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Abstract:
							                           
The present article intends to prove the existence of best proximity points (pairs) using the notion of measure of noncompactness. We introduce generalized classes of cyclic (noncyclic) F-contractive operators, and then derive best proximity point (pair) results in Banach (strictly convex Banach) spaces. This work includes some of the recent results as corollaries. We apply these conclusions to prove the existence of optimum solutions for a system of Hilfer fractional differential equations. 
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1 Introduction and preliminaries




1.1 Measure of noncompactness


We start with listing of some notations and preliminaries that we shall need to express our results. Throughout the paper, we denote [image: 694173273008_gi2.png] the set of real numbers, [image: 694173273008_gi3.png] the set of natural numbers, [image: 694173273008_gi4.png] and [image: 694173273008_gi7.png]. Let [image: 694173273008_gi8.png] be a real Banach space with zero element [image: 694173273008_gi9.png]. By [image: 694173273008_gi10.png] we denote the closed ball centered at [image: 694173273008_gi11.png] with radius [image: 694173273008_gi12.png]. The symbol [image: 694173273008_gi13.png] stands for the ball [image: 694173273008_gi14.png]. If [image: 694173273008_gi15.png] is a nonempty subset of [image: 694173273008_gi18.png], then [image: 694173273008_gi19.png] and [image: 694173273008_gi20.png] denote the closure and closed convex hull of [image: 694173273008_gi17.png], respectively, and diam [image: 694173273008_gi21.png] as diameter of the set [image: 694173273008_gi16.png]. Moreover, let us denote by [image: 694173273008_gi22.png] the family of all nonempty and bounded subsets of [image: 694173273008_gi23.png] and by [image: 694173273008_gi24.png] its subfamily consisting of all relatively compact sets. We also denote [image: 694173273008_gi25.png] as a family of all nonempty, bounded, closed and convex subsets of [image: 694173273008_gi26.png].

We now recall the concept of measure of noncompactness.


Definition 1.  (See [5].) A mapping [image: 694173273008_gi27.png] is said to be a measure of noncompactness ([image: 694173273008_gi28.png] for brief) in [image: 694173273008_gi29.png] if it satisfies the following conditions:




	
The family [image: 694173273008_gi30.png] is nonempty, and [image: 694173273008_gi31.png];



	
Monotonicity:[image: 694173273008_gi32.png];



	
Invariance under closure: [image: 694173273008_gi33.png]




	
Invariance under passage to the convex hull: [image: 694173273008_gi34.png]




	
Convexity: [image: 694173273008_gi35.png] for [image: 694173273008_gi36.png]




	

[image: 694173273008_gi37.png], where [image: 694173273008_gi38.png]




	
Cantor’s intersection property: If [image: 694173273008_gi39.png] is a sequence of nonempty, closed sets in [image: 694173273008_gi40.png] such that [image: 694173273008_gi41.png] and[image: 694173273008_gi42.png], then the set [image: 694173273008_gi43.png] is nonempty and compact.







The family [image: 694173273008_gi44.png] defined in axiom (i) is called the kernel of the [image: 694173273008_gi45.png].

One of the properties of the [image: 694173273008_gi46.png] is [image: 694173273008_gi47.png]. Indeed, from the inequality [image: 694173273008_gi48.png] for [image: 694173273008_gi49.png] we infer that [image: 694173273008_gi50.png].

The well-known measure of noncompactness is due to Kuratowski [15], which is the map [image: 694173273008_gi51.png] given as



[image: 694173273008_ee2.png]




In 1930, Schauder [20] generalized Brouwer’s fixed point theorem to Banach spaces as follows.


Theorem 1. 
Let 
[image: 694173273008_gi52.png]
be a unbounded subset of a Banach space 
[image: 694173273008_gi53.png]
. Then every compact, continuous map 
[image: 694173273008_gi54.png]
has at least one fixed point.


We recall that the mapping [image: 694173273008_gi55.png] is said to be a compact operator if [image: 694173273008_gi56.png] is continuous and maps bounded sets into relatively compact sets, where [image: 694173273008_gi57.png] and [image: 694173273008_gi58.png] are normed linear spaces, and [image: 694173273008_gi60.png] is a subset of [image: 694173273008_gi61.png].

