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Abstract: This research work is dedicated to an investigation for a new kind of boundary
value problem of nonlinear fractional differential equation supplemented with general
boundary condition. A full analysis of existence and uniqueness of positive solutions
is respectively proved by Leray—Schauder nonlinear alternative theorem and Boyd-
Wong’s contraction principles. Furthermore, we prove the Hyers—Ulam (HU) stabilicy
and Hyers—Ulam-Rassias (HUR) stability of solutions. An example illustrating the
validity of the existence result is also discussed.

Keywords: fixed point theorem, fractional differential equations, existence, uniqueness,
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1 Introduction

Fractional calculus (FC) has a history of more than 300 years, there
are some applications of FC with in various fields of mathematics it
self. During the last few decades,FC has obtained vigorous development
in the applied sciences and gained considerable popularity. Compared
with classical integer-order models, fractional derivatives and integrals are
more suitable to describe the memory and hereditary properties of various
materials, fractional derivatives are more advantageous in simulating
mechanical and electrical properties of real materials and describing
rheological properties of rocks and many other fields. Based on the
description of their properties in terms of fractional derivatives, fractional
differential equations (FDEs) are generated naturally, and how to solve
these equations is also very necessary. For example, some new models that
involve FDEs have been applied successfully, e.g., in mechanics (theory
of viscoelasticity and viscoplasticity [6, 24]), (bio-)chemistry (modelling
of polymers and proteins [11]),electrical engineering (transmission of
ultrasound waves [3, 28]), medicine (modelling of human tissue under
mechanical load [31]). . . Accordingly, more and more researchers and
scholars devote themselves to the study of various problem of FDEs.
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In particular,study of boundary value problems for nonlinear FDE:s is
particularly concerned among these problems.

The aim of this paper is to investigate the following fractional
differential equation:

DG +9 (Y +9lx,8 () D5+ (x} DS =0, 0<x<1

subjected to boundary condition

9(0) =0, A1D§+9(1 + )\ZD(Y)+9(1) -y bifl_h,(s )9 (s)ds, o
=1 i

where l<a<20<B=<a-1=<l<y<a.
A A=0,A1+A=1b;=0
(1— 12, ), h;e C( l—)ﬂLl(Ii)(i= 125 m))is nonnegative,

I,C [0, 1] is measurable, 1> 1is an integer. g is singular at X = O.DS(Jr is
the standard Riemann-Liouville fractional derivative of order & defined

by

D0+9( ) ( dx)nfx( - s)n_o{_IS(S)dS, n= [0(]+ 1,

where I’ denotes the Gamma function, and [ot] denotes the integer part
of number®,provided that the right side is pointwise defined on(0, c0);
see [14, 25].

When AZ =0,0< B <1, therehasbeena great deal of literature on the
fractional differential equation of such boundary conditions; see [2, 4, 9,

15, 16, 30]. As for 8 = O,for example, in [2],

D*u(t)+ (6, ult) D'ult) =0, ae0<t<1,ul0)=ul)=

where 1<a<20<p<a—1f satisfies the Carathéodory
conditions on [0, 1]>< B, B=(0, ©)x R, fi (t, x, )/) is positive and
singular at X = 0. Based on regularization and sequential techniques, the
existence of a positive solution was obtained.

By Schauder fixed point theorem and the Banach contraction
principle, Rehman et al.[26] investigated existence and uniqueness of
solutions for a class of nonlinear multipointboundary value problems for
fractional differential equation

Aol o) ool
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wherel < ¥ <2,0<B<1,0<E <1(i=12,m-2)

m=2
C=0y=208 " <L
=1

In [15], the author studied the nonlinear fractional differential
equation

DS.ut)=f(t, ult) ult), aetre(0,1),
subjected with the boundary conditionst(0) = u(1) = 0. Under

Carathéodory conditions,using the Leray—Schauder continuation
principle, the existence of at least onesolution was obtained.

KyuNam etal. [16] discussed the existence and uniqueness of solutions
for a class ofintegral boundary value problems of nonlinear multiterm
fractional differential equation

ot bbb elo bl ol

wherel < <2,0< <+ <, <1 a—B,=1 [0, 1x R~ R,

and g: [0, 1] X R — R are continuous. The existence results are
established by the Banachfixed point theorem, and approximate solutions
are determined by the Daftardar-Gejji and Jafari iterative method (DJIM)
and the Adomian decomposition method (ADM).

In this article, we will deal with singular nonlinear fractional
differential equation with a new boundary condition, which is a
generalization of many previous researches.

