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Abstract: The aim of the paper is to give a uniform picture of complex, hyperbolic,
and quaternion algebras from a perspective of the applied Clifford geometric algebra.
Closed form expressions for a multivector exponential and logarithm are presented in
real geometric algebras Clp, g when n = p + q = 1 (complex and hyperbolic numbers)
and n = 2 (Hamilton, split, and conectorine quaternions). Starting from Clo; and
Cly,0 algebras wherein square of a basis vector is either 1 or +1, we have generalized
exponential and logarithm formulas to 2D quaternionic algebras Clg 2, Clj,1, and Cly .
The sectors in the multivector coefficient space, where 2D logarithm exists are found.
They are related with a square root of the multivector.

Keywords: Clifford (geometric) algebra, exponential and logarithm of Clifford

numbers, quaternions.
1 Introduction

Quaternion algebras find a wide application in graphics, robotics, and
control of spatial rotation of solid bodies, including acrospace flight
dynamics [4,10,13,14]. During the last ten years, there is a tendency to
replace quaternions by multivectors (MVs) of geometric (aka Clifford)
algebras (GAs), mainly due to the possibility to carry out calculations
in higher dimensional GAs of mixed signatures [9, 11, 15, 17, 18] and,
consequently, to employ wider GA capabilities. Of special mention is
conformal C/ 4; GA that allows to do complicated graphics in 5D
vector space and then transform the graphics to 3D Euclidean space for
visualization [21].

In this paper, we investigate low-dimensional algebras from GA
perspective, namely, 1D complex and hyperbolic number algebras as well
as 2D algebras Clyp, Clyj, andCly() that are isomorphic to quaternionic
algebras: the Hamilton quaternion (or briefly the quaternion) [10, 13],
coquaternion also known as a split quaternion [7, 20], and conectorine
[19]. The properties of the Hamilton quaternion, which is isomorphic
to Clyp, recently have been summarized in a handbook [13]. The
coquaternion and conectorine are less known. They are isomorphic to
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Cly and Cly algebras that are noncommutative too. As we shall see,
in all 2D algebras the exponential and logarithm may be treated in a
uniform way if they are reformulated in GA terms what, in turn, helps to
generalize and better understand known properties as well as to discover
new ones, for example, continuous degrees of freedom related to a free
vector pointingin an arbitrary direction [3]. Generalized exponential and
logarithm formulas and square roots of multivector have been found,
including the sectors, where they exist for the first time. The subject
considered in this paper is akin to exponential factorization of MV into
product of exponentials [12] and square root of MV [1, 5].

In Section 2 the notation and general properties of GA exponential
and logarithm functions are introduced. The GA expressions in 1D are
presented in Section 3. In Sections 4 and 5, respectively, the exponential
and logarithm in 2D are considered. In Addendum (Section 6) the square
root of MV is discussed. Finally, in Section 7 the conclusion and short
discussion are given.

2 Properties of exponential and logarithm in GA

Let e; be the basis vector, and lete;;= e;e;= — €;; be the bivector.
The latter is the geometric product of two orthogonal basis vectors.

Complex and hyperbolic numbers (aka Clifford numbers) in GA [22] are
represented by the following MVs:

Clpy:  A=ag+a], wherel=eande?=—-1Cl: A=ay+a],  wherel=eandei=+1,

where dgand dy are the real coefhcients, dg, d; € R dy is called the
scalar part of MV, and a1 is the pseudoscalar. In 1D GAs the basis vectors

coincide with an elementary pseudoscalar I. The squares, e% =i’= -1

in Cly and e% = 1inCl}, suggest that we have to do with complex and
hyperbolic numbers, respectively.

In 2-dimensional (2D) algebras, there are two basis vectors €; and e,
and a bivector €1, =I (oriented plane). The general Clifford number A is

Clop:  A=ag+ase;+ae,+apl, where ef=e3=—11"=-1,
Clyi: A=ag+aje,+ae,+ap,l, where e=-—e3=—1I°=],
Clho:  A=ay+ae;+ae,+apl, where e2=—e3=+11°=—(1)

The sum a=a;e;+a,e, represents a general vector in 2D
bivector plane. The basis vectors satisfy €1-€, =0 (orthogonality) and
e A €, = €18, = €1 (oriented unit plane), where the dot and wedge
denote the inner and outer products. €15 plays the role of an elementary
pseudoscalar I. The sign of I depends on algebra, Eq. (1). The algebras
Cly 1 and Cly( are isomorphic under the following exchange of GA basis
clements:e; < €€, — €y, and e}, — €.
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The main involutions, namely, the reversion, inversion, and Clifford
conjugation denoted, respectively, by tilde, circumflex, and their
combination are defined by the following changes in component signs of
MVA=a,+ a +ayl:

A=ay+a—apl, A=ay-a+ap, A=ay,—a—apl

For complex and hyperbolic numbers, there is only a single involution,
O O
A= ao+ a1 = ay— ayl that usually is denoted by asterisk in physics

and engineering and overline in mathematics.
The exponential of MV is another MV that belongs to the same

geometric algebra Clpg. If A and B are MVs, the following properties
hold:

~ . o d ~
exp(A+B) = exp (A) exp (B) —  AB=BA, eA=eA eA= eﬁ, oA = 4,

where e is the base of the natural logarithm. In 1D algebras the first
property is always satisfied since the commutation of scalar and vector is
satisfied.

