)Lals, 01(2), 02(2)) (lg) |
h Za(o)(1) Pg(i,.gl(t),gg(z.))+f; Ka(e,<)La(s, 01(), 02(¢)) ds
The proof will be broken up into several steps.

Step 1. Our first claim is to show that the operator = is well defined.

Looking that for each i e {1.2}, the function =) is measurable for any

o Wi(a.) x W2i(a.0). Also, for any: e (@.0) and i  {1.2}, we have
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Then =.») has a measurable derivative. Now, we shall show that
Z(0) € Wh(a,b) x Wil(a,p) fOr any o € ) < e, Using our hypotheses, for

arbitrarily fixed « € (w.5) and i € {1.2}, we obtain
IE@(Q)(1)| < |Pi(e, 01(2), 02(1)) — Pi(2,0,0) + Pi(f'-oe()”

- ] Ki (e, )| (JLi (s, 01(2), 02(1)) — Li(s,0,0)| + |Li(<, 0, 0)]) ds

< o (0)]e1(1)] + aiz(e)]oa ()| + |Pi(2, 0. 0)]
(/m o2+ 18s2()]| | e2(0)] ds + & ))
Sa-i_l(zﬂ ()|+mz |02 |+|P )|
+I((||.3i,1”L1‘Ql(i | |02 |+‘£z )
hence,
/|_2(o) |W' dz\/(ai?l(eﬂol |—|—012 |02 )|+|P 0.0)|
‘ + K (|Biallet|or()] + 182l pt |e2(2)]))w(z) de
< leiallzesllorllzy + llaizllzeloallzy, + ||Pi( ~,0-0}HL3U
+ K (1B llp loally + 1Be2llello2llny + €l e )-
Also,
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oP,; P, P
‘\ d[, (‘L 91( ) (I)) E) (L:O1O) + a!’

li@mw@my@w

||—‘i (‘9_3 91(1’)! 92(!’)) . LI'(';:O! 0}| e |L1((,0‘0)|)

- (£}010)l

l—a@m@M)()

+flses
a@(

oP,;
< ai,1(a}|91(a)l + ai,g(allgz(bﬂ + 3: (¢,0, 0)’ + i1

S5 010 2200) - 10|+ [FE s 0. 2200) - 500

._

+

)a

A0l

o1(¢)

+K]ﬁi,1(§)|91(bl|+.3i.2(€l|92@)|+ Li(s,0,0)| ds

+1:.1(5)] 1 (1)] + mi2(<)| @b (1) ]
OP;

*(2,0,0)

< a;1(0)|e1(0)] + i 2(e) 02(¢|+| + Xia |0t (0)] + i 20h(0)]

+ K (|1Bi1llnr |01(0)] + 1Bi2ll 1 |02(2)] + & (e)
+ miallet| @ ()] + lIm2llee |ea(e)]),

then

ll(sﬂ(g))’llL,}, < ||%,1||L°0||Q1llLi T ||O'a',2||Loc llQ2|lL&,

oP
S TR P W A )
l Ll
+E(I,

lloallzy, + ISz )-

+ sl [lledllzy,

thus
| = lle-l £) llai,QllLOCl|Q2llwi’1
[P, 0, 0) |ygr + Auallillng + Asclleallng
+ K ([1Bsallzeleallzy + 11Bi2llzt lezlly,
+lmialleslleilicy, + llmz2llzllebllcy + illzy)
< 00,
this means that the operator = maps (.0« INTO W2ttt
Keeping in the mind that the vector r fulﬁlls mequallty (3) thus for
all ez,
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1Z(0)lla
g1l oo + AL+ (Bl e+l o) lewzllze +A 12+ K (| B2l o+ llm,2 ]l z)
lleez,af[re + A2, HK (| Bl +mzallnt) Nlovz.zllzee +A2,2+ K (|| B2,2] 1+ 02,2 2t)

o (Metlhwz) o (IPC0. 00y + KIS
lo2llyy2.1 IP2(-,0,0)[lyy2.2 + Kl€2l 2y
(1)
"2 (4)
Due to (4), we derive that = is a mapping from 3, into 5..
Step 2. Our claim here is to proof the continuity of = To this end,
let (on)nen = (01,502, )nen be a convergence sequence to some w:=(01,00) 1IN

W (a,b)x Wi (a,b)

Then for each i e {1.2},

H'—%{On . :*i{g) ||L.1.