To the best of our knowledge, when AZ # 0, neither A{=0 nor
Ay # 0 was studied like this type of boundary condition. Furthermore,
the nonlinear term contained not only lower derivative of order B,
but also another lower derivative of order . In comparison with the
above literature, our results about the difference include both o — > 1
and(Q < & — y < 1, this has never been seen before.

The stability of differential equations has grown to be one of the
considerable areas inthe field of mathematical analysis, and we find
many different types of stability, such asexponential [7,17,23], Mittag-
Lefler [20,27], Hyers—Ulam (HU) stability and other typesof stability
[13,18,19,21 ,22]. Among these kinds of stability, Hyers—Ulam stability
and itsvarious types provide a bridge between the exact and numerical
solutions, so researchers devoted their work to the study of different kinds
of HU stability for nonlinear fractionaldifferential equation; see [5, 10,
12,29].

The paper is organized as follows. In Section 2, we will present some
useful lemma sand give some valuable preliminary results. In Section 3, we
prove the existence and uniqueness of positive solution to problem (1),
(2) by using Leray—Schauder nonlinear alternative theorem and Boyd-
Wong’s contraction principles. In Section 4, we investigate various kinds
of HU stability of solutions.
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2 Auxiliary results

To simplify our statements, we introduce the following spaces:

J C[O, 1] be the Banach space of all continuous functions

from [0,1] o R equipped with the norm defined by

|z, = max]{z(x), x o, 1.

e C o(_y[O, 1] = ‘{Z : (0, 1] - R |X1+Y*“Z(X),end owed the norm

|2, = max |x1+Y—°‘z(x)

xd0,1]

* 15.]0,1]={z:(0, 1]~ Rx*Y2zc M0, 1]} end owed the

norm

1p

1
fpredf a

Ay =

where 0 < 1/]9< a—y.

First, we introduce some fundamental facts of the fractional calculus
theory, which are used in this paper; see [14, 25].

Property 1. Let ¢, > 0.

(i) 16 € (0, 1), chenI 16, F(t) = I5TPA(t) DSIS,F(t) = £(t)
i) Ifn—1<a<n, f(X) € Ll(a, b) has a summable derivative D, [,

then
nl o—k-1
15.D5.f = f|x|- Z %r‘::;“{a)
k=0
where f_(x)=(I"%f)x),
(i) 13, DSf(t) 0<a <1, where

fedo 1 Ds.feclo,1)n L0, 1)

(iv) Dy, u(t)= D'DY ult)y > 1), where D = d| dt , provided that
D&u(t) exists;

(v) Let &> 0. Assume that {f k}:;l is a uniformly convergent sequence
of continuous functions on |G, b] and that D, exists for every K .
Moreover, assume that {Dg+fk}::1 converges uniformlyon |a+ €, bl for

every € > 0. Then for every X € (a, bl, we have

s =02 mr,
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Next, for the sake of readers’ convenience, we present some necessary
lemmas, which will be used in the main results that follow.

Lemma 1. Suppose e Lp_y[(), 1] and
O<B=<a-1<l<y<a=?2,

_ M
(0((; Z f So‘_ldS#:O,

Then the linear fractional boundary value problem

D8‘+9(x 0<x<1, 9(0) =0, Angﬁ{l)+ AzDgﬁ(l) = Zlb" I}ih,(s )9 (s)ds

1
has a unique solution given by 9(X) = fOG(X, s)P (s)ds , where

+d>(x:

m
—1
s|= sl+==—) b;| KT, s)hiT)dT
s sf= ke« X 0, Kilr 9l ;
and
g xorfl[)\l(l - s)lHHﬁ- )\2(1 - s)lx*y*l |-(x- s)[H,
x, s|= X‘Hk(s)* @ 0Ss=X<L gl ¢ :+ 0<SS><SLHH .
XO-1K(s), O<x<s<l], X'X-l[)\l(lfs) +)\2(1—s) !,
O<x=<s<],
in which
a—f-1 oa—y-1
k(s) = Alpz(l — S) + )\Zpl(l — S)
and
p——L _ﬁ( I | )p: 1 M( 1 1 )
1" T() ” B\ T(a—p)  Tla—y) 72~ T(a) Tla—p) Tla—y)

Proof. It is very well known that the equation D(o)(+9'(x) +¢ (X) =0is
equivalent to the following integral equation:

Hx)= — I, dx)+ cpxa-14 cpxa2

The boundary condition 30)=0 implies thatc,=0. Using the

property of Riemann-Liouville fractional derivative, we know

a—p-1
D§+9{x = X|+ Cl%, Dgﬂ(x

Combining the boundary condition in (3), it follows that

A IS %(1 +A213;ch() Z f Io+c|>(sds}

T(a)xo-v-1
Ta—y) °

_Ig;B =—IS{;Y X+C1

aOQ=o L
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Therefore the unique solution of problem (3) is given by

