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Abstract: In this article, we consider the existence and uniqueness of solutions for
a class of initial value problems of fuzzy Caputo—Katugampola fractional differential
equations and the stability of the corresponding fuzzy fractional differential equations.
The discussions are based on the hyperbolic function, the Banach fixed point theorem
and an inequality property. Two examples are given to illustrate the feasibility of our
theoretical results.
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1 Introduction

In this paper, we are concerned with the existence, uniqueness and
stability of solutions for a class of initial value problems of fuzzy fractional
differential equations (FFDE) of the following form:

“DIPu(t) = Au(t) & f(t,u(t)), te(0,T],
u(0) = ug € Ry, 0

where <oy is the fuzzy Caputo-Katugampola fractional generalized
Hukuhara derivative of order ¢ <€ (0.1.p >0, is a fixed real number,
AeR [:(0.7)x R - Rr is a continuous fuzzy nonlinear mapping, and Ry is
the space of fuzzy numbers.

Fractional-order differential equation can be regarded as a
generalization of ordinary integer-order differential equation, and we
refer the reader to [13,17,24,26]. However, due to errors caused by
observations, experiments and maintenance, the variables and parameters
that we get are usually fuzzy, incomplete and inaccurate. These
uncertainties are introduced into fractional differential equations called
fractional fuzzy differential equations.

In recent years, there has been some research on fractional fuzzy
differential equations. Except for various numerical solutions, most of the
methods transform fractional fuzzy differential equations into fractional
fuzzy integral equations and then use nonlinear analysis methods to
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discuss the qualitative properties of the solutions. In 2010, Agarwal et
al. obtained the solution of the initial value problem by studying the
corresponding fuzzy integral equation of the initial value problem in
[2]. In 2012, Allahviranloo et al. [5] studied the analytical solution
to the initial value problem for a class of Riemann- Liouville-type
fractional differential equations under the strong generalized Hukuhara
differentiability introduced in [8]. Then Allahviranloo et al. studied
the initial value problem of the Volterra—Fredholm-type fuzzy integro-
differential equation, and established the existence and uniqueness of
the solution by using a compact mapping theorem and an iterative
method [3]. Recently, Ngo presented results on the existence and
uniqueness of solutions for two kinds of fractional fuzzy functional
integral equations and fuzzy functional differential equations using the
contraction mapping principle and the successive approximation method
[11,12]. For research on solutions of initial boundary value problems for
fractional fuzzy differential equations, more information can be found in
[1,4,6,13,22,27,32,35] and the references therein.

The study of Ulam stability can provide an important theoretical basis
for the existence and even uniqueness of the solution of the differential
equation and it can also provide a reliable theoretical basis for the
approximate solution of the corresponding equation. In 1993, Obloza
studied the stability of the differential equation in [23]. Miura and others
established Ulam stability theory of differential equations in different
abstract spaces [18, 19, 31]. In 2013, Rezaci et al. [29] established
Hyers—Ulam stability of .th-order linear differential equations with
constant coefficients using the Laplace transform method. Mortici
et al. [20] studied the general solution of the inhomogeneous Euler
equation and the Hyers—Ulam stability on a bounded domain using the
integral method. In 2016, Bahyrycz et al. discussed Ulam stability of
the generalized Frechet equation in a Banach space using a fixed point
theorem in [7]. In 2018, Onitsuka [25] established the Ulam stability of
first-order nonhomogeneous linear difference equations.

The purpose of this paper is to introduce fuzzy Caputo—Katugampola
fractional differential equations, and discuss the existence, uniqueness
and stability of solutions of fuzzy fractional differential equations (1). The
structure of the paper is as follows: some preliminaries are given in Section
2. In Section 3, we establish the existence and uniqueness of solutions
to problem (1). In Section 4, we discuss the stability of the solution.
In Section 5, some examples are given to illustrate the feasibility of the
results.