In 1955, Darbo [8] used the notion of measure of noncompactness to establish an extension of Schauder’s fixed point problem as below.


Theorem 2. 
Let 
[image: 694173273008_gi63.png]
be a subset of a Banach space 
[image: 694173273008_gi64.png]
, and let 
[image: 694173273008_gi65.png]
 be a continuous and 
[image: 694173273008_gi66.png]
-set contraction operator, that is, there exists a constant 
[image: 694173273008_gi67.png]
with




[image: 694173273008_ee3.png]





for any 
[image: 694173273008_gi68.png]
, where 
[image: 694173273008_gi69.png]
 is an 
[image: 694173273008_gi70.png]
 on 
[image: 694173273008_gi72.png]
. Then 
[image: 694173273008_gi73.png]
 has a fixed point.


The following well-known theorem was proved in 1967 by Sadovskii [19], it is a generalization of Darbo’s fixed point theorem.


Theorem 3. 
Let 
[image: 694173273008_gi74.png]
be a subset of a Banach space 
[image: 694173273008_gi75.png]
, and let 
[image: 694173273008_gi76.png]
be a continuous and 
[image: 694173273008_gi77.png]
-condensing operator, that is,




[image: 694173273008_ee4.png]





for any 
[image: 694173273008_gi78.png]
, where 
[image: 694173273008_gi79.png]
 is an 
[image: 694173273008_gi80.png]
 on 
[image: 694173273008_gi81.png]
. Then 
[image: 694173273008_gi82.png]
 has a fixed point.







1.2 Best proximity theory


It is well understood that a mapping [image: 694173273008_gi83.png] on a nonempty subset [image: 694173273008_gi84.png] of [image: 694173273008_gi85.png] possesses a fixed point if [image: 694173273008_gi86.png] is nonempty. If [image: 694173273008_gi87.png] is fixed point free, then in this case, we intend to find the element [image: 694173273008_gi88.png] in [image: 694173273008_gi89.png] so that [image: 694173273008_gi90.png] and [image: 694173273008_gi91.png] have smallest distance. In this case, the point [image: 694173273008_gi92.png] is a best approximant for [image: 694173273008_gi93.png]. The credit of pioneering best approximation theory goes to Ky Fan (1969) (refer [6] and references therein for more details of best approximation theory). But the problem arises when [image: 694173273008_gi94.png] is mapped into another subset [image: 694173273008_gi95.png] of [image: 694173273008_gi98.png] by [image: 694173273008_gi99.png]. In this case the problem is to find a point, which estimates the distance between these two sets [image: 694173273008_gi100.png] and [image: 694173273008_gi101.png]. Such points are known as best proximity points.

Let us take two nonempty subsets  [image: 694173273008_gi102.png] and [image: 694173273008_gi105.png] of [image: 694173273008_gi104.png]. It is to be assume that a pair [image: 694173273008_gi106.png] satisfies a property if [image: 694173273008_gi107.png] and [image: 694173273008_gi108.png] individually satisfy that property. For example, we say a pair [image: 694173273008_gi109.png] is compact if and only [image: 694173273008_gi110.png] if [image: 694173273008_gi111.png] and are compact. For the pair [image: 694173273008_gi112.png], we will define



[image: 694173273008_ee5.png]




It is worth noticing that the pair [image: 694173273008_gi113.png] may be empty, but in particular, if [image: 694173273008_gi114.png] is a nonempty, convex and weakly compact pair in [image: 694173273008_gi115.png], then [image: 694173273008_gi116.png] is also nonempty, convex and weakly compact. If [image: 694173273008_gi117.png] and [image: 694173273008_gi118.png], then the pair [image: 694173273008_gi119.png] is called proximinal.