The GA exponential can be represented as a power series in a
form similar to scalar exponential [16]. In numerical form, i.e., when
coeficients at basis elements €, @), and €, are real numbers, the
exponential can be summed up approximately [3]. To minimize the
number of multiplications, it is convenient to rewrite the exponential in
a nested form (aka Horner’s rule),

eA=1+%(1+%(1+%(1+-.))), 2)
which requires fewer MV products. If numerical coeflicients in A are
small enough, the exponential €A canbe approximated by truncated series
(2) to high precision. For examples, we refer to paper [3].
The following properties hold for MV logarithm:

log (AB) =log(A) +log(B) — AB=BA, elosW=A"1

~ - 0 . 5] -
log(A) =log(A), log(A)=log(A), log(A)=eA.
When the logarithm of MV exists, it may be approximated by series

logB=B(1+ B(-1+ B+ B(-1+])) o<mI<1

Here |B| is the determinant norm [3]. If logarithm exists, a series can
be summed up but there may be sector(s) in the MV coefficient domain,
where the logarithm does not exist at all.

In Cly; algebra the norm|B|, which is equal to the square root of

MYV determinantDet(B) = BB= b(z) + b% > (), is called the magnitude
or absolute value of the MV (or magnitude of the complex number

1131



Nonlinear Analysis: Modelling and Control, 2022, vol. 27, no. 6, Noviembre, ISSN: 1392-5113 / 2335-8963

in this case). In hyperbolic number theory the similarrole is played
by product BB = b(z) — bi which may be positive, negative, or zero. In
thiscase the magnitude called a determinant seminorm (or pseudonorm)

||B|| = \/abs (B B) = \/abs(b(z) — b% > (0 is introduced. Note that now

the equality sign appears, therefore, theseminorm || B|| may be zero even

if B+ 0. The equality sign in case of the norm |B| would require the MV
to nullify.

3 Exponential and logarithm in 1D algebras

One-dimensional GAs are represented by two commutative algebras: the
well-known complex number algebra, which is isomorphic to Cl 100 and
the hyperbolic number algebra C/ 1 [22]. In Fig. 1 the geometrical
properties of both algebras are compared graphically on X)-plane
(equivalently on byb;-plane). In Fig. 1(b) the two branches of hyperbola
close down at plus/minus infinities [8]. The shaded area in both cases is
proportional either to inner (p , or outer (p " angle between the centerand
the point b on circle Y2+ X2 = 1 or hyperbola Y2 — X2 = 1, respectively.
If a point b on the circle or hyperbola represents the MV B= b+ b, e,

then in GA the quantity BB = bcz) +b5=|B |2 > 0 is the square of norm
that graphically represents the sector A in Fig. 1(a). Similarly, the sector
A, in Fig. 1(b) represents the seminorm ||B| (pseudonorm) that as
mentioned may be positive, negative, or zero.

3.1 Exponential and logarithm of MV in Cl0,1

In the commutative Cl; algebra where e% = — 1, we bave

eB = ebotbie1 = eboel1e1 = (cosh, + e,sinb,), 3)

where Euler’s rule was used. Presence of trigonometric functions
indicates that the exponential in Cly is a periodic function with period
2Tk, where K € Z is an arbitrary integer. Thus, more generally in Clo,l,
we haveeB = eb0+b1e1+21'rke1'

The logarithm of a complex number Z = X+ 1y is

logz= log(rei@) =log|z| +ip= log(\/x2 + 2 ) + icp,

which in Cl; algebra notation is

b
logB= log\/b(2)+ b% + elarctanb—(l) =log|B| + e, .
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The angle (@ =arctan (y/x), orp=arcatan (b, / by), is called the

/>
argument of log- arithm. If ¥ = (b(2)+ b'%) is a constant, then (p may

be interpreted as a rotation angle of a vector around coordinate center,
Fig. 2(a). To eliminate sign ambiguity between quadrants 1 and 3 (or 2
and 4), the arc tangent of a single argument usually is replaced by double
argument arc tangent arctan(x, y). If signs of X and y are already
fixed, then arcatan(x, y) = arcatan (y/x ). To include multiple
rotations, after every single

Figure 1
Analogy between unit circle x*+y” = 1 and unit hyperbola x* y* = 1. For a circle the coordinates
of point b are x = cos gc and y = sin ¢c, and for a hyperbola, they are x = cosh ¢h and y = sinh
¢h. The trigonometric and hyperbolic angles are defined, respectively, by c = arctan(y/x) in
the range [0, 27) and ¢h = artanh(y/x) in the range (, + ). For hyperbola, they are limited by
asymptotes (dashed lines). The shaded areas Ac and Ah are proportional to trigonometric
and hyperbolic angles: A = ¢c/2 and Ay, = ¢h/2. The infinity signs at asymptotes show
extreme values of oh/2, where the infinities having opposite signs meet, —co = 40 [8].