2 Preliminaries

In this section, we briefly introduce some definitions, notations and
results related to fuzzy functions, which will be referred to throughout

this paper.
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We denote the set of all real numbers by r and the set of all fuzzy
numbers on R is indicated by Rr. A fuzzy number is a mappingu : B — [0.1]
with the following properties:

a) isupper semicontinuous;

b) wu is fuzzy convex, ie., u(\r + (1= \)jy) > minfu(x),u(y)} for all =y eR,
Ae[o,1];

c) wisnormal, i.e., there exists z, € R for which u(xo) = 1;

d) supp u={reR|u(x)>0} is the support of the u, and its closure
cl(supp ) is compact.

For a€(0,1] denote [ = {z e R |u(@) > o} and [’ =c{z e R|u(@) >0}, Then it is
well known that the cv-level set of w [ = .7, is a closed interval for all
a e (0,1], where u and % represent the upper and lower branches of the
fuzzy setu € R, respectively. A fuzzy number function defined on the real
set R and valued in R is called a fuzzy-valued function, thatis, f : R - Rx.
Let the cv-level representation of the fuzzy-valued function f : [a,t] - Rx.
be expressed by ((t.u) = (£*(t.. 7 (. t € [a. b, o € [0, 1]

Foru € Rx, we define the diameter of the cv-level set of w0 as a(ue) — 7 —we.
Let u,v € Rz, If there exists w € Rx such that w = v & w, then v is called the
f-difference of u and v, and it is denoted by u & v. In this paper, the
sign “* always stands for the g-difference.

The Hausdorft distance between fuzzy numbers is given by

3

Then it is easy to see that 4 is a metric in R and the following properties
of the metric 4 are valid (see [28]):

Rr x Rr — [0, 400),

« ’ — —

.ul o tn

d(u,v) = sup ma.x{i-z_aa —v
re[0,1]

-

1. d(u ® w,v w) =d(u,v) forall wv.we Rr;

. d(ku,kv) = |kld(u,v) k € R, u,v € R

1l du®v,w®z) < du,w) +dv,z) for all u,v,w,z € Rr
iv. (d.Ry) is a complete metric space

For the fuzzy-valued function «, v defined on (.1}, we introduce measure
D(u,v) = s dult),o). We say that the fuzzy-valued function f is
integrable on (.1 if the function f is continuous in the metric 4 and its
definite integral exist, and we have

jf=(z‘. w) dz ) — /bfa(t.u)dlr,/bf“‘(tu)di, |

Definition 1. (See [20].) The generalized Hukuhara difference of two
fuzzy numbers v v € Rr (yH-difference for short) is defined as follows:
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(H)u=vPw,

UOgH V=W <= - _
(i)v=u+(—1)w.
A function u: [4,1] - Rx is called ¢-increasing (4-decreasing) on a1 if for
everya e 0,1, the function ¢~ d([u(t)*) is nondecreasing (nonincreasing) on
w0l If w0 is d-increasing or 4-decreasing on [w.1}, then we say that u is 4-
monotone on [a.b).
Definition 2. (See [9].) Let 4.5 &> and ¢ € (a.b). The fuzzy function
w is said to be generalized Hukuhara differentiable (y#-differentiable) at
t if there exists an element /(1) ¢ £ such that

u' (t) = lim u(t +h) Sgm u(t)
h—0 h

Denote by c(a.i.25) the set of all continuous fuzzy functions, Ac((a.b). Rx)
the set of all absolutely continuous fuzzy functions on the interval fa.
with values in Rz.

Theorem 1. (See [21].) If u € AC((a.b].R) is a d-monotone fuzzy function
and 1 € (0,1), then

t

I P_ PV Ny (s)ds a
Dq+az()—r(1q)/(t1 )/ (s)ds, te (ab].