A mapping [image: 694173273008_gi120.png] is called cyclicif [image: 694173273008_gi121.png] and [image: 694173273008_gi122.png], and if [image: 694173273008_gi123.png] and [image: 694173273008_gi125.png], then [image: 694173273008_gi126.png] is noncyclic. [image: 694173273008_gi127.png] is called relatively nonexpansive if it satisfies [image: 694173273008_gi128.png] whenever [image: 694173273008_gi129.png] and [image: 694173273008_gi130.png]. In special case, if [image: 694173273008_gi131.png], then [image: 694173273008_gi134.png] is called nonexpansive self-mapping. We consider a best proximity point for a cyclic mapping [image: 694173273008_gi135.png] , which is defined as a point [image: 694173273008_gi136.png] satisfying



[image: 694173273008_ee6.png]




In case of a noncyclic mapping [image: 694173273008_gi137.png], we consider existence of a pair [image: 694173273008_gi138.png] for which [image: 694173273008_gi139.png]  and [image: 694173273008_gi140.png]. Such pairs are called best proximity


Eldred et al. in [9] coined the idea of cyclic (noncyclic) relatively nonexpansive mappings and obtained best proximity point (pair) results. In doing so, they have used the concept, which is called as proximal normal structure (in short, PNS). In 2017, Gabeleh [11] proved that every convex and compact (nonempty) pair in a Banach space has PNS by using a concept of proximal diametral sequences. Considering this fact, Gabeleh obtains following result. Recall that the compactness of [image: 694173273008_gi141.png] means that [image: 694173273008_gi142.png] is compact.


Theorem 4. (See [12].) Let 
[image: 694173273008_gi145.png]
 be a Banach space, and let 
[image: 694173273008_gi146.png]
. Assume that 
[image: 694173273008_gi147.png]
is a relatively nonexpansive cyclic mapping, then 
[image: 694173273008_gi148.png]
 has a best proximity point, provided 
[image: 694173273008_gi149.png]
 is compact and 
[image: 694173273008_gi150.png].

Before stating the result for noncyclic mappings, let us recall a mathematical concept of strict convexity of Banach spaces. A Banach space [image: 694173273008_gi151.png] is strictly convex if for [image: 694173273008_gi152.png] and [image: 694173273008_gi153.png],



[image: 694173273008_ee7.png]




holds. The [image: 694173273008_gi154.png]
space [image: 694173273008_gi155.png] and Hilbert spaces are examples of strictly convex Banach spaces.


Theorem 5. (See [12].) Let 
[image: 694173273008_gi156.png]
 be a strictly convex Banach space, and let 
[image: 694173273008_gi157.png]
[image: 694173273008_gi158.png]
. Assume that 
[image: 694173273008_gi159.png]
is a relatively nonexpansive noncyclic mapping. If 
[image: 694173273008_gi160.png]
 is compact and 
[image: 694173273008_gi161.png]
, then
[image: 694173273008_gi162.png]
has a best proximity pair


Recently, several works appeared (see [12–14, 16, 18, 21]) in which best proximity point (pair) results are obtained using measure of noncompactness.





1.3Concepts from fractional calculus


We present some concepts and outcomes from fractional calculus, which will be used in application part of this article. Let [image: 694173273008_gi163.png]. Let [image: 694173273008_gi164.png] denotes the space of all continuous functions on [image: 694173273008_gi165.png]. We denote by [image: 694173273008_gi166.png], the spaces of Lebesgue-integrable functions on [image: 694173273008_gi167.png]. See [10] for more details on fractional calculus.

The left-sided Riemann–Liouville fractional integrals and derivatives are defined as follows.


Definition 2. Let [image: 694173273008_gi168.png]. The integral



[image: 694173273008_ee8.png]




is called left-sided Riemann–Liouville fractional integral of order [image: 694173273008_gi169.png] of the function [image: 694173273008_gi170.png].


Definition 3. The left-sided Riemann–Liouville fractional derivative of order [image: 694173273008_gi171.png] of [image: 694173273008_gi172.png] is defined as the following expression:



[image: 694173273008_ee9.png]




provided the right-hand side exists.

We have following results for above power functions.


