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Abstract: The present article intends to prove the existence of best proximity points
(pairs) using the notion of measure of noncompactness. We introduce generalized
classes of cyclic (noncyclic) F-contractive operators, and then derive best proximity
point (pair) results in Banach (strictly convex Banach) spaces. This work includes some
of the recent results as corollaries. We apply these conclusions to prove the existence of
optimum solutions for a system of Hilfer fractional differential equations.
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1 Introduction and preliminaries
1.1 Measure of noncompactness

We start with listing of some notations and preliminaries that we shall
need to express our results. Throughout the paper, we denote R = the set
of real numbers, N = the set of natural numbers, R+ = [0, +00) and v = NU {0}.
Let x.|) be a real Banach space with zero element ¢. By 5(x.r) we denote
the closed ball centered at = with radius 7. The symbol 5. stands for the
ball 5(6.»). If 2 is a nonempty subset of X, then z and convZ denote the
closure and closed convex hull of z, respectively, and diam 2 as diameter
of the set 2. Moreover, let us denote by Mx the family of all nonempty and
bounded subsets of X and by 9 its subfamily consisting of all relatively
compact sets. We also denote 4(x) as a family of all nonempty, bounded,
closed and convex subsets of X.

We now recall the concept of measure of noncompactness.

Definition 1. (See [5].) A mapping x: on; — R* is said to be a measure
of noncompactness (MNC for brief) in X if it satisfies the following
conditions:

i. The family kerk = (X € 2y 8(X) = 0} is nonempty, and kerk € 9z
ii. Monotonicity:X c V' = R(X) <R(Y);

iii. Invariance under closure: ) =x(x)

iv. Invariance under passage to the convex hull: ®(onvx) = »(x)
v.  Convexity: XX + (1 - )Y) < AW(X) + (1 - )R(Y) for A € [0,1]

Vi, XY UY) = max{R(X),X(V)}, where X,V e mix
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vii. Cantor’s intersection property: If {X.}.>: is a sequence of

nonempty, closed sets in Mx such that x..cx,m=12.)
andlim, . R(X,) =0, then the set X.:=M;, %, is nonempty and
compact.

The family ker & defined in axiom (i) is called the kernel of the Mnc x.

One of the properties of the MNC is x. e kern. Indeed, from the
inequality ncx.) <niv,) for n=1,2,3,..., we infer that »(x.) =o.

The well-known measure of noncompactness is due to Kuratowski
[15], which is the map o : Mty — R+ given as

n

a(Q) =infre >0;: Q C U Sk, Sp C E, diam S < € (k € N)
k=1

In 1930, Schauder [20] generalized Brouwer’s fixed point theorem to
Banach spaces as follows.

Theorem 1. Let z e Ax) be a unbounded subset of a Banach space X .
Then every compact, continuous map T : Z — Z has at least one fixed point.

We recall that the mapping 7 : z - v is said to be a compact operator
if 7 is continuous and maps bounded sets into relatively compact sets,
where X and v are normed linear spaces, and z is a subset of x.

In 1955, Darbo [8] used the notion of measure of noncompactness to
establish an extension of Schauder’s fixed point problem as below.

Theorem 2. Let z e axx) be a subset of a Banach space X, and let
T:2— 2 bea continuous and X -set contraction operator, that is, there
exists a constant € [0.1] with

N(TW) < AR(W)

Sforany o+wc z,where R isan MNC on X. Then T has a fixed point.

The following well-known theorem was proved in 1967 by Sadovskii
[19], it is a generalization of Darbo’s fixed point theorem.