€l

Now, we consider the fractional hyperbolic functions and their
properties that will be used in the next section. The Mittag-Leffler
function frequently used in the solution of fractional-order systems (see

[15]), is defined as follows:

;rak+1) ;rak+j’)'

Lemma 1. (See [10].) Sez 5> 0. Now e.c)and e..) have the following
properties:

i. Let 0 < a < 1. Then E.(—5t*) <1 and E..(-s) < 1/r@). Moreover,
Ea(0) =1 and E..(0) = 1/T(a);

ii. Let 0 <a <1and s<a+1. Then e.) and £.,() are nonnegative.
Additionally, purti <t». Then E.(t5) < Ea(ot and Bap(0t9) < Eas(5t5);

i, [ B ()P dt = 2By et (2%), 0> 0,22 0

Theorem 2. (See [21].) For x>0 and w is d -increasing, or 5 >0 and u
is d -decreasing, (by applying the definition of the Mittag-Leffler function)
the solution of problem (1) is expressed by
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t
i = P _ gP q
U(t)—ﬂt_lEq.l()\(t) ) 1f P l )q 1Eq.q()\(f s ) )
P pL— ) P

X f(‘; u(s)) ds,

where 1< .11 (forthe case of x>0 and w is d -increasing), whereasif x > o
and w is d -decreasing, +< .1\, then we obtain the solution of problem (1) is

0
N\ ] 1 . s P P\
u(t)uUEq_1<)\(;) )e(_l)p‘?l f57 l(tp—sf)q Eq_q<)\( P ) )
0

x f(s,u(s)) ds.

3 Existence and uniqueness results

Let ci be the space of all continuous fuzzy-valued functions on (..
Consider the following assumptions:

(H1) :0.11xrs 2> is continuous;
(H2) there exists £ > o such that .. ft.)) < Ldw,») and w.v € Rz;
(H3) 261798, 4 (MG 7)) <

Theorem 3. Assume that >0, U is d -increasing, and conditions
(H1), (H2) and (H3) are satisfied. Then the initial value problem (1) has
a unique solution in . 1.

Proof. Consider the operatora, : c(o.7] - ¢(0.7] given by

t
1 1 ¥ o tr— s\
Alu(t)_uoqu(A(p) ) 1Of"p Eq'(’()\( p ) )

where ¢ 0.7, and it is easy to see that w is a solution to the initial value
problem (1) if and only if u = 4,u. From Lemma 1 we have

d(Aru(t), A1v(t))

t

_d(pqllfsp_l(z‘ qu(A< p ) )f(s.u.(.s))ds.

o\ﬂ
V)
’E
i
’1‘;
tnj
»Q
)
e
>
!
=
\
\\_,/
\__/
~
——
¥ Al
~
w
=
jal
¥al
\—_’{Q
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t
1 - P — P\
< LD il _ g (A ~) )ds
pq : p
0

:L(p_lfp) Eq,c}+1()\(p_lfp) )D(u, 'U)

for u.v € Ry and for each < 0.7, which implies that

D(Aju, A1v) < L(p™'TP) Eq 41 (M (p71T2)? ) D (u, v).

Therefore, the Banach contraction mapping principle guarantees that
u = Ayu. has a unique fixed point« € ¢0.7], so there is a unique solution
to problem (1). The proof is completed.

Theorem 4. Assume that x>0, uis d -decreasing, conditions (H1).(H3)
and the following condition are satisfied:

(H4) for any + < 0.7
N
£ (3(5) )

is nonincreasing in (v,

t
tP q) 1 p oy g—1 P — sP\?
E )\ T x oy fSIJ—l tl) _ _Sp q E(_ (}\( )
‘“( (p> R J ( )" Eaa P

x f(s,u(s))" ds

t
P — P\
sP l Sp - lE ()\( ) )
/ i P

f(su(s)) ds

is nonincreasing in v, for anya€0,1] and /e .7

[t — ey g (3(E22) Vel o]
<ot (3(5) Jour

Then the initial value problem (1) has a unique solution in co.1).
Proof. Consider the operator 4.: 0.7 — co.7) given by

t
P\ - di—1 tP — sP\14
Aou(t) = uo B 1 [ A = LGP - e R
2U() uo q.l( (]J) )@pqlﬂfb ( s) q*1< ( » ))

x f(s,u(s)) ds,

where e .17 It is easy to see that u is a solution to the initial value
problem (1) ifand only if v = 4,u. From Lemma 1 we have