Figure 2
Graphical representation of Cly; logarithm: (a) the real part Re(log(B)) = log( b* + b*) and
01 (b) the principal logarithm ¢ = Im(log(B)) in the range [ 7, 7] is represented by a single
winding on the right panel. At a fixed ¢ the lines run parallel to horizontal bOb1-plane.

rotation, the period 27U is added to (p, so that after
k rotations, we have Kk-windings in Fig. 2(b) and angle
@=arctan (b, b;) + 21k, where ke Z=.-2,-1,0,1,2. .
Similarly, in case of hyperbolic functions, to include the sign of X
and Y in the quadrants 1-4, one may introduce a double angle
hyperbolic tangent ' tanh(x,y) = x/y: sinh ph/ cosh ¢ph.
As  follows from  Fig. 1(b), the range of the
hyperbolic  tangent is (=151 when— 0o <@h< co. Then,
in the quadrants 1, 2, 3, 4, we have, respectively,
tanh(+ x|, +|y|), tanh (= |x], +|y]), tanh (- |x], — |¥|),
and tanh(+ |x|, — |y|)

We shall assume that in GA the defining equation of the logarithm is
logB=A, which takes into account only the principal value (principal
logarithm). To include multiple values, we add a free MV F,

logB= A + F, A,B,F e Cly, (5)

that satisfies ef = 1. Equation (5) is more general because, as we shall
see, it allows to include the multiplicity into GA logarithm in case of

higher (n = 3) dimensional GAs [2]. Let us apply the described approach
to Eq. (4)
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logB =10g|B| + e;arctan( by, b;) =logr + ey,

where |B| = \/ﬁ = \’b(z)-l— b% = ¥ is the radius ¥ (magnitude or norm
of B), and @ is the angle between the horizontal axis and line that
connects the coordinate center with the point b, Fig. 1(a). To include
multiplicity in the angle, a free term F is added, logB= A + F. After
substitution of F= f o e.f | into ef =1 and using the trigonometric

expansion similar to Eq. (3), we findel O(COSf Tt e,sinf 1)2 1, the
solution of which is [ 0= Oand f = 21k, where kK € Z Thus, the full

solution in agreement with the complex function theory can be written

Clo;:  logB=log|B| +ep+2mk), O<@=2mn<, ke Z.

At a fixed ¥ = |B|, this equation represents the spiral with period

27T since the argument(() < < 2T7) increases by 2TU after every single
winding in the “complex” plane Dy, by. The logarithm (4) exists for all
values of B. Often it is assumes that the principal logarithm is in the
range — TU < (P < T, the logarithm is

tlog|B| + e ifby>0 andb, #0,
log|B| + e,(@+T) ifby<0 andb,> 0,
log|B| +e,(@+) ifby<0 andb, <0,

Clp;:  log B=1{p, ifb,> 0 andb, =0,
by+ et ifb, <0 andb, =0,
b, +em/ ifby=0 andb, > 0,
\b, — e,/ ifby=0 andb, <0. (¢)

The first three expressions are the main formulas. The remaining
represent special cases: they show the behavior of logarithm on the real
and imaginary axis. When bO = bl = 0, the logarithm is undefined. The
definition given by Eqs. (6) and visualized in Fig. 2(b) frequently is
met in applications. It has been accepted in ISO standards such as C
programming language and Mathematica.

3.2 Exponential and logarithm of MV in Cl1,0

For 1D algebras the inverse of MV B= bo—l- blel is
B

b,—eb
O BB B3+ b

B by—eb;

Clyg:B ===
10 BB K-b )
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and satisfies B 'B= BB = 1. From (7) follows that, in contrast to
complex algebra, where each nonzero complex number has its inverse,

in Cll,O’ zero divisors appear if b(z) = b% as shown by dashed lines in a

hyperbolic plane in Fig. 3. Since e% >0,ClI Lob(z) = b% exponential may
be expanded in hyperbolic sine and cosine functions [16],

Clyy:  eB=ebothiei= eboeh1e1= ePo(cosh b, + e sinhby), (8)

where Dy b; € R. The hyperbolic functions are monotonic,
therefore, the exponential in Clj inherits this property as well. In Cly
a logarithm defining equation is 10g B= A, in solution of which the

hyperbolic functions and the identity cosh®x— sinh?x =1 are to be
used. The following expression for principal logarithm (the first formula)
and special case (the second formula) is found:

b
log\’bf - bf + elalr'[aohb—é;b0 >0 andb(z) > bi

Clyp: log B=
107 %8 P71 log(0,) + log(2by)+ d14(~log(0,)+ log(2byk by = by

where artanh is the area tangent function, —1<

artanh( b, / by ) < 1. The scalar part log\[ b(z) - b% exists if b(z) > b%

The logarithm hasa genuine value if a pair { bO' bl } isinthe shaded sector
of Fig. 3. Thus, the existence of both the logarithm and the square rootare

determined by condition b(z) > b%. The special case belongs to asymptotes

by= by,where 10g(0+) is the logarithm of a point infinitesimally close
to zero. This term vanishesin exp (10gB) =B (see Example 2). The
first equation of (9) can be rewritten in hyperbolaparameters in Fig.