Theorem 3. Let z e ax) be a subset of a Banach space X, and let
T: 2 — 2 be a continuous and R -condensing operator, that is,

RW) >0 = XN(TW)) <rW)

forany o+wc z,where R isan MNC on X. Then T has a fixed point.
1.2 Best proximity theory

It is well understood that a mapping 7 on a nonempty subset A of X
possesses a fixed point if AN T(A) is nonempty. If 7 is fixed point free, then
in this case, we intend to find the element + in A so that ¢ and 79 have
smallest distance. In this case, the point v is a best approximant for 7.
The credit of pioneering best approximation theory goes to Ky Fan (1969)
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(refer [6] and references therein for more details of best approximation
theory). But the problem arises when 4 is mapped into another subset 8
of X by 7. In this case the problem is to find a point, which estimates the
distance between these two sets 4 and 5. Such points are known as best
proximity points.

Let us take two nonempty subsets 4 and 5 of x. It is to be assume thata
pair (A4.5) satisfies a property if 4 and B individually satisfy that property.
For example, we say a pair (4.5) is compact if and only A4 if B and are
compact. For the pair (4.5), we will define

Ao={pe A: 3¢ € B| |p—{¢| = dist(A,B)},

Bo={qeB: P c A } Ip' — q|| = dist(A,B)}.

It is worth noticing that the pair (4,.5) may be empty, but in particular,
if (4.5) is a nonempty, convex and weakly compact pair in X, then (4.5, is
also nonempty, convex and weakly compact. If A4, = 4 and B, = B, then
the pair (4.5) is called proximinal.

A mapping T:AUB - AUB is called cyclicif T(4)cB and 7(5)C 4,
and if 7(4) c B and 7(8) c 4, then 7 is noncyclic. T is called relatively
nonexpansive if it satisfies |Tp— Tl < ll» — o whenever p € A and 5. In
special case, if 4 = B, then 7 is called nonexpansive self-mapping. We
consider a best proximity point for a cyclic mapping 7 , which is defined
as a point o€ AUB satisfying

lo — Toll = dist(A, B) = inf{|lp — q||: p € A, ¢ € B}.

In case of a noncyclic mapping 7, we consider existence of a pair
(@.0) € (4.8) forwhich o= 7¢.» = 7» and s - »ll = dist(4.5). Such pairs are called best
proximity

Eldred et al. in [9] coined the idea of cyclic (noncyclic) relatively
nonexpansive mappings and obtained best proximity point (pair) results.
In doing so, they have used the concept, which is called as proximal
normal structure (in short, PNS). In 2017, Gabeleh [11] proved that
every convex and compact (nonempty) pair in a Banach space has PNS
by using a concept of proximal diametral sequences. Considering this
fact, Gabeleh obtains following result. Recall that the compactness of
T:AUB —» Aus means that (7(4).7(8)) is compact.

Theorem 4. (See[12).) Let x be a Banach space, and let (4.5) < ax) < ax)
. Assume that T - A0B — AUB is a relatively nonexpansive cyclic mapping,
then T has a best proximity point, provided T is compact and A, # 0.

Before stating the result for noncyclic mappings, let us recall a
mathematical concept of strict convexity of Banach spaces. A Banach
space X is strictly convex if for p.¢.z € X and ar > o,

g

llp—z| <M, |lg—z|| <M, p#q = —z|| < M,
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holds. The r» space (1 < p < ) and Hilbert spaces are examples of
strictly convex Banach spaces.

Theorem S. (See [12).) Let X be a strictly convex Banach space, and let
(AB) € AX)x AX) . Assume that T:AUB ~ AUB is a relatively nonexpansive
noncyclic mapping. If T is compact and A, #0., then T has a best proximity
pair

Recently, several works appeared (see [12-14, 16, 18, 21]) in which
best proximity point (pair) results are obtained using measure of
noncompactness.

1.3Concepts from fractional calculus

We present some concepts and outcomes from fractional calculus, which
will be used in application part of this article. Let —co < a < b < oo. Let
cla.t) denotes the space of all continuous functions on [a.t]. We denote by
L™ (a,b). m > 1, the spaces of Lebesgue-integrable functlons on (a,b). See [10]
for more details on fractional calculus.

The left-sided Riemann-Liouville fractional integrals and derivatives
are defined as follows.