985



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, ntim. 5, Agosto-Noviembre, ISSN: 1392-5113 / 2335-8963

d(Aqu(t), Ayu(t))

t
! Pl aAE—L — P\4 7
St ) (17 —82)" " Eqq| A : d(f(s,u(s)), f(s,v(s))) ds
P . p
p_ p\Y4
f i Ew(*(f b ) )d
p
P — sP\1!
o fotr o nfo(a2T e
O/ 1| Al 5

:L(p*lfp) g g1 (M (p17)")D(u, 0)
for w.v e Rr and for each + < 0.7, which implies that

D(Agu, A2v) < L(p7'T?) By g11(|1A (p7T7) ) D(u, v).

Therefore, the Banach contraction mapping principle guarantees that
u = Asu has a unique fixed point «* € ¢[0.7], so there is a unique solution
to problem (1).The proof is completed.
4 Stability results

Motivated by £.-Ulam-type stability concepts of fractional differential
equations (see [33]) and Ulam-type stability concepts of fuzzy differential
equations (see [34]), we introduce some new £,-Ulam-type stability
concepts of fuzzy fractional differential equations.

Let = >0 and «:[0.7]> k.. be a continuous function. We consider the
equation

DIPx(t) = Az(t) @ f(t,z(t)), t€ (O,TJZ,)

and the associated three inequalities

d(“DgEy(), (1) & f(ty(1)) <e te[0, Ty
d( D()—I- y( ) )\'y(t) D f(t,-y(t))) < C;"}(f-)._ 4= [0*](;])

d(°DEPy(t), Ay() @ f(t,9(1)) < ed(t), te [0,
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Definition 3. Equation (2) is £,-Ulam-Hyers stable if there exists ¢ > 0
such that for each = > 0 and for each solution v  cl0.7 to inequality (3),
there exists a solution » € c0.7] to Eq. (2) with

d(y(t),z(t)) < cEy(ysth)e, ~5 20, t€[0,T).

Definition 4. Equation (2) is generalized £,-Ulam-Hyers stable if
there exists a continuous function ¢: &, - &, with ¢(0) = 0 such that for
each solution v  ¢0.7] to inequality (3), there exists a solution « € 0.7 to

Eq. (2) with
d(y(t), z(t)) < 8(c)Eq(y4t?), ~f >0, te[0,T].

Definition 5. Equation (2) is £-Ulam-Hyers—Rassias stable with
respect to o if there exists ¢, >0 such that for each = > 0 and for each
solution y < 0.7 to inequality (5) there exists a solution « € ¢. 71 to Eq. (2)
with

d(y(t),z(t)) < cped(t)Eq(vt?), 75 20, t €[0,T).

i

Definition 6. Equation (2) is generalized £,-Ulam-Hyers—Rassias
stable with respect to ¢ if there existsc, >0 such that for each
solutiony « 0.7 to inequality (4) there exists a solution « € ¢0,7] to Eq. (2)
with

d(y(t),z(t)) < cpd(t)Eq(v5t?), 5 =0, t €[0,T].

Lemma 2. A function < co.r is asolution of inequality (5) with

(HS) gty = s & s(t.u(t) @ o(0). 1 < 0.7 exists in Rz for all 1 0.77 if and only if
there exists a function g € [0, 7] (which depends onv) such that:

1. d(g(t).0) < =o(t) t € (0.7)

1. 9DIPy(t) & Dylt) & f(t,y(0))]

Note one can have similar results for inequations (3) and (4) and we
omit them here.
Proof. The sufficiency is obvious and we only prove the necessity. Let

g(t) = “Dfy(t) & (t) @ F(t y(®)], telo,T].