T T R A T YT TR

i s [ s S S5, oo

Lemma 2. Let G be the Green function related to
problem (3), which is given by expression (4). Then for

O<B<a-l<l<y<a<2,w>1/T(a—B)-1/T(a-y) G KK,
have the following properties:

(i) G, K, Ky are nonnegative and continuous on[0, 1] x [0, 1);

(i) K(0, 5)= K (0, 5)= 0 for all s €[0, 1), K(x, 0) = KX, 0)= 0 for
allx €[0, 1], and

K(x s) Kox s)>0  vxe(0,1] se(0,1)
(iii) For(x, 5) €[0, 1] %[0, 1),,

2o ki 22

m

(i) Le M=1+ 1/w)z bJ, h{T)Te1dT ,  then  for
i=1

(x, s)€l0, 1]x[0, 1),

MB a1 cefusAlxatiog

Proof. From the condition > 1T(ax— B)— 1/ T(&x — y) we casily
get

1

1 A1 1
P T _U}(T(O(—,B) B T(O(—y))>0'

In addition, we also have a rc:lation)\zp1 + )\1p2 =1/ T(O().

(i) ForO0<x<s< 1 K(x, 8)>0is obvious. For0<x< s< 1,

TR IR A [0 VAV T N

In the same way, we get K is nonnegative, then we have G = 0. It is

obvious that G, K, K are continuous on [0, 1]x[0, 1).

(ii) The conclusion is obvious, we omit it.
(iii) First, we introduce an inequality. For A€ (0, o)
anda, x €[0, 1], we have

min{], %}(1 — ax)\) <l-axt< max{], %}(1 — ax/\)
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When § < X, using inequality (5), we obtain

—————

7[ 4' ) B ei- ) s+ mz‘n{y,I]Azplx“"(lfs)uiyilszB/\]plx""(lfs’“5I+B)\»,plxﬂ"s{lfx)a£':%A“"s{lfs)a i

R AT
When X< S,

In addition,

)a—y—l

a-y—1 1
K(x, s) = AlpzxtH(l -5 )

+ )\zplxvﬂ(l -s T(a)le(l - S)WWI \ (x, s) e IO, 1] X IO, 1)

Again, we can get the property of K, that is,

Bras(1-9" " = Tkl ) <xe1(1-8)" .

Therefore,
oa—p-1 o—y-1
Bs{1- 1-
—5( T(i)() LiT"‘*lh,(T)dT < L .KO(T N ( dr < —( ;()0() fIin"*lhl(T)dT

(iv) By substituting the two inequalities (iii) into formula (4) we
naturally come to the conclusion.

Consider the problem 3 = G, where operator G is defined by

G9(x =- I&gf)(

where g9(s)= g(S,9(S), D0+9(S), Dg+9(8)), G is defined in (4). In

order to prove that problem (1), (2) has a solution, we just have to show

4 xo- 1f KgHs)ds + X[ (be KT, s)h{r)dT 9()ds =f(l)G(>¢ s)gH)dg6)

that operator G has a fixed point.
Take the fractional derivative of order B for G, we have

D&GQ(X): —Ig;ﬁgQ{x)Jr (ogx-P1 f KslgHs)ds + ( i if (be KT, 9h{r)dr

kfsfis =6l S4s)a(7)

where

MZ b f KO(T, S)hl(T)dT,

Gl(x, S)=K1X, S|+

( _B)w I; (8)
o—-1
Ky, s|= Tla) | x1s) ~ i{x— 3] , 0=<s<x<],
T(a— p) X0B-1i(s) 0<x<s<1

1074



Liu Weiwei, et al. Existence and stability analysis of solutions for a new kind of boundary value problems of nonlinear fractional different...

Similarly, we have

x"‘&

DMGS( ) — I g9{ f Ks)gHs)ds + ( x"‘ Y- ‘f (be KT, s)h{r)dT 9{) —J.(IJGZ(X, s)g(s)ds,
where
B T(o)xo-y-1 \ XOY— 1K(s)f%x(xfs)a i , O0<s=<x<],
GZ(X. s 7Kz{x, S Ta—y o Zlhif,iKu(T, Sh{r)dr, K,(x, ) T(o{ Y) v T( e d10)
Then

x1+Y‘°‘Dg+G9(x =

L sgsonds - " s

I(be KUTS

gf)(s

0 T(‘X Y) dé 1:1)

By simple deduction we can get the followmg properties.
Lemma 3. Let 0sB<a—1<l<y<a<2,m>1/T(x-y).