1(b). SinceB=r (cosh @, + elsinhcph), where ¥ = dy is the radius
(¥ = 1in Fig. 1(b)), we have by =1 coshe ,and by =1 sinhg, Since

r=\b3— b’

Figure 3
Hyperbolic plane b0, b1 that represents CI1,0 algebra. The arrows show MV B = b+ e'b! and
its conjugate BU. The dashed lines are asymptotes b? - b% = 0. The principal square root and
logarithm exist in the shaded sector, where b > bl I-IV are the hyperbolic plane quadrants.

and tanhcph = bl/bo ,we have that logB =logr + e1P,, which is

to be compared with Eq. (4).
To find the free term F, we solve exp(F) = 1, for this purpose bringing

into play Eq. (8),
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ef =elo™/1=elo(cosh |f |+ elsinh|f1\)= 1

This equation can be satisfied if f 0= f 1= 0.So, in this algebra, we have
only the principal logarithm.

Example 1. Cll,O L If b(z) > b% >0, and B=3=*2¢;, then

logB= log\/g + elartanh% = dy=* e;d;.

The exponential of logarithm gives exp(logB)=B. If
b§> b3, by<0,and B'= — 3+ 2¢,, then

logB'= 10g\/§ + elartanh% = Ay + e,d;.

The answer is wrong since the initial MV is returned with an opposite
sign: exp (logB') = —B.

Example 2. Clyg:by= by, B =2+2e; . In this case the second
formula of (9) should be used:

logB= %(logél + log0+) + % e1(10g4 - 10g0+).

Then exp(logB)=4(1+e])/2+e10g0+(—1+e])/2—»(1+e1),
which in the limit 10g0, — — oo gives B=2+2¢; that represents a
point on the asymptote.

4 Exponential and logarithm in 2D algebras

4.1 Quaternionic “vector”

The following defining equations for exponential and logarithm in 2D
GAsare used, exp B=A and logB = A, where MVs A and B belong to the
same algebra. It is convenient to introduce base-free MVsA'= d+ by»e;»
and B'=b+ blzelz, where a and b are vectors in €1»-plane. By analogy
to Hamilton quaternion theory [10, 13], in the following, we shall treat
the quantity A “as a 3D “vector”. Introduction of such a “vector” appears
very helpful in calculating the exponential as well as logarithm in all 2D
algebras. Thus, a full MV in 2D algebras may be represented as a sum of
scalar and “vector”:

A=ay+ A, A'=ae+ae,+ape

In Clpp the squares of all three basis clements satisfy
e%= e§= e%2= —1 and e;e,e;p= — 1. Similarly, in the Hamilton
quaternion algebra [10, 13] a set of three imaginary units {i, j,
k} satisty i2=j2= K=-1 andijk= — 1. In 3D Euclidean space
the quaternionic vector is defined byv = a1+ a,j+ alzk, the square
of which is a negative number. The same property is satisfied by

« » 1 2 !
vector”,(A') "= A%= — a% — a% — a%z <0 where a;, a,, and a;, are
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the real numbers. Thus, the MV is equivalent to quaternion vector,
and A’ may be treated exactly in the same way as the Hamilton
vectorV = dyi+ dyj+ dy K. For Clyp “vector” 4, the norm is defined by
A =\-AZ.

Because Cly 1 and Cly are not division algebras, i.c., in these algebras,
not every MV has inverse, for these algebras, we have different cases.

Now Av2 = (A) 2 may be either positive or negative, or even zero. The
first (positive) case, as we shall see, is related to hyperbolic functions,
while the second is related to trigonometric functions. Both cases will
be investigated separately in Clyj and Cly( algebras. The seminorm of

“vector” A" is defined by || A = \/abS(AVZ) > 0.
4.2 Exponentials of MV in 2D algebras

In Table 1, two-dimensional exponentials in expanded form including

the case of null MV (when BZZO) are summarized. The structure
of the formulas reminds de Moivre’s— Euler’s rules. For Clyp, only
trigonometric functions appear. For algebras Cll,l and CIZ,O’ also
hyperbolic functions appear ifB2>0. In case of Clgp, which is
isomorphic to Hamilton quaternion, the exponential formula can be
' N2 . . .

found easily if the propcrty(B /IB])" = — 1is taken into account. Since
B'/ |B| behaves like an imaginary unit, we can write at once

B ol + B

eB|=cos|B]| + g Sin
Then the exponential of B= by + B 'is

B.

Clyy: eB= ePo™® = ePoeB = ebO((:osIB'l + %sinlB’l).

In the remaining algebras the different normalization must be used.
. . \l 2
The square of a normalized “vector” now is (B' [IIB]) = +1, and

apart from trigonometric, in addition, hyperbolic functions for plus sign

appear,

ebO(cos” B +”%"sin||B'||), B?<0,
Clyy, Cly: €8 = ePoeB = o '
efcoshB]l + fysinhl[Bll) B2 <o

Thus, in Cl}  and Clpalgebras depending on sign of B2and coefficient
values in the seminorm, the exponentials may be expanded either in
trigonometric or in hyperbolic functions and, as a result, may be periodic

or monotonic. Finally, in Table 1 the exponential eB = eb 0(1 + B') comes

from the null MV, the square of which nullifies B%=0 and yields a
linearly dependence on B. Recently, we have found [3] that in three-
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dimensional GAs (and probably in higher dimensional spaces) the
entanglement or mixing of vector and bivector components may take
place, so that in the expanded form the exponential loses de Moivre’s—
Euler’s formula structure. The latter is regained if both the vector and
bivector lie in the same plane. This is in agreement with the present 2D
formulas, where the vector and bivector are always inej@>-plane.