Then we get (ii). Additionally, due to

d(“DELy(t), () @ f(ty(t)) = d(“DgLy(t) © [My(t) @ f(t,4(t))],0)
=d(g(t),0)

and inequality (5), we can see (i) holds. The proof is completed.
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Lemma 3. Let y be a solution of inequality (5) with ) = v . Assume
that condition (H5) is satisfied. Then y satisfies the integral inequality

t
d(y(t), B1(f,1)) < ep' ™ E, 4 (1N (p~17)%) / 1 e
0

if x>0 andyis i -increasing, where i< .1 and

T
1 1 , 1 — sP\?
o . p—1/p _ _p\9
Bi(f,t) = Eq.L()\(—p> )yo@p—q ; O PP — sP) Eq.q()\( . ) )

x f(s,y(s)) ds.

Proof. From Lemma 2 we see v satisfies

“DEPy(t) = My(t) @ F(t,y(t)) ®g(t), te[0,T],
y(0) = yo € Ry, ©

if A > 0 and v is d-increasing, noticing v is a solution to problem (6), we
have

yU)Eml(A(Zj)q)yoga 111/‘th(k( p“ W)UTSJfS?E%g(SId&

fP r

Eq.q(AM==5=)")g(s)
sl—p(tp — sP)1—q

; 1
C’l(gv t) c pq_l

ds.

S—

Then

q
= (o(2) o

1 [ [ Ead AE=2)0) £ (s,9(s)) F By q(MEZ=2)1)g(s)
qul _/ Slfp(l;fp - ,gp)lfq ds & _/ Slfp(tp i ,gp)lfq ds]
0 0

— Bi(f:t) ® Cilgst):

From this it follows that
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d(y(t), B1(f,1))
= d(y(t) @ Ci(g,1), Bi(f,t) & Ci(g,1)) = d(y(t) & Ci(g. 1), y(1))

i N < A

. 1 [ Egq(A(55)Md(g(s),0

_ d((jl(g..t), 0) < - ] 1,49 ¥ ) ) (17 ) )
P gl— p({p = gP) 1

1s

1—q -1 p q 0
Lep qu |/\| t f o fp — 513 e ds.
0

Lemma 4. Let y be a solution of inequality (5) with ) = v . Assume
that condition (H5S) is satisfied. Then y satisfies integral inequality

t

d(y(t), Ba(f.1)) < ep' ™ Eqq(|AI(p~¢")") f = ;ﬁ()'f)q,slp i

0

if x>0 and yis d-decreasing, where 1< .1 and

t
p\49 ] ) . P _ gP q
B = Eq'l</\<%) ) qfll 'Spil(fp_sp)q lEq-q (A(t D 5 ) )
0

X f(s y(s)) ds.
Proof. The proof of Lemma 4 is similar to Lemma 3, so we omit it here.
Remark 1. One can have similar results to Lemmas 3, 4 inequalities (3)
and (4)
Theorem S. Assume that » >0 and w is 4 -increasing, conditions (H1)-

(H3) and

(H6) there exists a nonnegative, nondecreasing and continuous
function ¢ such that holds.

t
pl_qEq.q(P\HP_lfp)q)[ (;(5) p)l s ds < Cyo(t), te][0,T],
0

holds.

Suppose also that a function e c0.T) satisfies inequality (5) and
condition (HS) holds. Then Eq. (2) is £, -Ulam—Hyers—Rassias stable.

Proof- Let x be a solution to problem (1), and denote v as a solution to
inequality (5) with 4(0) = 4. According to Lemma 3, we have

t

d(y(t)-Bl(fsf)) Ept qqu |A|(p~1tP)4 / fp—gp 1 = pds
0

< Cyed().

where ¢ 0.7, From condition (HG) it follows that
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d(y(z‘)‘ l*(f)) < d(y(t)-B'l(f.f)) +(l(Bl(f.f).1?(f))
1 j Ey g ME=2)0)d(f(s,y(s)). £ (5. 2(s)))

pi—1 s1=p(tp — sp)1—4 s

< Cyed(t) +
0

L jEq.quﬂf")ff)d(y(s)«r(s))
ds

s1=p(tp — sp)1-4

< Cyedlt) + 5
0

t

L 12 Tr\? d(y(s),z(s))
g (»Q'}EC)(IL«) + FEq_q (/\ (p) ) / _51*‘1—7(1%]0 _ 5'}1)1*(1 dS.
0
by the generalized Growall inequality (see [30, 34]), and we obtain