x<~/|Pi(f-=91n(f)=92n(f-))—Pi(!-aﬂl(ﬂyé’z(f-)) w(e)de

//\Kz(c S)||Li(s, 01,(4), 02, (1)) — Li(s, 01(2), 02(2)) | Asw(e) de

é/atl ()| o1, (1) = 01(1)] + i 2(1)| 2, (2) — 22(2)|)w(e) de
b &
+I(//\ﬁ@,1{§}”91n{a)— ()| + |Bi2(s)|| 02, (1) — 02(1)| dsw(e) de

< llaialle=|le, — 91||L1 + || 2||=| 02, — e2|lLy

+K(/‘351{§ |c1g/|oL () — 01 (0)|w(t)
f |8i,2(<)| ds / |02, () — 02(1) |w(v) dt)

< (||sz:1l|L=° +I(|I.’3€-1I|L1)I|an — 01

Wit
+ (Nl zllo= + Kllew 2]l 1) l| 02, — 02llypr1.1

— 0 asn — +oc.

On the other hand, we have for each i e {1,2},
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H(—’z(pn))’*(:z(g )l
f\—tgl ). 22,)) = 22 (1.010). 0300

|
|2
1%
]j\K |5

oL, ,
5o (1. 20) - 0

/f\Ku)\

"o
- G a.20) - &0

w(e)de

L)) 91 (

( e1(t) 02(1)) € (1) [w(e) de

L)) 92 (

( o1(1), 02(2))-25(2)

w(e)de

(¢, 01, (1), 02, (1)) — Lilc, 01(2), 02(1)) | dsw(e) de

(o1, (1), 02,()) - 0} (1)

dew () de

(1), 02, (1)) - 0, (1)

dew(e) de

b
< f (i1 (1)) e (1) — o1 ()| + i 2()] 02, (1) — 02(1)] () i
b

+ ] (Hinlel, (0) = &4 (0)] + H:aeh, () — dh()])e) de

a

b L
+Kf (/ 1801()] o1, (6) — 02(1)] + | Bea(s)|| o2, () — 2(0)] dc)w(t-) d

b L
LK [ ( / Lin()|el, () = ()] + Lia(s)|eb, () — b(0)] dc)w(z)da

< ([leitllze + Hia + K([|Binllr + | LiallLr))ller., — enlly:.:
+ (leviglle= + Hiz + K (Bialler + [1Li2llp)) |02, — ezl

— 0 asn — 4oo.

Step 3. The operator = is G-set contractive with respect to /ic. Indeed,
let 4; be a nonempty and bounded subset of 5., and let ..% € Br be such
that |# < - and o € 4;, and by applying the same procedure of the previous
step we get
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b

[ (Z:(0)) 0+ h) — (5:(0)) ()]wl) e
b
< f [(Z:(0)) (e + h) = (Zi(ele + h))) (L + ) |w(e) de

f| i(o(e+ 1)) L+h) (Z:(o) (L‘wl,dl,

< (lewalle= + Hir + K(||Billn: + | L)) 7o — 01|y
+ (Haz,2||L“< +H;z+ K(”ﬁi,zHLl + ||Lz'._2||L1))HTh92 — 92||V,rhl,1

b

+] Ban( ot +h). o2t +h)) — %(L,QI(L),QQ(L)) w(i)de
b

+f ZP;( o1(t+h). ga(t+h)) - 01 (e + k)

a

- g_; (0 01(0): 22(0)) - 240 |w(e) e

b
aPz’ i
+f‘8p (t+h, o1(t+ h), 02(t + h)) - 0h(c+ h)
2

T (0,20 400

ij o,
-

fbf’(wrh S)Li(s.o1(t + h), 0a(t + 1))

ff{K (t4h, s

w(e)de

)| [Liss o1 (t + ). mho2) — Lifss 01(0). 22(1)) | dew(e) de

||- S, 01(1), z(b))‘dqw(c)db

dow(e) de

(s.o1(t +h), g2t +Rh)) - o) (¢ + h)

dgl Y (6, 01(0), 02(5)) ()] dsw() de
/ / Ku(06) = il 9| o=, 21(0), 2(0) - 1) | dsolo)
b t+h 6L
+[/ iy ) 5 (. n(E+ 1), ot 4 1) - 640+ )| dole) o
//w A ‘ S (G164 B), eat + B) - €h(a+ B)
- D2 (s ea(t), 200) - ()| A0 o
] / Ki(t:6) = Kile+ B0l | 522 62100 200) - 50| dso(0)
b t-i—h d
+f Ve (S a(t+ )t + 1) - do(u+ )| dsw(0) e
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then