Table 1
Exponentials of general MV B= b+ B’ =b%+ble! + b%e? + b%?in 2D GAs. B’ =
B’ 2andB’ =abs(B’ 2) are real numbers that represent the norm and seminorm,

respectively. The trigonometric functions appear when B’ 2 < 0, while hyperbolic when B' 2
> 0. Zero values of the seminorm corresponds to limx-0 sin(x)/x = limx->0 sinh(x)/x = 1.

example

Sey-Tep=2+8,Cls pwww—h—m B=-s0 [BI={@0.cly pw.ﬁA—J‘,ﬂ—unm B 1B Cly pHﬁA—‘&—um TR
4.3 Products of exponentials

Using Table 1, it is easy to calculate the geometric product of two
exponentials. For example, for trigonometric functions in Clpp when

B2< 0, we find

]‘Q‘B‘E‘()sinm'\sinm'\) + e“‘u"”k'(%sin\A'\cos\B\ +%sin\8’\cos\A‘l +% [A" Bl sin\A‘\sl(JBq)

pAeB = paO+A'btB  — )“n‘"n{ y | y
eAeB= ealAe e cos|A'lcos|B| + TA NI

When A’ =B, the commutator[ A, B] =0, and Eq. (10) reduces to
double 2A argument exponential. For remaining algebras, the norm
should be replaced by seminorm. Below, particular cases follow from (10).

Case 1. Product of vectorial exponentials. If A and B represent vectors
d= a,e;+d,e,and b= b;e;+ b,e,, then

e?eb = cos|alcos|b| — cos@sin|a|sin|b| +|%:‘sin\a|cos|b\+%sm\b|cos|a| +eppsin@sinlalsin|bl,

where 0 is the angle between vectors a and b.
Case 2. Product of bivectorial exponentials. If A and B are simple
bivectors A=a;,€15, B = blzelz, then

eAeB=eA+B=cos|A+B|+e,sin|A+B|,

where |A+B| = \/(A—i-B) (A—Ni-B) . Since A+B is the bivector and

(A+B) 2 < 0, this formula follows directly.
Case 3. Product of vector and bivector exponentials:

eaeB:(cosl |a] +|%:|sin|a| (cos|B| +e;,sin|B]).
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Case 4. The commutator also vanishes if the coefhicients satisfy
alblz = b16112, a2b12 = bzalz, and a2b1: bzal. Since in thiS case
[A, B] = [A] B] we have eAeB=eA+B and Eq. (10) reduced to

efAeB=eA+B=eBeA = e“0+b0(COSIA' +B] + A+B sin|A'+B]|
|A'+B|

When B> 0, similar formulas exist for hyperbolic functions.

5 Logarithm of MV in 2D algebras

The approach to commutative algebras in Section 3.1 here is generalized

to 2D algebras. The “vector” property B2 2 O allows to get 2-dimensional
logarithm formulas that are very similar to those found in 1D case but

B| orB/ [IB]l.

with basis vector €y replaced by unit multivector B/
5.1 Cl0,2 algebra

In this algebra, according to Table 1, the norm (or magnitude) of B'is

, 5
B| =\- B2 :\/1;2\/b§+b§+b§2.

The logarithm defining equation is logB = A, whereBisa given MV,

and cocfficients of A are to be determined. Since B2 < 0, the exponential
of logarithm can be expanded by trigonometric functions

0108B — oA — pagA — eaﬁ(coslA'l + ﬁsinlA’l),

from which we write the following relation between “vectors” B

andA':
b,+B =e%cos|Al +A:sin|A'|
0 | A | (11)
Equation (11) can be rewritten as a system of two equations
_.a ' ' a() A' . '
by=e%cos|A], B=]le TAT sin|A, (12)
where the second equation, in fact, represents three scalar equations.

System (12) can be solved with respect to dyand A'in the following way.
2

After squaring both sides of (12) and noting that inCl, B’= - [B

we have

b5 = e%aocos?|A|,  |B] 2 e2a0sin?| A,
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The sum gives b(2)+ |B'|2= e%a0 | from which and b(2)+ |B'|2= |B|2
follows

ay=1og|B|. (14)

The ratio of equations in (13) gives |B| / by= tan|A'|. The inverse of
the latter is

)
||A'| = arctan by (15)

To express the “vector” A'in terms of B, the second equation in (12)

is divided by the first,
B'
|A|tan|A| 16)
Asfrom (15) follows tan | Al =|B]/ bO’ therefore, Eq. (16) reduces to
B __A [B]
bO |A | bO

from which the property B/|B|=A"/|A, i.e., |B and A" are
parallel in ijk-space, follows. The latter along with (14) allow to get

logB= a,+Alog||B| + IA'I%.

Finally, the needed generic logarithm formula is

Clpo:  logB=log|B| +mrlarctan |£0| ) B2<0.

|B| (17)

A
To logarithm (17) we may add a free MV F=2mKkF,

A

AN 2
where F plays the role of imaginary unit,(F) =—-1

VAN VAN
In addition, it satisfies exp(ZT(kF) =1 and =1 As

we shall see, the free MV takes into account the

VAN
multivaluedness of arc tangent. Then logB= A + F = A +21kF.
SinceF = f0+ flelfl-i- f2e2+ f12612= f0+F

Y
and|F| =\’—F'2 = (FIEL) ] =\’f§+ fg-l— fiz,wehave
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ef = efo(coleI +|—§|sin|F|): 1,

which is satisfied iff():() and|F| =\’f§+ f§+ fiz =21k, ke Z.