L-T(q)quq(lAl(p_lTp)‘f)f-q)
Pl '

d(y(t), z(t)) < C-’w-f@(f)Eq(

Therefore Eq. (2) is £-Ulam-Hyers—Rassias stable according to
Definition 5. The proof is completed.

Remark 2. Under the assumptions of Theorem 5, we consider Eq. (2)
and inequality (4). One can verify that Eq. (2) is generalized £,-Ulam—
Hyers—Rassias stable according to Definition 6. Under the assumptions
except (H6) of Theorem 5, we consider Eq. (2) and inequality (3). One
can show that Eq. (2) is £,-Ulam—Hyers stable and generalized £,-Ulam-
Hyers stable according to Definitions 3 and 4, respectively.

Theorem 6. Assume that x>0 and u is d-decreasing, conditions (H1)-
(H3) are satisfied. Suppose also that a function v € 0.7 satisfies inequality
(5) and (HS), (H6) hold. Then Eq. (2) is £, -Ulam—Hyers—Rassias stable.

Proof. The proof of is similar to Theorem 5, so we omit it here.

Remark 3. Under the assumptions of Theorem 6, we consider Eq. (2)
and inequality (4). One can verify that Eq. (2) is generalized £,-Ulam—
Hyers—Rassias stable according to Definition 6. Under the assumptions
except (H6) of Theorem 5, we consider Eq. (2) and inequality (3). One
can show that Eq. (2) is £,-Ulam—Hyers stable and generalized £,-Ulam-
Hyers stable according to Definitions 3 and 4, respectively.

5 Examples

Example 1. Consider the following initial value problem for the fuzzy
fractional differential equation

. 1
C’Déf‘l-u(f) = lt) (2 sint @ 1) ®e'A, te (0,7,

u(0) = 0 e Rr. )
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where A=1.7=rp=1, 1t u@) = 1/2u@t)snt se'4, and A=(1,2,3) eRr is a
symmetric triangular fuzzy number. Take L = 1/2, clearly, conditions
(H1)-(H3) hold, then according to Theorem 3, problem (7) has a unique
solution.

Assume that a fuzzy-valued function v (0.7] — Ry satisfies

o 1
d (CDéff'lum u(t) (2 tut+ 1 wed) ¢

Take o(t) =t and ¢, = ar'2/3)E, 5, 5(='7%). Then we have
|
4¢3/2 : ,
Ey/2,1/2(1 / fP — 5P - ds = 3 El/z,l/z(flfz) < Cyp(2),
0

which means condition (H6) holds. Thus Eq. (7) is £-Ulam-Hyers—
Rassias stable according to Theorem 5.

Example 2. Consider the following initial value problem for fuzzy
fractional differential equation:

Dl/21 () =—u(t) + -+ 1, i€ (U,

'1{.(0) = g & R}‘ ®)
where A = —1,p =1, f(t.u(t)) =t + 1, and uo = (1,2,3) € Rz is a symmetric

triangular fuzzy number. Take L = 1/2, obviously, conditions (H1)-(H3)

holds, then according to Theorem 4, problem (8) has a unique solution.
Assume that a fuzzy-valued function «: (0.7] — R satisfies

d(CD> u(t), —u(t) +t+1) <

Take o(t) =t and ¢, = 4='2/3)E, 2.1 2(=/2). Then we have
i
4t3/2 :
5 /2 2 T
Eiaq)2(t / ﬁ) — sP 8 = E1/2.12(t'77) < Cyo(t),
0

which means condition (H5) holds, thus Eq. (8) is #-Ulam-Hyers—
Rassias stable according to Theorem 6.
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