Definition 2. Let s« 2.0, The integral

a
It ) = L /(r — )P 1f(s)ds, z>a, p>0,
I'(p)

a

is called left-sided Riemann-Liouville fractional integral of order » of
the function ;.

Definition 3. The left-sided Riemann-Liouville fractional derivative
of order r of s is defined as the following expression:

d _
Do f(a) = I f(z), 2>a,0<p<l,

provided the right-hand side exists.
We have following results for above power functions.
Lemma 1. For = > a, we have

I'(q)
I'(p+q)
[Der(f —a)P” l}(l) =0, Dzxpxl

[P, (t - ) (z) = (x—a)’™1, p>0,q>0,

Lemma2. For p.q>0and fe L' (ab), we have

VIl f(x) = p+qf( ), ae x € [a,b].
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Definition 4. (See [10].) The left-sided Hilfer fractional derivative
operator of order 0 < <1 and type 0 < ¢ <1 is defined by

Dif . Igil—p)DI((li—p)(l—q)? 3

Remark 1. The Hilfer derivative is considered as an interpolator
between the Riemann- Liouville and Caputo derivative since

p _
DP — D1a+*- q =70,
’ Iﬂ.‘l‘ PD‘. q = L.

The differential equations with fractional derivatives gain a lot of
importance in recent years. For proving existence of solutions for
such equations, the fixed point theory and the concept of measure of
noncompactness is of immense importance. For more applications of
fixed point theorems and MNc, we refer the readers to following works
[1-3,22] and references therein.

In this article, we first present the results proving existence of
best proximity points (pairs) for some new variants of F-contractive
mappings. These conclusions extend some of recent results in the
literature. Asan application, we prove existence of optimum solutions for
the differential equations of arbitrary fractional order involving the left-
sided Hilfer fractional differential operator.

2 Main results

We start with defining the following notion introduced in [17, 24].
Definition 5. Let 7 be a family of all functions #: r+ — r such that:
(F1) F is strictly increasing;

(F2) for each sequences {&.} € B lim, & = 0 & i, e F(6:) = —o0..
Moreover, 17 denotes the set of all mappings 7 : R — R such that

liminf7(¢) >0 foralls € RT.
t—rst

We refer the interested readers to the chapter [23] for review of class
of r-contractive conditions. The authors give fixed point existence result
established by using such contraction condition together with measure of
noncompactness. Moreover, the applicability of these results in the theory
of functional equations is discussed.
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We define a new notion of cyclic (noncyclic) contractive operator using
these two classes of functions. Throughout this section, X is an MNC on X,
and (4,B) € A(X) x A(X).

Definition 6. An operator 7:AUB - AUB is said to be cyclic
(noncyclic) 7-1—4- contractive if there exist 7 ¢ F r ¢ 17 and a lower
semi-continuous function ¢ : [0.00) — [0,00) such that min{X(TK,).R(TK.)} >0
implies

T(R(K1 UK2)) + F(R(TK1 UTK2) + o(R(TK1 UTK>)))
< F(R(K1 UKs) + o(R(Ky UK)))

for every proximinal and 7 invariant pair 4% x Ax%) > (K1.2) € (A.8) with
distik. k2) = dist(4. B),

If »=0, then the operator 7 is called a cyclic (noncyclic) 7—1r--
contractive operator. We now state the first main existence result.

Theorem 6. Letr X be a Banach space, and let T : AUB— AUB be a
relatively non- expansive cyclic 7-i—4- contractive operator. If A, +0., then
T has a best proximity

Proof- Note that (4.5 € AX) x 4x) is proximinal. Also if e A, there
exists an element q € By such that |p—q| = a4 5. Since T is relatively
nonexpansive,

|Tp—Tq| <|lp—q| = dist(A, B),

which gives 7p € By, that is, T(4,) € 5,. Similarl, 7(8,) € A, and so 7 is
cyclic on A, U B,.