The functions K, Gl(l'= 1, 2) defined in (8), (9) and (10) have the
Jfollowing properties:

(i) Ky, G are nonnegative and continuous on [0, 1] %[0, 1);
(ii) For any (x, ) €[0, 1] x [0, 1),

miny—BT@ . bl
1’1(0( ) App x*F ‘{1 - S) < Kl(x, S) < Ta—p
For any (X, S) e [0, 1] X [(), 1), ,

—B-1
mxo—B-1 S( ~ )"‘ ( ) an—B—l( ~
—T(a—B) 1-s <G|x s = HNa—B 1-s

a—y—1

where

11
m=minjy — , 1}1{0{)A2p2+ %Z bifl,hl(T)Ta_ldt,
ol

and M is defined in Lemma 2;

(iv)Kz(x, S)>0,0<XSS< 1,andK2(X, S)<0,0<S<XS1

o—p

Lemma 4. Integral operators I O 15 0 s I3 0+ Y bave properties:

(i) I 8(+, 1 8(_: B : Lp_y[(), 1] — C[O, 1] are continuous;
(ii) I 8: Y. Lp_y[(), 1] - C a—y[O, 1] is continuous.

Proof. (i) Since 1< a— B <& <2, we only show the continuity
of I 8(+. First, we prove that | &:Lp_y[o, 1]—> C[O, 1] is well defined,
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that is, for any f ELD_Y[O, 1], we havel&f e C[O, 1]. Notice that

(o — y — 1)g+ 1> 0 because of the condition 1/ p< & — Y.
ForanyO<x;<x,<1,

NI . e e et (gl . Wl e 9 et
‘,(Hftxz],,mf{n]<m{jﬂqxr\) I HM,M\] +‘jyf(xﬁ\)‘ a\] ]<W[(szx‘) [j“\la—y—w\' +[JM\1WY'IM u\' TWI(XFX,J '(WWW”) A( T H

then we naturally get the continuity of I ng (X) as Xp — X1
Let {f ”} be convergent sequence in the spaceL’g(_y[O, 1], i.e., there

exists a function fO e Lp_y[(), 1] such thatlfn — f(JLp — O(I’l—» oo).
a-y

o . :
In order to show that operator I, is continuous, we have to

provelIngfn — Ig+f()|oo — O(I’l — 00 ) In fact,

ol o 51 = ol o s a1, o ve i, r], hilriorl,,

oy

where

6:

(T((O( ~ g+ )T(a—y —1)g+ 1)1/11
T(20—y—2)g+2) .

According to the inequality above, we have |I 8(+f a1 8(+f Oloo —0as

n— oo,

(ii) For anyf € Lh-,]0, 1], denote F(x) = x1*v-a15Y f(x), x €[0, 1]

I+y—oa X a-y- e (o-y-Da e y oxa-v-1/p
‘F(xls —Tx(a — Y)fo(x = [ (s)ds < 1220{7 » UO sy 1)qu) QHLIZ(Y = Ta—y) /1 12)
where

X—=3S

Tl 1)q+1

T{20- v -2)

. )T((O( o l)qﬂ))l/q-

a+2)

From this inequality we know F is continuous on t = 0 if one supplies

the definition of F ont = 0: F(0)= 0.
ForanyO<Xx;<x,<1,,

F(x2 —F(x] Xy — ”V’“‘I&y/(xszr X ”‘Ig;y/(xz

<

e

1- 1- —
B B W
O+ 1 T(O( Y 27

x}*y‘“ xl(( )Of—v—l a-y-1 .
+T(0(—y) = —|x,—s slds
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X1+y—0( X5 a—y—1
T (x,— S) slds
T(a—y)!x"2 (15)

Now, we will evaluate these formulae (13)-(15), respectively.

ot

Choose a constant n

satisfying) < n < min{1+y — &, & — y — 1/ p}, then

ISy — XY X )""V"

Ta—y) Jo"2~ 5

l+y—a T+y—
X - X
({S]d&' < % sza—y—l+o{—y—1/n

T(a—y)

| cdgd

MY et e o [ 1L ] 1™ e | |" [ ' [ CR— - [
B = e B o e e L T ) e = I

where

K:(T((a— y—n—10g+1)T(a—y—1)g+ 1))1/q
T(2Aa—y—-1)—n)g+2) .

In the end, as for (15), let X, — X;, then

(a2 e o x o-y-1/p
S W
T(a—yfa—y—1)g+1) Tz

X1
Taking all the conclusions above into (13)-(15), we can get

|F(X2) — F(XJ — 0 asX, — X3, which implies that F(X) is continuous on
[0, andI]), " f € Cay[0, 1]

Combining (12), we easily infer the continuity of integral operator
Iy
We define a normed vector space

X= 1% edo 1Jpk,se do, 1} Df,9 € Cayf0, 1]

equipped with the norm||3| = max{| |9 LO|D5+91 o0, |D(§+9'[}

Lemma S. (X, |-) is Banach space.