Thus, in Clo,z, we have that the free MV is

flel+ f282+ f12812 L‘

F = 21kF = 21tk Tk
ety

that represents all possible “vectors”, the ends of which lie on a sphere of
radius equalto 1 in the 3D anti-Euclidean ijk-space. When k= 0, |F|=0
and F=0 because 0= 0. Thus, we conclude that the generic solution

of equation 10gB = A represents theprincipal value of argument
= arctan ( IB'I/bO) = arctan( b§+b%+b§ bo) in the
range 0 <@ <210 ifk=0. When multivaluedness is included, the
Hamilton quaternionlogarithm takes the form

Bl

B 1B] .
arctan by -I-ZTtk), B> 0, ke %8)

logB+F=1o0g|B| + 8]

> )72 , logB+F
|B| :(b0+ |B| ) * Formula (18) satisfies €'%8°*'= B for all

integers k. Thus, in Clo,z the free MV is F=F = (B'/ |B])21tk, where the

“vector” (B/ |B]) plays the role of an imaginary unit (compare with Eq.
(4)). When k = 0, we return back to the principal logarithm. Thus, after
replacement of the arc tangent by a double-argument arc tangent in order
to take account of all four quadrants correctly, the generic formula (18)
with special cases included becomes

log|B| + (arctan(bo, |B‘|)+2T[k)%, |B] =0,
Clop:10gB ={log(by) + 2rKF, (|B|=0) ———— (b,>0),
A
log( — by) +{2k+ 1JF, (|B]=0) ————— (B> (19)

To summarize, we have shown that, similar to complex number
logarithm, the Hamilton number logarithm isa multivalued function too.

Example 4
Clop: B =2+4e; - 5e,— ey, [B] :\/E, B2= —42<0, |B] :\/E.
The principal logarithm is

E ) de;—5e,—epp

logB=10gy46 + arctan |\ T ~ 1914 +4662¢, — 5826e,— 1165¢,»

After exponentiation el08B e recover the initial MV B.
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5.2 Cl1,1 and CI2,0 algebras when B2 < 0

O
WhenB%= — BB < 0, the exponentials for both Cl 1,1and CIZ,O algebra,

are expressed in trigonometric functions in the same way as for Clg but

A
the norm replaced by seminorm (see Table 1). The free MVF = f OF also

satisfies the condition e2TKF = 1, from which we have [ 0= O and

A A
Cly:F= e+ f e t\1+ 2+ 2,0, Clog:F = f e+ F =1+ F2+ 2, 20)

A S
with properties ”F” =land F?= — 1.
Generic logarithm for both Cly; and Cly, are given by equations

A
similar to (19) but with F replaced by (20) and norm replaced by

seminorm,

log(||B||) + (arctan (bOIIB'II + 211k)%,
(B2<0),
log(bg) + %, (B%=0)(by<0)
log( — by) +(2k+1JE, (B=0)A(by<@h

The last two equations represent special cases. Now the logarithm of

Clyy, Clyp: log(B) =

MYV exists when || B]| # 0and||B]| = 0. More specific cases are presented
in Section 5.4.

Example S.
Cly: B =2+4e, - 5e,— e, B2= — 8 [IBl =12, [ Bl = /8.
The answer

logB=1og(12) + $ (arctan \/E + 21k)((4e, — 5e, — e»)

satisfies el°gB= B

Example 6. Clyo: B =2+5e;—4e,— 7€y,
B2= — 8 [IBIl =8, IBIl =\12
The answer

log(12) 1
logB=—=5—+—F (arctan \2 + 21tk)((5e; — 4e, — 7e;,).
2 5 \/E 1 2 12

satisfies el°8B= B,
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Example 7.
Cly: B =2+3e,—4e,—5€,B°=0, |B?[ =0, Bl =2, The
answer

logB=1logb,+ b%logZ%(Se1 —4e,—5ep).

satisfies €l08B= B.
Example 8. Clyg: B = — 2 B2= 0, ”B” =0.

logB=log( —by) + ‘T(2’<+ 1)§ =log2+ rr(2k+ 1)(f1e1+ £ er— m)em

The answer satisfies el8B= — 2.

5.3 Cl1,1 and CI2,0 algebras when B'2> 0

When B2> 0, calculations proceed in a similar way. Therefore, only
intermediate results are put down briefly. Let the general MV be

B= bo-l-B The seminorm in Cly; is ”B” —\’bz b2+ b12, and in
CIZ,O it is ”B” =\’b§— b2+ b12’ where expression under the root

should be positive. Asin previous case, the defining equation is logB=A,

where A= a,+ A Since the square of A now is positive scalar,A'2 >0,
in agreement with the Table 1, the exponential is expanded in hyperbolic
functions,

elogB = pagtA = o O(COShIIA | + == sinh||A’ II)

IIAII

Thus, we have the following relation between “vectors” Band A':

b,+B=e O(CoshIIAIIJr smhIIAII)