We start with assumption P,=4, and Q,=5, and define a sequence pair
{(P.Q)} aS P, = conv(T(P,_y1)) and Q, = wonv(T(Q,-1)) for all » > 1. We claim that

Pﬂ.—l—l COnCPr1 VnelN

We have Q) = @mv(T(Qo)) = wmv(T(Bo)) C wnvdo = Ao = Po.
Therefore,7(0,) ¢ T(P). S0 Q, = wnv(T(Q1)) € wnv(T(P) = 7. Continuing this
pattern, we getQ, CP,_; by using induction. Similarly, we can see
that P... c 0, for all n € N. Thusp,.» € Qus1 € P, € Q._; for all n € N.
Hence, we get a decreasing sequence {(P...2..)} of nonempty, closed and
convex pairs in A, x B. Moreover, T(Q:.) € T(Poui) C @(T(Ponei)) = Pon
and 7(P.,) € T(Qz-1) € @i¥(T(Q1)) = Q. Therefore forall n € N, the pair
(P2y, Q2,) is T-invariant. By a similar manner we can see that (P.,-.. 0..-1) is
also 7-invariant for all 5, € N.

Besides, if (v.9) € Aox B, is such that |v—v| = dist(4 B), then (727, T279) e
Pan x 2, and

dist(Pan, Q2n) < || T*"v — T*™I|| < ||lv — 9| = dist(A, B).

969



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 5, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

Next, we show that the pair (P...) is proximinal using mathematical
induction. Obviously, for 7, = 0, the pair (P.Q)) is proximinal.
Suppose that (P..:) is proximinal. We show that (P....0u.) is also
proximinal. Let x be an arbitrary member in P, = e (7(P.). Then
it is represented as + =5, A7) with wePemeN x>0 and v, » = 1. Due
toproximinality of the pair (P..0.), there exists v € Qi for 1 <i<m such
thate, - wll = dist(P, @) = dist(4.8), Take y=S7 \Tw) . Then v e@nv(T(Q) = Qi

and

m n

ST =3 AT

=1

m

lz—yll = < Nllz — wil| = dist(A, B).
=1

This means that the pair (Pi1.041) is proximinal, and induction does
the rest to prove that (7., 0. is proximinal for all n € N.

It is worth noticing that if max{R(Ps,,).X(Qu.,)} = 0 for some 7y € N, then
the relatively nonexpansive mapping 7 : Pau, U Qg — Pan, U Qan is cOmpact,
and the result follows from Theorem 4.

Sowe assume max{X(P,),X(Q,)} > 0 forall » ¢ N. Since r € 17, there exists
r >0 and r e N such that 7(R(P., U Q2,)) > » for every n > k. As T is F-11--
contractive operator, we have

T(R(P2p U Q2n)) + F(R(Pang1 U Qant1) + 9 (R(Pangr U Qant1)))
= 7(R(P2n U Q20))

+ F(max{R(Pant1), R(Qant1)} + p(max{R(Pans1). R(Q2nt1)}))
(N(PM U Qay))

(111 1x{ N (COHV (T(Pgn )) ) o (CODV (T( Qo ))) }

(maX{N(Lon\ (T(P271)))« N(('om-'(’T(an))) }))
7(R(Pan U Qan))
+ F(max{R(T(P2n)). R(T(Q2n)) } + ¢ (max{R(T(P2n)), R(T(Q2n))}))
= (R(Pon U Qan)) + F(R(T(Pan) UT(Qan)) + o(R(T(P2n) UT ()
< F(N(Pz‘n U Qo) + P(NUDZTI U QQTI)))‘

+
Jr

For all », > &, we deduce that

=z

F( (Pant1 U Qont1) + (R(Pant1 U Qont1)))
(N(PQn U QZ?L) ¥ '\P(N(IPQN U QZ?I))) - T(N(PZN U QQT:‘.))