Lemma 1. 
For 
[image: 694173273008_gi173.png]
, we have




[image: 694173273008_ee10.png]





Lemma 2. 
For 
[image: 694173273008_gi174.png]
and 
[image: 694173273008_gi175.png]
, we have




[image: 694173273008_ee11.png]





Definition 4. (See [10].) The left-sided Hilfer fractional derivative operator of order [image: 694173273008_gi176.png] and type [image: 694173273008_gi177.png] is defined by



[image: 694173273008_ee12.png]





Remark 1. The Hilfer derivative is considered as an interpolator between the Riemann– Liouville and Caputo derivative since



[image: 694173273008_ee13.png]




The differential equations with fractional derivatives gain a lot of importance in recent years. For proving existence of solutions for such equations, the fixed point theory and the concept of measure of noncompactness is of immense importance. For more applications of fixed point theorems and [image: 694173273008_gi178.png], we refer the readers to following works [1–3, 22] and references therein.

In this article, we first present the results proving existence of best proximity points (pairs) for some new variants of [image: 694173273008_gi179.png]-contractive mappings. These conclusions extend some of recent results in the literature. As an application, we prove existence of optimum solutions for the differential equations of arbitrary fractional order involving the left-sided Hilfer fractional differential operator.







2 Main results


We start with defining the following notion introduced in [17, 24].


Definition 5. Let [image: 694173273008_gi180.png] be a family of all functions [image: 694173273008_gi182.png] such that:

(F1) [image: 694173273008_gi183.png] is strictly increasing;

(F2) for each sequences [image: 694173273008_gi184.png].

Moreover, [image: 694173273008_gi185.png] denotes the set of all mappings [image: 694173273008_gi186.png] such that



[image: 694173273008_ee14.png]




We refer the interested readers to the chapter [23] for review of class of [image: 694173273008_gi187.png]-contractive conditions. The authors give fixed point existence result established by using such contraction condition together with measure of noncompactness. Moreover, the applicability of these results in the theory of functional equations is discussed.

We define a new notion of cyclic (noncyclic) contractive operator using these two classes of functions. Throughout this section, [image: 694173273008_gi188.png] is an [image: 694173273008_gi190.png] on [image: 694173273008_gi191.png], and [image: 694173273008_gi192.png]
[image: 694173273008_gi193.png].


Definition 6. An operator [image: 694173273008_gi195.png] is said to be cyclic (noncyclic) [image: 694173273008_gi196.png] contractive if there exist [image: 694173273008_gi197.png] and a lower semi-continuous function [image: 694173273008_gi198.png] : [image: 694173273008_gi199.png] such that [image: 694173273008_gi200.png] implies



[image: 694173273008_ee15.png]




for every proximinal and [image: 694173273008_gi201.png] invariant pair [image: 694173273008_gi202.png] with dist[image: 694173273008_gi203.png].

If [image: 694173273008_gi204.png], then the operator [image: 694173273008_gi205.png] is called a cyclic (noncyclic) [image: 694173273008_gi206.png]-contractive operator. We now state the first main existence result.


Theorem 6.
Let 
[image: 694173273008_gi207.png]
 be a Banach space, and let 
[image: 694173273008_gi208.png]
be a relatively non- expansive cyclic 
[image: 694173273008_gi209.png]
contractive operator. If 
[image: 694173273008_gi211.png]
, then 
[image: 694173273008_gi212.png]
 has a best proximity



Proof. Note that [image: 694173273008_gi213.png] is proximinal. Also if [image: 694173273008_gi214.png], there exists an element [image: 694173273008_gi215.png] such that [image: 694173273008_gi216.png]. Since [image: 694173273008_gi217.png] is relatively nonexpansive,



[image: 694173273008_ee16.png]




which gives [image: 694173273008_gi218.png], that is, [image: 694173273008_gi219.png]. Similarl, [image: 694173273008_gi220.png], and so [image: 694173273008_gi221.png] is cyclic on [image: 694173273008_gi222.png].