Proof. Let {9,,} be Cauchy sequence in(X, |-). Clearly, {9,1}, {Dg+9n}
are also Cauchy sequence in the space clo, 1]. Therefore, {9,1}, {Dg+9n}
converge to some 3, UE do, 1. By similar work of Su and Liu [30], we
have U = Dg+9.

Lect U n(t) = t1+y_aDg+9n(t). Evidently, {Un(t)} is Cauchy sequence

in [0, 1])then there exists 1€ C[0, 1] such thatU n(t) — ll(t) in 0, 1].
That is to say, for any € > 0, there is a positive integer N,
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UAt) - ut) =YDl 9 t)-ut)<e Vn>N, teo1]

Choose arbitrary positive number a<1, we will prove
{D&E}n} uniformly converges to ta_y_lu(t)on[a, 1 In fact, for
alln> N, t €|a, 1], we have

DY, 8,(0) - (= et YYDy 9, - o) < av e

By property of fractional calculus, for everyt€(0,1, we
have(}qil’gloD&gnxt) = (D&}qil’glo9nxt), Hence, ta_y_lll(t) = D&9(T) for

allt (0, 1]. So, Dy.9(t) e (0, 1]
andlim t1+Y—“D(§+9(t) = }1131+L/(t) = u(o), ie.Dy. 1) e Cary]0, 1]
The proof is completed.
LetK = {9 eX|9 (X) >0, Dg+9{x) >0, xe [O, 1]}. Apparently, K isa
cone of X.

3 Existence and uniqueness results

This section deals with existence and uniqueness of solutions for problem
(1), (2). Thenonlinear term ¢ satisfies the following assumptions:

Cl)g (0, l]>< R™R"x R — R" is continuous, g(x, 0,0, 0) does
not vanish on any compact interval of(0, 1. Furthermore, there
exist nonnegative functions 0; € Lp_y[o, 1Ki =12 3) and continuous
and nondecreasing functions 9;: R"— R+(i =12 3) such that for
anyx€(0,1] u,ve R, weR,

ax u, v, w) < oy(x)9,(1) + TAx)3v) + 5(x)F5(x LY.

(C2) There exists a positive number R such that

max{ T(la), T((Xl_ 3 }(M + 116191(12) + 6292(R) + 6393(R)] <R

where 0;=0 |0-1IL5(7V(1'=L2,3)'
(C3)  There  exit  L;€Cay[0,1[i=123)  and

X;: R™— R+(l'= 12 S)are upper semicontinuous from the right and

nondecreasing such that foranyX € (O, 11 U, v, R, w;€R (i =1, 2),
we have

|g(x, uy, vy, wl) - g(x, Uy, Un, wzl < Ll(x)xlﬂul - Ll2|)+LZ(X)X2(|U1 - u2|)+L3(x)X3(x1+V*°‘le - w2|)

(C4) Denote
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cb(x : =(M+ 1 max{ T(lo()’ T(al— B)}(L_lxl X

It satisfies CI)(X) < Xforall x>0, WhCl‘CL_i =0 |L1|Lp (i =12 3).
oy

+ LoX | x|+ L3x ]

)

(C4") Denote

$J: o)+ Lo+ o

it satisfies P(x) < x for all X > 0.

Lemma 6. Suppose that (C1) holds, and
O<B<a-l<l<y<a<2w>1/Tla-p)-1/T(a-y)
Then G:K — K is completely continuous.

Proof.  Let us  first  show  that  the  operator
G is well defined. For any dek, from

(Cl1),since0; € Lf,’(_y[O, 1Kl' =12, 3), we knowg9€ Lf,’(_y[O, 1]. Where

upon, according to Holder inequality and Lemma 2,

we  have ‘[(1)(1 — S)O(_B_l gs(s)ds, f(l)(l — S)a_y_l X gs(s)ds < ®©
1/m

andfo(lgleIIKO(T ) S)hl(T)d T)gs(S)dS < o , and we deduce that

1 &gg(x)e C[O, 1| from Lemma 4. Then by (6) we get G3 € do, 1]
Similarly, using Lemma 4 and formulac (7), (11), we get the

conclusions: D(B)+G9 S C[O 1], D())/+G9 eC a—y[o 1] Furthermore, we

naturally get G9(X) DP G9(X)> 0, XE[O 1] from thefact that g and
Green’s functions G, G are nonnegative. So, GYeK.