Al

that may be rewritten as a system of equations

A

o sinh || A]l. (22)
Squaring of Egs. (22) and the property B?= IIB| 2 give

bi = e*cosh?|All,  |IB]l 2e2a0ginh?|| Al (23)

Now, applying the property COShZA' - Sil’thA' =1, the difference
of equations in (23) yields the scalar equation b(z) —IB]| 2_ €20 from
which and the relation ||B|| 2 b(z) —|IB]| 2 follows ag= log||BJ|. Also,
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from Eq. (23) we have the ratio ||B| / by= tanh||A'||, from which
we find equation analogous Eq. (15), ||A'|ll = artanh (

artanh is the area hyperbolic tangent. To express A'in terms of B, we
divide equations in (22),

BV
———tanh|lA
”A” | Al

Since tanh||A'|| = ||B | /bo, Eq. (24) can be reduced to

(24)

B' _A_IB]
~ AT by’

from which the property B / IB]| = A"/ | Al follows. The latter allows
to get the required formula for the principal logarithm,

e [ O
To this formula we should add a free MV
F - f0+F = f0+ flel+ f232+ f12e12 that satisfies eF = 1, or

Cly, Clyg:  logB= 1Og||B||+artanh(”£0”

eF — ol geF — e O(CoshIIFII L inhlE]) =

||F||

The solution of this MV equation (equivalently of four scalar

equations) is f0= 0, and ||F]| =\’f§— fg-l— fiz =0 for Cly; and
IF|| = \’fi — f§+ fiz =0 forClZO. From this we conclude that F = 0.

Thus, in the case B%> 0 the principal logarithm is the only solution.
5.4 Cl1,1 and CI2,0 algebras: Summary

Taking into account the generic and special cases, finally, we can write
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log||B|| + (arctan (bo, ||B'||)+ 21Tk)%|,
(B><0),
log||B|| + arctanh (b%)%

(B%> 0) A(by> 0) A (b5 —B>> 0),

log(bo) + %log(OJr)(l — ”%'“) + %log(Z)(l + ”%h),
(B2> 0) A (by> 0) A(IIBIl = 0),

loglbo+ £, (82=0)a(ny>0)

log(—b0)+(11+ 21Tk)iF\', (B' = 0) A (bo < 0),
D, no solution,
(B> 0)A((bg<0)v(b5—B?<0), (5

where [ Bl = [abs{b3 — B and Bl| = \[abs{B?. Explicic form of a

VAN
free MV F is algebra dependent and is given in (20).

CIL1C120: 10gB=

In conclusion, we shall remark that in Clj), algebra the GA logarithm
is defined for all MVs. However, in the remaining 2D algebras, we have
to satisfy the conditions for coefficients for a logarithm to exist. Thus, in
these algebras, there are sectors in a domain of argument, where logarithm
does not exist at all.

Example 9. Cly, line 2 in (25).
Case(B>> 0) A (by > 0) A (b3 — B?> 0),
B=2+B2=2+5¢,— e,— 5e;,B2=1, |[Bll =3, Bl = 1, IBI|?= b2 — B2=:

logB= %logB + arctanh (% )(Se1 —5e,— ez).

Example 10. Cly, line 3 in (25).
Case(BZ> 0) A (D> 0) A (b5 — B>=0)B=9— 9e, + 8e,+ 8¢, B>= 81 ||B|| =
The answer:

logB = 1—1810g(0—2+)( —9e;+8e,+8e,)+ %log(Z +0,)+1og(9),

where 0, is infinitesimally small positive number lim0+_,0€logB:B.

Example 11. Cly, line 4 in (25).
Case(B2=0) A (b > 0)B=2+3e, — 4e,— 5e,,= 2+B,[|B|| =2 B=0, || B]| =
The answer:

logB=1og2+ b%logZ + %(Be1 —4e, — 5eqp).
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Example 12.Clyg, line 5 in (25). Case(B'2 = 0) A (bo > 0). The
logarithm of MV B= — 2is

logB = log(2)+(1't+ 21Tk)(f1€1 - 912\/ 1+ f§+ f% + f292)

A
After exponentiation, F simplifies out, and we get elogB—= _ 2
Example 13. Clyy, line 6 in (25).

B=2+5e;—4e,— 7612,B'2 =58, bg —B%= -4 Logarithm does
not exist since, under the condition B> 0, solution exists only when

b(2) ~B?>0 (case 2 of (25)). Here we have b(z) —B?%> 0, and therefore,
by line 6 of (25) the solution set is empty.
The knowledge of logarithm and exponential provides a possibility to

calculate the square root of a MV by formula \/E ==+ exp (log(B)/ 2).
For example, for B=2—e;+2e;5 in CIZ,O’ we have B= — 3 and
||B|| = \/7 Then, using the formula (21), one finds

1 1 1
logB=5log7 — —=(e; — 2e )+,
2 \E 1 12\/§

and after multiplication by 1/2 and application of exponential, one
obtains the root

\/Ez 2+\/7—e1+2e12
(d2+7)

In this way calculated root coincides with a root formula (27) in
the next section. It is easy to verify that the geometric product \/E \/E
simplifies to the initial B. The formula \/E =+ exp (log(B) / 2) gives
only two (plus/minus) roots. If B is a unity, B = 1, then the square root

exists for all algebras since\/I ==+ exp (log(l) / 2) = #+ 1. From works

[1,5] we know that in the Clifford number algebra, in general, the square
root of MV is a multivalued function. Below in Section 6, such (isolated)

roots are presented for \/H and \| — 1. The multiple roots also have
been found for a general MV in Cly 1 (see the next section), where up to
four roots may happen simultaneously. In higher dimensional GAs the
number of roots may be even larger [1].