(N(Pzn U Qs) + S‘Q(N(PQN U QZH))) —=4

™

NN NN

F(N(Po U Qp) + Q(N(po U Qo))) —2(n—k)r,
that is,

F(N(P27z+1 U Q2-n+l) + 'q( (P271+1 U Q2n+1)))
< F(R(PoU Qo) + 9 (R(PoU Qo)) — 2(n —k)r foralln > k.
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Therefore, FX(Pang1U Qant1) + o(R(Pant1U Qony1))) = —00 AS 11 — 00, and bY (FZ)
we must have

lim V(P2 UQsy,) = lim p(N(;Dzn U Qg.n_)) =)

n—o0 n—00

That is, Tty o0 R(Pay U Q1) = ma{linmy oo R(Pan). Ty 0 N(Q2n)} = 0., Now,
letr. = nioPa, and 0 = 32,020 Using property (vii) of Definition 1, the
pair (P».Qx) is nonempty, convex, compact and 7-invariant with
dist(P..0.) - dist(4.5) . Therefore, 7 admits a best proximity point in
Pa U Qx, and this completes the proof.

If we put v=0 in Theorem 6, then we have following result for
F-IT-contractive mapping,.

Corollary 1. Let X be a Banach space, and let T: AuB — AUB bea
relatively nonexpansive cyclic F-11- contractive operator. If A, +0., then has
a best proximity point.

Corollary 2. Let X be a Banach space, and let T: AuB — AUB be a
relatively non-expansive cyclic operator, which satisfies

R(TKL UTK2) + o (R(TK1 UTK2)) < e [R(K1 UKs) + ¢ (R(K1 UKS))].

If 400, then T has a best proximity point.

Proof. If we set 7(t)=k and r@) =, then the proof follows from
Theorem 6.

It is noteworthy here that if we consider » = 0 in above corollary, then
we get a particular case of Darbo-type best proximity point theorem.

The second existence result is for relatively nonexpansive noncyclic
F-II-¢-contractive operator.

Theorem 7. Let X be a strictly convex Banach space, and let
T : AUB — AUB be a relatively nonexpansive noncyclic r-m-.- contractive
operator. If A is nonempty, then T has a best proximity pair.

Proof. Let (n.q) « 4, x 5, be such that |» | = dist(4.5). Since T is relatively
nonexpansive noncyclic mapping,

ITp —Tqll < llp— qll = dist(A, B),

which gives 7 € 4,, thatis,7(4,) < A,. Similarly, 7(8,) ¢ 8, and so T is
noncyclic on A, U 5.

Let us define a pair (P..Q.) as P, =wonv(T(P.—1)) and Q. =@ (T(Qu-1))
n >1 with P, = 4, and @, = B,. We have that 9, = conv(7(Qy)) = conv(7(By)) C
By = Q. Therefore, 7(2)<cT(Q). Thus Q. =rconv(T(Q) C conv(T(Qo) = Q.
Continuing this pattern, we get . ¢ 2.1 by using induction. Similarly,
we can see that »,cp,, for alln € N. Hence we get a decreasing
sequence {(7.2.)} of nonempty, closed and convex pairs in 4, x 5,. Also,
T(Qw) € T(Qu-1) C @(T(Quer)) = @ . ANAT(Pn) € T(Puzi) C @0F(T (Paz1)) = Pa.
Therefore, for all » € N, the pair (.. 0,) is T-invariant. From the proof of
Theorem 6 we have (P.. 2.) is a proximinal pair such thatdist(?,. 0,) = dist(4.5)
forall n e NU{0}.
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Following the proof of Theorem 6, if max{X(P,,).X(Q.,)} = 0 for some
no € N, then the relatively nonexpansive mapping 7: 2., U Q., = P, U Q,, is
compact, and the result follows from Theorem 5.