Suppose that 9n—»90(n—» 00) in cone K, then there exists
a constant M >0 such that|9n|SM(n=0, L.). In order to

get the conclusion that operator G is continuous, let us

start with the fact that g9 n" g9 0(n—> 00) in Lg_y[(), 1],
whereg9 ( ) g(x, 9 ( ) DP 9n(x), D&Sn(x)) (nz 0,1 _). By

condition (C1) it follows that

|g9n(x) -g9 O(X) < 2(01(x)9 ](M) + oz(x)f} Z(M) + 03(x)9 3(M)), xXe (0, 1}

Moreover, on the basis of the continuity ofg, we

deduce that g9n(x)—» 7N O(X)' n— oo for all xe(0,1]. Taking

advantage of Lebesgue dominated convergence theorem, we
1 p
knowf0|xl+y_“(g9n (X) - ggn(x)) dx—0,n— oco. Thereupon, by

Lemma 4, we have Ig+g9 , convergence to Ig+g90 in
o, 1. 1n addition, by Holder inequality, we canalso
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1 m
get andfo(glbifliK 0 dr )ggn
Synthesizingthe above conclusions, from the expression of G9
(6), we have G%,,— G9 in do, 1] Analogously, we can deduce
DE G9,— DB, G9,in {0, 1]and DY}, G, — D}y, GSinCa,[0, 1]
To wit, G3,— G3((n— o )inK.

In the end, Ascoli-Arzela theorem guarantees operator G: K — K

T, S h,('r

S)— gso(s)ds—» Oas n— o0,

is compact. That is to say, we can deduce that G(B) is bounded and
equicontinuous for any bounded subset B € K. The proof can be obtained
by the conventional procedure, so we omit this step.

From the above we conclude that the operator G is completely
continuous.

Theorem 1. (See [1].) Let E be a Banach space with C S E closed and
convex. Assume that U is relatively open subset of C with 0€ U and

A:U — C is a continuous compactmap. Then either

(i) A has a fixed point in U or
ii) There exists U € OU and A € (0, D) withu=AAu.

Theorem 2. Assume  that  (Cl), (C2)  hold, and
0O<B<a-l<l<y<a=<2w>1/Tla-p)—-1/T(a-y)
Then BVP (1), (2) has at least one positive solution.

Proof. By applying nonlinear alternative of Leray—Schauder-type fixed
point theorem (Theorem 1), we will prove that G has a fixed point.

Let BR={LIEK|LI|<R}, R is given in condition (C2). Consider the

following integral equation:

s(x) ~Af ;G(x, s)als.8 (s} D§,8(s) DY, (s))ds, (16)

where A €(0, 1). We claim that any solution of (16) for any A € 0,1
must satisfies ||3]|+# R. Otherwise, assume that 9 is a solution of (16)
for some A€ (0, 1) such thad|3|+ R. Hence, from condition (Cl1) and
Lemma 2(iv), for any X € [O, 1], we have

o< A9 (oo o o} ool offodot Aot ofsfas < o e o]

SO,

‘ 9 L < T(z‘(—]‘fﬁ)(dlsl(zz) n 6292(R) " 6393(12))

Similarly, in view of Lemma 3 and (7), we have

0<DE 9 (x) < T(Q(—Afﬁ)(ﬁlsl(lz) + 6292(13) T 6393(13))
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then

o8| <20 i) 0.}

According to (11), we have

fosren o] ol o eafi-f " Jafas r ynf(z Kl lrfirl s < J = Slore e 0.0}
then
|D0+9L —A Y))(ol9l( )+ OZSZ(R)+0393( ))
Therefore,

R= ‘ 9 | < )\ax{ T(la), T(o(l_ 7 }(M + 1H6191(R) + 6292(12) + 6393(R)] <R

This is a contradiction and the claim is proved. Leray—Schauder
nonlinear alternative theorem guarantees that operator G has a fixed

point® € BF. Since g(x, 0, 0, 0) does not vanish on any compact interval

of(0, 1), we know 3 must be positive.

Next, our uniqueness result for problem (1), (2) relies on Boyd-
Wong’s contraction principle [8].

Theorem 3. Let X be a complete metric space and suppose T : X — X
satisfies

d(TX, Ty)sd)(d(x, y)) for each x,yeX,
where d):[(), 00)—>[0, o) s upper semicontinuous function

, and for

from the right (i.e., rjlr20:>lim sup rj)sd> r

J—’OO
x>0,0<d(x)< X for X> 0).7hen T hasa unique fixed point X € X .
Theorem 4.  Assume  that  (C3), (C4)  hold, and

0<B=<a-1l=<l<y<a<2w>1/T(a—p)-1/T(x—-y)
Then BVP (1), (2) has a unique positive solution.