We start with assumption [image: 694173273008_gi223.png] and [image: 694173273008_gi224.png] and define a sequence pair [image: 694173273008_gi225.png] as [image: 694173273008_gi226.png] and [image: 694173273008_gi227.png] for all [image: 694173273008_gi228.png]. We claim that



[image: 694173273008_ee17.png]




We have [image: 694173273008_gi229.png]. Therefore,[image: 694173273008_gi230.png]. Continuing this pattern, we get[image: 694173273008_gi231.png] by using induction. Similarly, we can see that [image: 694173273008_gi232.png] for all [image: 694173273008_gi233.png]. Thus[image: 694173273008_gi234.png] for all [image: 694173273008_gi235.png]. Hence, we get a decreasing sequence [image: 694173273008_gi236.png] of nonempty, closed and convex pairs in [image: 694173273008_gi237.png]. Moreover,[image: 694173273008_gi238.png]
and [image: 694173273008_gi241.png]
[image: 694173273008_gi243.png]. Therefore for all [image: 694173273008_gi244.png], the pair [image: 694173273008_gi245.png] is [image: 694173273008_gi246.png]-invariant. By a similar manner we can see that [image: 694173273008_gi248.png] is also [image: 694173273008_gi249.png]-invariant for all [image: 694173273008_gi250.png].

Besides, if [image: 694173273008_gi251.png] is such that [image: 694173273008_gi252.png], then [image: 694173273008_gi253.png]
[image: 694173273008_gi254.png] and



[image: 694173273008_ee18.png]




Next, we show that the pair [image: 694173273008_gi255.png] is proximinal using mathematical induction. Obviously, for [image: 694173273008_gi256.png], the pair [image: 694173273008_gi257.png] is proximinal. Suppose that [image: 694173273008_gi258.png] is proximinal. We show that [image: 694173273008_gi259.png] is also proximinal. Let [image: 694173273008_gi260.png] be an arbitrary member in [image: 694173273008_gi261.png]
[image: 694173273008_gi262.png]. Then it is represented as [image: 694173273008_gi263.png] with [image: 694173273008_gi264.png] and [image: 694173273008_gi265.png]. Due toproximinality of the pair [image: 694173273008_gi266.png], there exists [image: 694173273008_gi267.png] for [image: 694173273008_gi268.png] such that[image: 694173273008_gi269.png]. Take [image: 694173273008_gi270.png]
. Then 
[image: 694173273008_gi271.png]
 and 




[image: 694173273008_ee19.png]




This means that the pair [image: 694173273008_gi272.png] is proximinal, and induction does the rest to prove that [image: 694173273008_gi273.png] is proximinal for all [image: 694173273008_gi274.png].

It is worth noticing that if [image: 694173273008_gi275.png] for some [image: 694173273008_gi277.png], then the relatively nonexpansive mapping [image: 694173273008_gi278.png] is compact, and the result follows from Theorem 4.

So we assume [image: 694173273008_gi279.png] for all [image: 694173273008_gi280.png]. Since [image: 694173273008_gi281.png], there exists [image: 694173273008_gi282.png] and [image: 694173273008_gi283.png] such that [image: 694173273008_gi284.png] for every [image: 694173273008_gi285.png]. As [image: 694173273008_gi286.png] is [image: 694173273008_gi287.png] contractive operator, we have



[image: 694173273008_ee20.png]




For all [image: 694173273008_gi288.png], we deduce that



[image: 694173273008_ee21.png]




that is,



[image: 694173273008_ee22.png]




Therefore, [image: 694173273008_gi289.png] as [image: 694173273008_gi290.png], and by (F2) we must have



[image: 694173273008_ee23.png]




That is, [image: 694173273008_gi291.png]. Now, let[image: 694173273008_gi292.png] Using property (vii) of Definition 1, the pair [image: 694173273008_gi293.png] is nonempty, convex, compact and [image: 694173273008_gi294.png]-invariant with dist[image: 694173273008_gi295.png]
[image: 694173273008_gi296.png] . Therefore, [image: 694173273008_gi297.png] admits a best proximity point in [image: 694173273008_gi298.png], and this completes the proof.

If we put [image: 694173273008_gi299.png] in Theorem 6, then we have following result for [image: 694173273008_gi300.png]contractive mapping.


Corollary 1. 
Let 
[image: 694173273008_gi301.png]
 be a Banach space, and let 
[image: 694173273008_gi302.png]
 be a relatively nonexpansive cyclic 
[image: 694173273008_gi303.png]
contractive operator. If  
[image: 694173273008_gi304.png]
, then    has a best proximity point.