So we assume that max{R(P,,),R(Q,,)} = 0 forall , € N. In view of the fact
that 7 e 17, there exist » > 0 and & € N such that 7(x(P,uQ,)) > r for every
n > k. Since T is F—11—,-contractive operator,

( (Pn U Qn)) ( (Pn41 U Qrt+l) ( (Pnt1 U Qn+l)))

= T(R(Pn U Qn))

+F(1111x{N (Prt1): R(Qnt1) } +p(le{N Prt1), (Qn+1)}))
= 7(R(Pn U Qn))
F(max{N(con\ (T(Pn))). N(conv (T(Qn)))}
(m 1X{N((om (T(Pn))), N(conv(T( Qn))) }))

= r(R(P, U Q)
-+ F(HNX{N(T ) (T(Qn))} + p(ma.x{N(T(Pn)),N(T{Qn))}))
=7(R(P, UQn)) + F(R(T(Pn) UT(2n)) + o (R(T(Pn) UT(Qn))))
< F(N( n U Qy) + P(N(P7t U QN)))

+
+

Thus, for all » > &, we obtain

F(N(Pn.+1 U Qn—!—l) -+ @(N(Pﬂ—f—l U Q?hLl)))
< ( (pT? U Qn) =+ WQ(N(’PN U Qn))) il T(N(Pﬂ- U Q”))
& F( (PrUQn) +o(R(PoUQy))) —r
< -
< F(R(Py U Q) 4+ «(R(Py U Qp))) — (n—k)r,

that is,

F(N(?71+1 U antl) < ‘\P(N(/PRJrl U Q-n+1)))
< F(R(Py U Qo) + ¢(R(PyUQp))) — (n—k)r foralln > k.

This implies that F®(Py.1 U Qunir) + (R(Posr U Qi) = —o0 a8 1 — 00, and
by (F2) we have
lim R(Pa, U Q) = lim p(R(P2p U Q2y)) =0
n— oo n—00
ﬂlereby, limy, 00 R(Pan U Qan) = max{limy, oo R(Pon), limy, 00 R(Qan)} = 0., NOW’

letr. = nizoPs, and 0 = 32,0, Using property (vii) of Definition 1, the
pair (P.Q~) is nonempty, convex, compact and 7-invariant with
dist(p...0.) = dist(4.B) Therefore, T has a best proximity pair.

If we set » =0 in Theorem 7, then we have the following result for
F-II-contractive mapping.

Corollary 3. Ler X be a strictly convex Banach space, and let
T:AUB = AUB be a relatively nonexpansive noncyclic r-n- contractive
operator. If A is nonempty, then T has a best proximity pair.
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Corollary 4. Let X be a strictly convex Banach space, and let
T:AUB — AUB be a relatively nonexpansive noncyclic operator, which
satisfies

R(TK1 UTK2) + @(R(TK1 UTKz)) < e ™ [R(K; UKs) + ¢(R(K1 UK2))].

If 4,0, then T has a best proximity pair.

Proof. 1f we set r(t)=k and r@) =, then the proof follows from
Theorem 7.

It is noteworthy here that if we consider » = 0 in above corollary, then
we get a particular case of Darbo-type best proximity pair theorem.

3 Application

In this section, we establish the existence of an optimal solution of
the following problem involving systems of Hilfer fractional differential
equations with initial conditions.

Let x and 7 be positive real numbers, 7 - . 1, and let (£.|)) be a Banach
space.

Let B, = B(ao,~) and B, = B(5,) be closed balls in £, where aq, 5 € E.

We consider the following system of Hilfer fractional differential
equation of arbitrary order with initial conditions:

Lx(t) = u(t,z(t)), te(0,K]

JA=G) 40y — g,

(1)
Doty(t) =o(t,y(t)), te (0,K],
1—v)(1— 5
Iéﬁr )( #)_y(o) - _,.i"j(j,

e

(2)

where p2 is the left-sided Hilfer fractional differential operator,
o<v<to<u<1; the state =() takes the values from Banach space
Eiu:IxB, - E and v:IxB, » E are given mappings satisfying some
assumptions. The following result establishes the equivalence of (1) with
the integral equation.

Lemma 3. (See [10].) The initial value problem (1) is equivalent to the
following integral equation:
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Qg

(r—=1)(1—u)
T(w(1—p) + )

z(t) =

u(s,z(s))ds, tel.