Proof. For any 3,y € K and xelo, 1], by using Lemma 2(iv) and
condition (C3), we get

R - A e R e e e S TR U - s R Y R

|G9(x)— Gy(st %(ilxl([w - yD+L‘2X2(||9 - yD+E3x3(|I9 - yD,

Similarly,

|Dg‘G97Dg‘GVL’ST(O{A71,B)([1Xl(]‘9 —y{)+[2)(2ﬂ\9 —yDJrL'jX’(]\S —y{)|D5‘63—D(‘§‘GV{‘§T[(WTJ:1)/)(I:IXL(]\9 —)/D+I:3)(Zq\9 —y{)+[3x3ﬂ\9 —y{}
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Synthesizing the above three inequalities and combining with
condition (C4), we get

|65 Gof= b+ mar{is g e o] 2axfie o]+ Lxfie o) =aie 5] <]ie -5}

Then Boyd—Wong’s contraction principle can be applied and G has a
unique fixed pointwhich is the unique solution of problem (1), (2).

Example.
Dj 9( ) ] { 9( )] ><{DU_9{ ] =0,0< LA,D(‘;‘Zs)(l)mzngfs{l):0.1f:4r"’»’9(s)ds+[).[)sf::r's{s]ds+().1fiur!e‘ds(:)ds +(1()2_[:]x‘“9{s)ds, slﬁ)lZ)
Leta:ﬂq, B=1/2,y=3/21,=[0,1/4} I,=[1/4,3/4} 1;=[3/4,1] 1,=[0, 1] b; = 01, b,= 005, by =0, b,= 002, hy(s)= 512 hfs)= 5, hfs)= 514 hs)= 514 A, =09, Ap=01°
A simple calculation yields
AT A>T
uTla) | AT Z J, ls)se-1ds ~ 086084
“Ta-p (
=1
and1/ T(a— B)— 1/ T(ox — y) = 0.82741, then

w>1/T(a—B)—1/ T(ax—y).

Let  gx u, v, W)= x Y21+ ull?)+ x"V4uV4+ x-V4w?3,  then
g:(O, 1]>< R"XR"XR —R" is continuous, and g(x, 0,0, 0)
does not vanish on any compact interval of (0, 1.
Leto(x) = x 12 0)(x) = x 14 04(x) = x-34 9,(1) = 1+ ul29,(v) = 1+ 014, 9 (w) = w23,
then forx€(0,1} u, ve R", we R.

g% u, v, ) < 0,(x)9,(u)+ 04x)9, (9 ) + 0 {x)9 {x34uu)

Furthermore,0; = 8.5634, 0, = 80337, 035= 9.8240,

m
M:1+%Zbl(T

i=1

To-1dT ~ 1.09028.

Take R = 21 = 262144,

max{ T(l VT (0( ) }(M + 110191 R)+ OZSZ(R)+ 0393(R)

Hence, conditions (C1), (C2) in Theorem 2 hold, then problem (17)

has a positive solution.

~ 103328 <R.

4 Stability analysis

In this section, we consider the Banach space
X ={ue do,1Jpk,ue o, 1} Due Cu1 |0, 1equipped with the

norm|u] = |ui ot |D([§+LILO + |D6+Lll Let us introduce some definitions
related to Ulam stability.
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Suppose that function H € C a—y[O, 1] is nonnegative and € > 0.
Consider thein equalities given below:

D&, 9(x)+ g(t,9 () DE.9(x), D S(x) < e,  xe(o, 1], (18)
|D8‘+9(x) + g(x 9 (x), D&S{x), D&S{x)] <H] (x) €, Xe (O, 11( 19)
|D8‘+9(x) + g(x 9 (x), Dg+9‘(x), D&S(x)) < H| (x), Xe (0, 1], (20)
Definition 1. We say that 3€X is a solution of inequality
(18): if there is Ng€ C(0,1] which depends on 3, such that
|N§(x)s € andD8‘+9(x)+g§(x)=N§(x), meanwhile HX) satisfies

boundary condition (2), where

)= oo (s} 0. () 83
Remark 1. The solution of inequalities (19), (20) can be defined as well.

Definition 2. BVP (1), (2) is Hyers—Ulam stable: if there is a constant
C > 0O such thatfor any € > 0 and for each solution 3 € X of inequality

(18), there exists a unique solution 3 € X of BVP (1), (2) satisfying
Mx)-9(xil<Cce, xel01] 1)

Definition 3. BVP (1), (2) is generalized Hyers—Ulam stable: if there
is a function ¥ € C(0, 1JR") with ¥(0) = 0 such that for any € >(0and

for cach solution 3 € X of inequality (18), there exists a unique solution
3 € X of BVP (1), (2) with
Hx) -9 (x|<¥(x), xe[o,1]