Corollary 2. 
Let 
[image: 694173273008_gi305.png]
 be a Banach space, and let 
[image: 694173273008_gi306.png]
 be a relatively non-expansive cyclic operator, which satisfies




[image: 694173273008_ee24.png]





If 
[image: 694173273008_gi307.png]
, then 
[image: 694173273008_gi308.png]
 has a best proximity point.



Proof. If we set [image: 694173273008_gi309.png] and [image: 694173273008_gi310.png], then the proof follows from Theorem 6.

It is noteworthy here that if we consider [image: 694173273008_gi311.png] in above corollary, then we get a particular case of Darbo-type best proximity point theorem.

The second existence result is for relatively nonexpansive noncyclic [image: 694173273008_gi312.png]contractive operator.


Theorem 7. 
Let 
[image: 694173273008_gi313.png]
 be a strictly convex Banach space, and let 
[image: 694173273008_gi314.png]
be a relatively nonexpansive noncyclic 
[image: 694173273008_gi315.png]
contractive operator. If 
[image: 694173273008_gi316.png]
is nonempty, then 
[image: 694173273008_gi317.png]
 has a best proximity pair.



Proof. Let [image: 694173273008_gi318.png] be such that [image: 694173273008_gi319.png]. Since [image: 694173273008_gi320.png] is relatively nonexpansive noncyclic mapping,



[image: 694173273008_ee25.png]




which gives [image: 694173273008_gi321.png], that is,[image: 694173273008_gi322.png]. Similarly, [image: 694173273008_gi323.png] and so [image: 694173273008_gi324.png] is noncyclic on [image: 694173273008_gi326.png].

Let us define a pair [image: 694173273008_gi327.png] as [image: 694173273008_gi328.png] and [image: 694173273008_gi329.png]
[image: 694173273008_gi330.png] with [image: 694173273008_gi331.png] and [image: 694173273008_gi332.png]. We have that [image: 694173273008_gi333.png]
[image: 694173273008_gi334.png]. Therefore, [image: 694173273008_gi335.png]. Thus [image: 694173273008_gi336.png]
[image: 694173273008_gi337.png]. Continuing this pattern, we get [image: 694173273008_gi338.png] by using induction. Similarly, we can see that [image: 694173273008_gi339.png] for all[image: 694173273008_gi340.png]. Hence we get a decreasing sequence [image: 694173273008_gi341.png] of nonempty, closed and convex pairs in [image: 694173273008_gi342.png]. Also, [image: 694173273008_gi343.png]
[image: 694173273008_gi345.png]
. and[image: 694173273008_gi346.png] Therefore, for all [image: 694173273008_gi347.png], the pair [image: 694173273008_gi348.png] is [image: 694173273008_gi349.png]-invariant. From the proof of Theorem 6 we have [image: 694173273008_gi350.png] is a proximinal pair such that[image: 694173273008_gi351.png] for all [image: 694173273008_gi352.png].

Following the proof of Theorem 6, if [image: 694173273008_gi353.png] for some [image: 694173273008_gi355.png], then the relatively nonexpansive mapping [image: 694173273008_gi356.png] is compact, and the result follows from Theorem 5.

So we assume that [image: 694173273008_gi357.png] for all [image: 694173273008_gi358.png]. In view of the fact that [image: 694173273008_gi359.png], there exist [image: 694173273008_gi360.png] and [image: 694173273008_gi361.png] such that [image: 694173273008_gi362.png] for every [image: 694173273008_gi363.png]. Since [image: 694173273008_gi364.png] is [image: 694173273008_gi365.png]contractive operator,



[image: 694173273008_ee26.png]




Thus, for all [image: 694173273008_gi366.png], we obtain



[image: 694173273008_ee27.png]




that is,



[image: 694173273008_ee28.png]




This implies that [image: 694173273008_gi367.png] as [image: 694173273008_gi368.png], and by (F2) we have 



[image: 694173273008_ee29.png]




Thereby, [image: 694173273008_gi369.png].  Now, let[image: 694173273008_gi370.png] Using property (vii) of Definition 1, the pair [image: 694173273008_gi372.png] is nonempty, convex, compact and [image: 694173273008_gi373.png]-invariant with dist[image: 694173273008_gi374.png]
[image: 694173273008_gi375.png]  Therefore, [image: 694173273008_gi376.png] has a best proximity pair.