/|(—:i(9))’(‘-+h) =; Q) |w(t

@

< (levialln= + 2H; 1 + 2K ([1Billzs + [ Liallzr))lImner — o1l

_|_

I oP; oP;
A\ B e

+ (laizllz= + 2Hi2 + 2K ([|Bi2ller + |Liz2llLr)) llmnez — @2l

f/|1- ¢, 01(1), 02(1)) | dew(e) de
(]/‘m G 01(0), 22(0))-24 (1) +

deew(t) dt)
b t+h

+Kf/|L sl P, 02t+h)|+’6L (5, 01(t + R), Tho2) 04 (¢ +h)’

El

OK; dK
+  sup 3 (ot h, ) — B, (,¢)
(wo)ean’ |

+ sup |K-(r, ¢) — Ki(e + h, §)|
L\)Eﬂbz

’ = “ (s, 01(2), 02(2))-05(c)

dew(e)d

o1(t+ h),02(t + h))-05(c + h)

+ |[=— (s,
‘dgz(c.

it follows that

||Th (Eio) — (—:z‘Q)IHLi‘

< (lloillpes +2H; 1 + 2K ([18i 1l + 1 Lillze) ) Imner — o1l

P — Py
+ (levi 2|l + 2H; 2 + 2K (|| Bi 2l + | L2l ) ITho2 — 02|y

E)Ki aKz
+  sup 3 ( 3 (%)
woet@n” | 4
x (1Bialltllenliy + 1Bi2llzt lozlley + lI&illz:)
+ sup 2|Ki(5:§)_Ki(“+h~ )| (Imsalles [lleh1ze + lmi2llee|lleblz)
(t.5)E(ab)

+ K (1B 1l (p—a, 5—atmy lo1llzr + 18i.2 ]l 1p—a, b—atry 02l + 1ThEs — &ill Lo

A ||72z',1 ”Ll(b—a. b—a+h) | ||ThQ’1 ”L}d =+ ||"?i,2 I L1(b—a,b—a+h) ‘ ||7_th2 ||L;) .

thus
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1 ((Zi(0)), €)
< (leille= +2H; 1 + 2K ([|Biallr + | Liallzr))ud(01,€) + pi (Pi,e)
+ (Jlevi2llz= +2H: 2 + 2K (||8i,1ll Lt + || L2l 1) ) 18 (02 €)

IK;
(e +hy¢) = =)

i

D)

+ sup

(t,5)E(@b)
< (IBiallctllenlley, + IBi2llzrllezllzy, + lI&illze)

+ sup  |Ki(te) = Kile+ R, )| (Imiallne [leh loe + N2z bz
(r.5)e(a,b)

+ K| Bi1 “Ll{b—a,b—a+h)||91 HLgJ + ||.51_.2\|L1(b—a,b—a+h)||92||L5)
+ [|n& — &y

|L1(b—a.b—a+h) | HThQ’QHLi,-

+ 1,11l L 2 0—a, b—atn) || L2 + |17i,2

Since for each i € {1.2}. {P;}. {K:} are compact in W2(a,5) and fs} is compact
in zi(e.n, we have #0(Pi.2) = 0. I7(%) — &l — 0as= — 0, Then we obtain

n&(EA)
llvt,1llpoe +2H1,1+2K (|| 8,1l pp+ 1 L1l ) et oo +2H2,1+2K (|| B2,1 | g+ L2, 1)
© \llen2llzee +2H1,2+2K (|12l p +IL1,2ll 1) lloz,2lle +2H2 242K ([ 82,2/ 1+ L2,2(1 1)

x pd (A).

Next, let us fix an arbitrary number 7 > 0. Then, taking into account
our hypotheses, for an arbitrary function . e 4, we have

|(EE(Q))'(1)‘W(1) de
(a,b)\Br
< lazallzo@snBmlleilliLy (@apnee) + izl Lo (a,o0\B0) 1221 L1 ((@,0)\B2)
aP;
o]l

+ Xiallei e (aaner) + AizllobllLy (@s)\Br)
L ((a,b)\Br)

(-,0,0)

+ K (18iulletllesles (@oner) + 182l leallze apnBr)

+ llmi 1l 9 es (aonBry + izl l9allLe (o By + IEllLE (@ b\B2))
< (lowallooo appBr) + Ai1 + KllBialles + Kllmiallz) leillw (amzm