Let 7 ¢ 7. and let s = (7. ») be a Banach space of continuous mappings 7
from into £ endowed with supremum norm. Let

S1={z € C(J,B1): IV "Hz(0) = ap},
Ss = {y € C(J, Ba): IV ~H)z(0) = 5o }.

So (s..5,) is a nonempty, bounded, closed and convex pairin s x 5. Now,
for every ¢ < s and v € 5., we have [ - vl = sw [l6(s) ~ ()|l > lao - 5. Therefore
dist(S1.S2) = [lao — 4oll, which ensures that (s,), is nonempty. Now, let us
define the operator 7:5,Us, s as follows:

(r—1)(
Ta(t) e + ,QL sy tu(s,a(s)ds, €Sy,
f(V 1)(1—p) =1 ) E )
C;[Er/(lfp)ﬁ»,u F(,LL f(] ‘t ( *I('5))d'51 T e “:’22_.5)

Lemma 4. The operator 7:5,0s, s defined by (3) is cyclic if w and
v are bounded and continuous such that w.v< 110, K).
Proof. Let » € Sy and set p = e + v — v, We have

t
Ta(t) = 20 4o-1) 4 1 / L :
T#() = F(p)f + () (t — s)* tu(s, z(s)) ds.
)

Applying " on both sides and applying Lemma 1, we get

t
l—pmp, — 0 gl-p (p-1) 1-p el '
I, Tz(t) F(p)IOJr t + A5y () J(f s)F " tu(s, z(s)) ds
Bo I'(p)

= (A=p)+p—1) L [I=PTE (s 2(s)) (2
T —p)+@-1) + I P I u(s, () (t)

= Bot® + [Ilﬂj(l*”)OJru(.s, z(s))] (%)
= fo + [flf’/“*”)OJru(s,;I?(.s))} (t).

Here r=0=0-us.2(9))) > 0ast+0 by Lemma 2. Therefore 77r:0-4 , which
means 7:(1 < 5,. Similarly, one can show that 7:() € si it » € 5. Thus 7 is cyclic
operator.

We say that - e 5,05, is an optimal solution for system (1) and (2),
provided that |- - 72| = d@ist(s;, 52), that is, = is a best proximity point of the
operator 7 defined in (3).
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Assumptions. We consider the following hypotheses to prove the
existence of optimal solutions to the differential equations.
(A1) Let & be any MNc. For any bounded pair (vi. ) ¢ (5. 5., there exist

FeF, a nondecreasing function »:k*»R* and 7>0 such that Ru(/xN\y)),
R(u(JxNy)) > 0 implies

I'(p
mﬂjanumjxam)<ﬂfhwmuwg

And

74+ FR(u(J x Na) Un(J x Ny)) + o (R(u(J x Na) Un(J x Np))))
\<\ F(N(:\Tl U f\"T‘g) + P(N(A-‘Tl U 1\})))

The following result is the mean-value theorem for fractional
differential, which we have rewritten according to our notations.

Theorem 8. (Se¢ [7].) Let 7, u. g > 0 and & be given as above. Let . be
integrable on 1, and let 1 and M be the infimum and supremum of u
, respectively, on T . Then there exists a point < in T such that

1 ol A
S . uls. z(s))ds = ul(C,x !
o [ = (s a(9) ds = fu(Ca(<)

0

Then we give the following result.

Theorem 9. Under notations defined above, the hypotheses of Lemma 4
and assumptions (A1) and (A2), the system of Hilfer fractional differential
equation (1)-(2) bas an optimal solution.

Proof- Tt is clear that system (1)—(2) has an optimal solution if the
operator 7 defined in (3) has a best proximity point.