If we set [image: 694173273008_gi377.png] in Theorem 7, then we have the following result for [image: 694173273008_gi378.png]contractive mapping.


Corollary 3. 
Let 
[image: 694173273008_gi379.png]
 be a strictly convex Banach space, and let 
[image: 694173273008_gi380.png]
be a relatively nonexpansive noncyclic 
[image: 694173273008_gi381.png]
contractive operator. If 
[image: 694173273008_gi382.png]
is nonempty, then 
[image: 694173273008_gi383.png]
 has a best proximity pair.



Corollary 4. 
Let 
[image: 694173273008_gi384.png]
 be a strictly convex Banach space, and let 
[image: 694173273008_gi385.png]
 be a relatively nonexpansive noncyclic operator, which satisfies




[image: 694173273008_ee30.png]





If 
[image: 694173273008_gi386.png]
, then
[image: 694173273008_gi387.png]
has a best proximity pair.



Proof. If we set [image: 694173273008_gi388.png] and [image: 694173273008_gi389.png], then the proof follows from Theorem 7.

It is noteworthy here that if we consider [image: 694173273008_gi390.png] in above corollary, then we get a particular case of Darbo-type best proximity pair theorem.





3 Application


In this section, we establish the existence of an optimal solution of the following problem involving systems of Hilfer fractional differential equations with initial conditions.

Let [image: 694173273008_gi391.png] and [image: 694173273008_gi392.png] be positive real numbers, [image: 694173273008_gi393.png], and let [image: 694173273008_gi394.png] be a Banach space.

Let [image: 694173273008_gi395.png] and [image: 694173273008_gi396.png] be closed balls in [image: 694173273008_gi397.png], where [image: 694173273008_gi398.png].

We consider the following system of Hilfer fractional differential equation of arbitrary order with initial conditions:



[image: 694173273008_ee31.png](1)





[image: 694173273008_ee32.png](2)



where [image: 694173273008_gi399.png]
is the left-sided Hilfer fractional differential operator, [image: 694173273008_gi400.png]; the state [image: 694173273008_gi401.png] takes the values from Banach space [image: 694173273008_gi402.png] and [image: 694173273008_gi403.png] are given mappings satisfying some assumptions. The following result establishes the equivalence of (1) with the integral equation.


Lemma 3. (See [10].) The initial value problem (1) is equivalent to the following integral equation:



[image: 694173273008_ee33.png]




Let [image: 694173273008_gi404.png] and let [image: 694173273008_gi405.png] be a Banach space of continuous mappings [image: 694173273008_gi406.png] from into [image: 694173273008_gi407.png] endowed with supremum norm. Let



[image: 694173273008_ee34.png]




So [image: 694173273008_gi408.png] is a nonempty, bounded, closed and convex pair in [image: 694173273008_gi409.png]. Now, for every [image: 694173273008_gi410.png] and [image: 694173273008_gi411.png], we have [image: 694173273008_gi412.png]. Therefore dist[image: 694173273008_gi413.png], which ensures that [image: 694173273008_gi414.png] is nonempty. Now, let us define the operator [image: 694173273008_gi415.png] as follows:



[image: 694173273008_ee35.png](3)




Lemma 4. 
The operator 
[image: 694173273008_gi416.png]
 defined by 
(3)
is cyclic if 
[image: 694173273008_gi417.png]
 and 
[image: 694173273008_gi418.png]
 are bounded and continuous such that 
[image: 694173273008_gi419.png].