6 Addendum: Formulas for square roots of MV

Below the square roots \/E for 1D and 2D algebras that may be useful in

practice are presented. They were calculated from the defining equation
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B= A2, which is equivalent to a system of two in 2D or four 2D real
coupled equations.
For Cl;, there are two (plus and minus) roots of B= b+ e, b;,

B3+ b3 +(bo + byey) o IBI+B

Clpy:\B=t——F—fF—F—=—= == ’
01:VB Pl bt NR\BI+ 1B g

~
where |B| = \/]5 is the magnitude (norm), and (B) 0= byis the scalar
part of MV. The roots (26) exists for all MVs B # 0.
For Cl 10 algebra, in general, there are four roots of B= bO + elbl,

. —\[P2—1? +by+bye, i\/bg—biwomlel_
N Y o 7 P P

If b() > bl’ all roots are different. If bO = bl’ only two distinct roots
remain.

In 2D algebras the MV is B= b+ bye; + bye, + b1»€;». The square
root has the same form for all algebras:

\/E \/b0 + \/Det B (£7)

For individual algebras, the determinant is

CILO: \/E

Cl(),g, Cll,li CIZ()Z

b+ b3+ bi+bi, forCly,
Det B= BB={ b2+ b3+ b2+ %, forCly,
bo+bi+bi+by, forChy

For Hamilton quaternion, the square root exists for all MVs. For Cl 11
and CI 20 algebras, the roots exist when the determinant is positive or zero.
InCly ; an additional plus/minus roots may appearif Det B> by > 0[7],

\/ﬁ . b0+\/Det B — (b1€1+bzez+b12e12).
V2|~ by+Det B

Square roots of +1 in 2D. The square roots of B= + 1in 2D are
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Clyp: {1}
1
Cly,: =i Le, \E(eli o)
\/=< and +( Cle1+czezimelz)’
Clyo: [i 1, e, \/lE(e1 +ep)and +( ¢je; + e+ \/1 +C2+cdep).

In case of Clpgand Cl j the coefficients €] and Cpare arbitrary and may
be considered as free parameters. Their range is determined by expression
under the square root, which must be positive. Thus, in this case, we
have two types of roots: the isolated roots and the continuum of roots
determined by free parameters C;.

Square roots of —1 in 2D. The square roots of B= — 1in 2D are

1 1
€y, €y €1, \/E(eli €1} \/E(eli e1p)

J=1 = andi(c1e1+czezi\,1—cﬁ—Cgelz),
Clyy: {ez}andi(Cle1+c2e2i\/1—c%—cg elz),
Clho:  {epland=(ce;+cye,+ \/1+ ca+c3 612)-

7 Conclusions and discussion

Clyp:

The paper presents exponential and logarithm functions of
multivector argument for Clg, Cl; (1-dimensional commutative) and
Clgp, Cly1Clyq (2-dimensional noncommutative) Clifford geometric
algebras (GAs). The well-known approach to Hamilton quaternion
identified by three imaginaries {i, j, k} was generalized and adapted,
specifically, the imaginaries have been replaced by 2D unit multivectors,
the squares of which are equal to * 1, and which have been constructed
from Clifford basis vectors { €}, €5 €15} .

The 2D basis-free exponentials in this approach assume a form
of either Euler’s or de Moivre’s rules. The principal logarithm was
determined as an inverse of respective exponential 2Tt-multiplicity in
the logarithm was included by adding a free MV F that satisfies the
condition €F = 1. The obtained formulas for exponential and logarithm
can be applied to quaternions too since Clyp, CI} 1, and Cl( algebras are
isomorphic to, correspondingly, the Hamilton quaternion, coquaternion,
and conectorine [19],

Since in GA the .th root of MV is(A) Yn — exp( log(A)/n ), the
obtained exponential and logarithm formulas may be applied to extract
the .th root from general MV. However, this exp-log formula allows
to calculate no more then two (plus/minus) square roots. Workable
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formulas for square roots are presented. In particular, using the defining
equation, we have found explicit formulas for square roots in 1D and
2D Clifford algebras and the sectors of their existence in MV coeflicient
space. In the space of MV coefhicients the sectors, where the roots do not
exist, the logarithm does not exist as well. Also, multiple square roots (up
to four) have been found inCly ) and Cly ; algebras.

The presented results may be useful in applied GAs, especially in
dealing with GA differential equations, the solutions of which are
expressed through GA exponentials [3, 6]. Finally, the low-dimensional
Clifford algebras may be helpful in doing calculations in higher
dimensional algebras as well because the former are subalgebras of the
latter. Also, it is expected that the described in the paper approach may
be adapted to higher grade Clifford algebras.
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Notes

1 Figure 1(b) represents properties of hyperbola drawn on the Euclidean plane.
The properties of hyperbolaon sphere and complex cylinder are described in
[8]. Note that Mathematica computes the area hyperbolictangent of real or
complex argument on a complex closed cylinder.
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