From Lemma 4, 7 is a cyclic operator. It follows trivially that 7(s,) is a
bounded subset of s.. We prove that 7(s,) is also an equicontinuous subset
of S.. For t,t5 € .J with t, < t, and » € 51, we observe that

|Ta(t) — Tx(ts)]|

|l Bo -1 1 TN P
— F(p)tzl + () 0](152 s)t ‘U(.b.,l’(.b)) ds f‘(p)tlp
ty
1 y e
- T(p) !(tl ~a o)
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ty
- fé)ﬁ@ltf )+JXLL/(“2EW1ulsWQUEwMSDdS
to
+f(l/1)tf(f" )" lu(s, x(s)) ds
\faﬂﬁ -4p1%%yiJU&—sWJ—%M—SV1W“
M f [(tz - S),u—'l} dsl.

ty

As t, - t, right-hand side tends to 0. Thus |7s() - 7o) — 0 as t — #.
Thus 7(s1) is equicontinuous. With the similar argument, we can
prove that 7(s,) is bounded and equicontinuous subset of s.. Thus the
application of Arzela—Ascoli theorem concludes that(s,.s.) is relatively
compact.

Next, we show that 7 is relatively nonexpansive. For any (r.4) € 5, x 55,
we have

| Tz(t) = Ty()||

- "370(;0—1) 1 t — )P (s, z(s)) ds

F(p)t + M) O/(t s)F tu(s, z(s)) ds

‘ t
il — ) (s, z(s s

(F(p) i F(.u)O/(f o l(“l(‘))d_)

(>-1) /
.4 p(p) (5o s ﬁ Of(z‘. — ) Hu(s,z(s)) — v(s,y(s))] ds
& T(P_l)
< Tl = ol

- t . 4 p—1
+H;!hw1“ﬁfﬂwwmw|}mﬂ%%ﬂﬁ<wmm

rP—1) 1 Tt 1) [ TPl
< +—— —y(s)|| — =10 — }
Ty 10— 0ll gy e e (9) — w(@)] = i 180 — ol

= [l —yll;

and thereby, i1~ 7y <« - /. Therefore 7 is relatively nonexpansive.

Atlast, let (51, ) < (51.5:) be nonempty, closed, convex and proximinal
pair, bn which is 7-invariant and such that distx,. 55) = dist(s1.5)(= [lag — o).
By using a generalized version of Arzela—Ascoli theorem(see Ambrosetti
[4]) and assumption (A1) we get
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T+ F(RT (K})LJT(K )+ e (R(T(HK1) UT(K3))))

=+ Flmax{RTE)), RT(K) } + o(max{RT (K1), RETE)D)
= T—i—f(max{tsélg{ﬂ({Tm(t): x e Kl})} sup{N({Ty t): ye Kg})}}
)

+¢(ma>c{§£{ﬂ({i”x(t): weKi})}, mp{R({Ty():y € Kz} 1)

< T+f(ma.x{f£{bz({%+ﬁoju — )7 f(s,2(s)) ds: = € K, })}
ofo{{35 v [
" p(max{?g {N({%+ﬁoj(t —8)T f(s,2(s)) ds: z € Kl})}.
f:g{ﬁ({% + %ﬂ) j(t — )77 g(s,y(s)) ds: y € K> })}}))

So, in view of Theorem 8, it follows that

T+ F(R(T(K;) UT(K2)) + ¢(R(T(K1) UT(K3))))
<7+ F(max{f:?{}{({% St t'“u:) conv({f(a,m(o)): o= J})}) },
p—1 p—1
st ¥({ Py + T late=e): o D ) )
(max{f;?{ ({Jotp 1 t’u’ul cODV({f(J T ) T e J})})}

(T et o)
<T+F(max{ BN W), B M\QJ)}

I(p)
oot . )

= 1

IN(D)

p—1
! “‘”(;WMW x N1)Ug(J x Nz))))

<T+F( R(f(J x N1)U g(J x Na))

ST+ FR(F(T x N1)Ug(T x N2)) + o (R(F(T x M) Ug(J x Na))))
< F(u(N1 U N3) + p(u(N1 U N3))).

Therefore, we conclude that 7 satisfies all the hypotheses of Theorem
6,and so the operator 7 has a best proximity point = € S U S:, which is an
optimal solution for system (1) and (2).
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