Proof. Let [image: 694173273008_gi420.png] and set [image: 694173273008_gi421.png]. We have



[image: 694173273008_ee36.png]




Applying [image: 694173273008_gi422.png] on both sides and applying Lemma 1, we get



[image: 694173273008_ee37.png]






[image: 694173273008_ee38.png]




Here [image: 694173273008_gi423.png] by Lemma 2. Therefore [image: 694173273008_gi424.png] , which means [image: 694173273008_gi425.png]. Similarly, one can show that [image: 694173273008_gi426.png]. Thus [image: 694173273008_gi433.png] is cyclic operator.

We say that [image: 694173273008_gi428.png] is an optimal solution for system (1) and (2), provided that [image: 694173273008_gi429.png], that is, [image: 694173273008_gi430.png] is a best proximity point of the operator [image: 694173273008_gi432.png] defined in (3).


Assumptions. We consider the following hypotheses to prove the existence of optimal solutions to the differential equations.

(A1) Let [image: 694173273008_gi434.png] be any [image: 694173273008_gi435.png]. For any bounded pair [image: 694173273008_gi436.png], there exist [image: 694173273008_gi437.png], a nondecreasing function [image: 694173273008_gi438.png] and [image: 694173273008_gi439.png] such that [image: 694173273008_gi440.png], [image: 694173273008_gi441.png] implies
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And



[image: 694173273008_ee40.png]




The following result is the mean-value theorem for fractional differential, which we have rewritten according to our notations.


Theorem 8. (See [7].) Let 
[image: 694173273008_gi442.png]
 and 
[image: 694173273008_gi443.png]
 be given as above. Let 
[image: 694173273008_gi444.png]
 be integrable on 
[image: 694173273008_gi445.png]
, and let 
[image: 694173273008_gi446.png]
 and 
[image: 694173273008_gi447.png]
 be the infimum and supremum of 
[image: 694173273008_gi448.png]
, respectively, on 
[image: 694173273008_gi449.png]
. Then there exists a point 
[image: 694173273008_gi451.png]
 in 
[image: 694173273008_gi450.png]
 such that
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Then we give the following result.


Theorem 9. 
Under notations defined above, the hypotheses of Lemma 4 and assumptions (A1) and (A2), the system of Hilfer fractional differential equation 
(1)-(2)
has an optimal solution.



Proof. It is clear that system (1)–(2) has an optimal solution if the operator [image: 694173273008_gi453.png] defined in (3) has a best proximity point.

From Lemma 4, [image: 694173273008_gi454.png] is a cyclic operator. It follows trivially that [image: 694173273008_gi455.png] is a bounded subset of [image: 694173273008_gi458.png]. We prove that [image: 694173273008_gi456.png] is also an equicontinuous subset of [image: 694173273008_gi459.png]. For [image: 694173273008_gi461.png] with [image: 694173273008_gi462.png] and [image: 694173273008_gi463.png], we observe that
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[image: 694173273008_ee43.png]




As [image: 694173273008_gi464.png], right-hand side tends to [image: 694173273008_gi465.png].  Thus [image: 694173273008_gi466.png] as [image: 694173273008_gi467.png]. Thus [image: 694173273008_gi468.png] is equicontinuous. With the similar argument, we can prove that [image: 694173273008_gi469.png] is bounded and equicontinuous subset of [image: 694173273008_gi470.png]. Thus the application of Arzela–Ascoli theorem concludes that[image: 694173273008_gi471.png] is relatively compact.

Next, we show that [image: 694173273008_gi472.png] is relatively nonexpansive. For any [image: 694173273008_gi473.png], we have



[image: 694173273008_ee44.png]




and thereby, [image: 694173273008_gi474.png]. Therefore [image: 694173273008_gi475.png] is relatively nonexpansive.

At last, let [image: 694173273008_gi477.png] be nonempty, closed, convex and proximinal pair, bn which is [image: 694173273008_gi479.png]-invariant and such that dist[image: 694173273008_gi478.png]. By using a generalized version of Arzela–Ascoli theorem(see Ambrosetti [4]) and assumption (A1) we get
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So, in view of Theorem 8, it follows that
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Therefore, we conclude that [image: 694173273008_gi481.png] satisfies all the hypotheses of Theorem 6, and so the operator [image: 694173273008_gi482.png] has a best proximity point [image: 694173273008_gi483.png], which is an optimal solution for system (1) and (2).
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