+ (llai2llLoo (@ Bry + Ni2 + KllBi2ller + Kllmiall) lo2llwit (om0

+ ||P1( 0, O)HW.ﬁ‘l((a,b)\BT) i I\’”fiHL}d((u,b)\BT)-

But for each i€ {12} [IP:(,0,0)lwat apnpry = 05 loialleeaongry = 0
sl (asnse) = 0. il @anso — 0 when 7 — +o0, hence,

A a+K(|Buallz+lmoallz) )\1,2+K(||,31,2|L1+?71,2||L1))d (A)

da(ZA) < oo wy ok
A2 +K (|| el +neill) Aez+K([|B22]m+nz2llo)

then

941



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 5, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

na(Z(A)) % (llawjllLe + 2Hs; + 2K (|| Bi,]lt + || LajllLe)

R -)\i,j = I(Hni’jHLi)lSi,j\{Q#G(‘A’)' )

By the same way we find for i € {1.2},

< /l(fz(g))(z, +h) = (Zi(ole+ 1)) (e + h)|w(r) de

-+ / { (Zi(ole+ 1)) (e+h)— (E'Z-(g))(i.)|u,'(z)(11,

a

< (levi [z +K || Bea L2 Mlmnor—on w10+ (llevs 2l g0 + K (| evi 2 || o2 | 7o 02— 02|yt

b
—+ / !Pi (1. +h, 01(¢c +h), Thoo (L + h.)) - P,;(L. o1(1), _02(1,)) |w(1.) de

b .
+ /] IK,-(L + h, g’)HLi(g’. o1(t +h), 02(t + h)) — Li(s. 01(1). 02(2)) | dew(e) de

b oL
+ /] |Kz—(z, +h,5)— Ki(t,.q)HL@ (5. 01(2), QQ(L)N dew(e) du

b t4-h
+!! |Ki(e, <)Li(s, 01(2), 02(2)) | dew(r) de

< (floiillze + 2K ||Bia ]l )13 (01, €) + (lle2llzee + 2K [|vi 2]l ) 4502, €)

+p2(Pie) +  sup |Ki(z,.g) —Kile+h, g)|
(wo)et@d)’

X (18ialleellloalizy + 1B 2lltlllealley)

+E (18,121 (b-a, b—a+mlorllr + 1852l L1 p—a, b—a+m lo2ll e+ I7a&i — &ll 1)

hence,

pe(A),

BEA (||a1,1||Lm+2K31,1||L1 (Y211||L.m+21(||3211Ll) .

||(l]_'_2 ”Loc +2P{H-‘81,2”L1 H(YQ:Q ||Loo +2[’(”‘,€32!2 HLI
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| G0k
(a,)\Br

< (llewalle=(appBr) + KllBiallor) lorllLs ooy 2r) + ||Pil('.-O-D)HL;((a,b)\BT)

+ (las2llp=(@ppBr) + KllBi2llz)lle2llLs (apnBe) + 1€ 2L (a,b)\ B2

153 v |8 1
(JG(EAHK(” valler 18zl )dG(A).

B2allzr |B2,2]le

SO

. larillzee + 2K Brallpr llael|lze + 2K B12]| L1
pa(ZA) < ( ' pc(A).

||Q-2,1||L-J<; + 21‘{7”32,1 HL1 ”(1.2!2“1‘0@ + QI{HSQ,QHLl ©)

Now, by combining (5), (6) we find

Formula

Hna (E(.A)) < M, ug (.A)

Therefore, by the generalized Darbo fixed point Theorem 1 system (2)
has at least one solution in B, c W2 (a,b) x Wii(a,b)..

Example 1. Consider the following coupled functional integral
equation:

('.05(67891 (¢) + 97392(‘))

are) = [ +5
L
+ fe_4 In((s+1¢)*>+1) a.rcta.n(egi(L)/QO“LQQ(")/lOﬁQ) dg,
=i
 sin(e 01 (¢) + €7 02(1))
o2(t) = | + 3
L
t+ s ! ,
os f arctan j; " In (cosh(qfifl)ﬁ < EQE:)S)) dg.
Then
P1(e,01(1), 02(2)) = ‘fos(e_gglf")&e_sgﬂ’)). Ki(,6) = e *In((s + )% + 1),
Pa(e, 01(e), 02(0)) = sin(eggl|(lz|.)++3e592(1))‘ Ka(e,¢) = arctan i