Definition 4. BVP (1), (2) is Hyers—Ulam—Rassias (HUR) stable w.r.t.
nonnegative function H € C cx—y[O, 1]: if there is a constant C > O such

that for any € > 0 and foreach solution SeXof inequality (19), there is
a unique solution 3 € X of BVP (1), (2) satisfying

Hx) -9 (x|<¥CH(X)e, xel0, 1]

Definition 5. BVP (1), (2) is generalized Hyers—Ulam—Rassias stable
w.r.t. He C(0, 1] RY): if there is a constant C > 0 such that for each

solution 3 € X of inequality (20),there is aunique solution ¢ € X of BVP
(1), (2) satisfying
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Hx)-9(xl< CH(x), xe<l0 1]
Theorem 5.  Assume  that  (C3), (C40)  hold,  and
O<B=<a-1l<l<y<a<2w>1/T(a—p)—1/T(x—y) Ler
A=M|T(x)+M|T(a—B)+M+1/T(ax—y) . If A<1, then
BVP (1), (2) is HU stable.
Proof. For any €> 0, suppose 3 € X be the solution of inequality

(18 thenﬁ( ) G(x, ngg( ) Ng (S))dS, wherdN 5(3)3 € . Just

like the proof method in Theorem 4, we also know that BVP (1), (2) has

a unique solution 9 € X under the new normand 9 can be expressed by

9(x) = f(l)G(x, S)gg(s)ds by Lemma 1.

On the basis of Lemma 2, we have

sl <ot oo s s sl o 1Sl S(9)- o) el Ao s oy < 2fiefe 5| s oA+ ot - e oy < oo

Similarly, we can get

Ba B M |a_9‘ eM | 9[ (M+1) In eM+1)
‘D‘“g D‘“SLS Ta—B 1" T(a—Bla—y) 063 - D T Tla—yNa—y)

Hence,lg— 9{3 A|9—§'|+(€/(O(— Y))A,then

- 9| rEr ) @)
Lee C= A [((a—y)N1— A)), clearly,
19(x) - Hx) < Ce V xe|0, 1]

In other words, conclusion (21) in Definition 2 is satisfied, i.e., BVP
(1), (2) is Hyers—Ulam stable.

Theorem 6.  Suppose  that  (C3), (C40)  hold, and
0<B<a-l<l<y<a<2w>1/Tla-B)-1/T(a—y) Le
A=M|/T()+M|T(a— B)+M+1/T(a~y). If A<1, then
BVP (1), (2) is generalized HU stable.

Proof-Forany € > 0, for convenience, let us assume 0 < € < 1. Suppose

9 € X be the solution of inequality (18), ¢ € X be a unique solution of
BVP (1), (2). Following the method of Theorem 5, we know that (22)

holds. Thereupon, for any X € [0, 1],

) -ole]= i 9 - ol st MRS M= T -

It is obvious that ¥(0)=0. Then by Definition 3, BVP (1), (2) is
generalized HUstable.
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Theorem 7. Let the conditions of Theorem 6 be satisfied, moreover, there
exists a nonnegative function H &€ C o(_y[(), 1]: satisfying X% 1< H(x)
Sforall X &€ (0, 1]. 7hen BVP (1), (2) is HUR stable.

Proof. For any €>0, suppose 93X be the solution

_ 1
of inequality (19), then9(x) = IOG(X, SXgQ(S) —Ng (S))dS, where
|N§(S)S H(X) € ,9 €X is a unique solution of BVP (1), (2). On the

similar way of Theorem 5, one can prove

B-sl<:= %k} 9]+ %f;(l ~ 9" Hlsas, |D:§§ - DﬂﬁL < T(m“—fm|§ <9 ‘ 4 T(%mml - s]aiy*ly(s)ds‘ |D,L§ - D(VFSI‘ s IB)|§ <9 |+ ﬂi‘: + 3};(1 - S)WHH(s)ds.

So, combining with these three inequalities, we have

1

_ 1 oa—y—
|9 Y | < 1E_AA 0(1 - s) H(S)ds. (23)
Forany X € (0, 1], from (23), we get

B0~ 91= = [ 5]~ afss [ sNlsfts <Ao< et Ji(l - s}aiv*ln(s)ds < EMHG) f;(l - s)aiy*lll(s)ds < L’MMM

(o) T(o) T(aX1- A). T(af1- A) T(a)1— A)T(2a - 2y)
Let
c: - MTla—y)Tla—y) |Hl
" (1= A)T()T(o - 2y)l ke
then

Hx)-9(xI<CH, Vxelo1]

By Definition 4, BVP (1), (2) is HUR stable.
Remark 2. Under the condition of Theorem 7, imitating the process,
we can prove that BVP (1), (2) is generalized HUR stable.
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