Ly (s, 01(2), 0a(z)) = arctan (e (/20+e2()/104<7)

La(s, 01(¢), 02(0)) = lll(co"jh(s’flfiﬁ s ffﬁ)g))
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and we have

P,

L (¢, 01, 02) = sgn(e) (|¢] + 5)2 )

8P2( ) ( sin(e %90; +e7°p7)
; L, 01, 02) = SgNI¢ e
8. & (e[ +3)2
and we simply check that
B g2
|P1(1‘1Q1! Qg) 7 Pl({‘:_ala @2)‘ g.. |l| +5|.‘91 7@1‘ + |[| +5‘92 7 @2'
o e ? ) e ® B
|P2(L.92- 02) — P1(e, _01.92)‘ < ] +3|Q1 — ol + B +3\92 — 02|
and
AP dP a8 3
U-—:(['-Ql~92)_d-—;(f~~§l~§2) §m|g1—§1\+(‘fw|gz 2|
P, Py g _ e™? B
'az(l'-é’l-Qz)aL(iteegz) gml?l*?l‘+wl92*@2‘-
Thus,
e_8 e_3
] L|+5 L|+5 00
My = | M5 45 | € Moya(L°°(a,b),Ry)
le|+3  [e|+3
with
—8 —3
: e e
Hal,llle ”&1,2”1»“3' . 5 5
=3 o

Furthermore,
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0P,
do1

0P,

(f".' Q].*QQ) = =g =2 . ,

L, 01,02) = —e
a2 ) EBE
P, ) osin(e %o; +e7°09)
—I\L, 01,09) = €
T (|e| + 3)2
OP5 sin(e™Yo; + e °05)
L, 01,00) =€ .
892( o1 02) (|¢| + 3)2

% L, 01, 02)01 (1) — g—z(is 01,02)0,(¢)] < 2658 |Ql(f) = _5’1(?')|
‘j)POQl 6,01 Qg)g’g(e)g;(f 81, 82)@5(1)| < Qefglgg(a)fo’z(r)l
%(t-.gl-@z)g’l(t) - %(LQLQZ)Q&(!-) < 2zg|9’1 DEAOIE
Z—Zj(i 01,02)05(L) — %(ie 01, 02)05(1)| < 26:3_5 |Q’2(f') - Oz(f)|

and
gzll(z.gl.gz)@g(») < ej|g’1(e.): 32 01, 02) (1) < ejlg;(t)l,
P o)) < SlA0] [ T2 er en)eh0)| < Sl

Hence,

2e—8 o ﬁ ﬁ
:\[2 = 5 5_9 295_5 s 1'7\[3 — é eés
3 3 3 3

It is easy to see that for each i € {1.2}. Pi(~.0.0) satisfies assumption (H2)
(d). Since we have P,(1,0,0) = 1/(li| + 5). 9P1/01(:,0.0) = sgn(e)(1/(|e] + 5)2). Pa(1,0.0) =
AP, /:(1.0,0) = 0.. Then we obtain

I
E [IPa(z,0,0 =0.

” P1(:,0.0) ||wj=P((—1,1)) s ) HWi‘P((—Ll))
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By the same way we get

L1(s. 01, 02) — La(s, 51, B2)|

1 ) i 1 ’
< —t;ech(y—l T '2)\91—§1| + %sech<ggg) + 921((;) +<2)|gg—§2|,

|L2(s, 02, 02) — La(s. 81, 32)|

1 01 02 _ L 01 02 _
< il = = - 111 = - ],
2+16 I(QAJG \q+8)@1 ““*kwﬁ 1(&+¢6 |4A8)Mz =

181l (18,2l _ -
82.1llzr  [|B2,2]lr % i

and
||L1,1||L1 ||L1,2||L1 _ H’?l,l”Ll ||’?1,2HL1 Tlo %
|L2,1llzt || L2,2] L1 In2,1llzt l1n2.2]lzt i 3

Furthermore, condition (H2)(d) can be easily verified. Moreover,
K = /4. Finally, the matrix

—8 =
e T e ™
5 _I_alD 5 —|_2CI

9 5
£ s 5 s
3 _|_16 3 _|_8

has two eigenvalues: o] ~ 0.0037 < 1, |oo| = 0.4772 < 1.. Therefore, 17 converges
to zero. All the conditions in Theorem 3 are satisfied, so system (7) has at
least one solution in the space n22((-1.1)) x W22 ((-1.1)), where w(;) = o .
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