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Abstract:
							                           
In this work is analyzed the environment and the dynamics of the states for a disease within a constant and closed population, represented by a system of ordinary differential equations, in which the individual, besides having the same opportunity to get in contact with any other, can recover or not, acquiring or not immunity through time. With these defined guidelines, the conditions when the disease spreads over time between such models are compared with those represented by a network. As the network can be represented by an adjacency matrix, the dynamics in the epidemiological states depends, besides the conditions in their parameters of the classic models, on largest eigenvalue of such matrix.
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Resumen:
						                           
En este trabajo se analiza el entorno y la dinámica de los estados para una enfermedad dentro de una población constante y cerrada, representado por un sistema de ecuaciones diferenciales ordinarias, en que el individuo, además de tener la misma oportunidad de entrar en contacto con cualquier otro, se pueda o no recuperar, adquiriendo o no inmunidad a través del tiempo. Con estos lineamientos definidos, se compara las condiciones cuando la enfermedad se propaga a lo largo del tiempo entre dichos modelos con los representados por una red. Como la red puede ser representado por una matriz de adyacencia, la dinámica en los estados epidemiológicos depende, además de las condiciones en sus parámetros de los modelos clásicos, del valor propio más grande de dicha matriz.








I. Introduction

THE epidemiology of viral diseases is a discipline that deals with the study of determinants, predictions and control of factors related to health and disease, as well as the study of the dynamics and distribution of viral diseases in a population [1].


In order to establish the dynamics of these diseases and to carry out a pursuit or control to these, it is made use of mathematical tools, like the ordinary differential equations, which allows to establish relations between these behaviors by means of variables and parameters or factors that influence the development or extinction of the disease.

There are various mathematical models that explain the dynamics of their epidemiological states by assuming that each individual has the same opportunity to come into contact with any other individual in the population. For example, for diseases such as HIV, there are two types of states: those who have already contracted the disease and remain infected and infectious to others, and those who are susceptible to contracting it because they are in a risk zone. This type of model is known as the IS model and is characterized by the fact that the individual acquires the virus from an infected person without acquiring immunity [2, 3]. Similarly, for diseases such as influenza, can be described by the SIS model [4, 5], which gives way to the individual can move from an infected state to susceptible and be prone to acquire the disease again. For diseases in which the individual acquires immunity are explained by SIR models [6].


One of the major challenges is the spread of diseases for people who are associated with a limited number of individuals in a population, as millions of people now cross the borders of many countries every day, increasing the likelihood of an epidemic or pandemic, as well as the invasion of ecosystems and environmental degradation that can create opportunities for existing and new infectious diseases. Therefore, one of the solutions to this difficulty is to fit an epidemiological model, such as the case of the IS, SIS or SIR, into a network when few infected individuals enter.

Therefore, the aim of this work is to analyze the dynamics of SI, SIS and SIR models, adjusted or not in a network, and to compare the necessary conditions to locate or not the disease in a constant and closed population along the time. In order to understand this process, the following steps are developed: in the second section the classical SI, SIS and SIR models are analyzed. In the third, fourth and fifth section, the construction of the SI, SIR and SIS models in networks, respectively, is shown and an analysis of the short- and long-term dynamics is made to determine the conditions in which the disease spreads or not and to compare them with the conditions of the models described given in the second section. Similarly, construction methods are shown to approximate model solutions on the network due to the complexity of finding an analytical solution.




II. Classic epidemiological models

By assuming that the nodes and their edges in a network do not present variations over time, a qualitative analysis is then made to the main epidemiological models, represented by a system of ordinary differential equations, without considering birth or natural death rates due to disease.


A. Model SI

Consider a population with [image: 84969892009_gi2.png] individuals, constant and closed over time, divided into two states, infected when in contact with an infected and susceptible to this. Let [image: 84969892009_gi3.png] and [image: 84969892009_gi4.png]    the number of susceptible and infected individuals, respectively, at any one time[image: 84969892009_gi5.png] , so that [image: 84969892009_gi6.png] .

As seen in Fig. 1 grafo 𝒌-regular, if  [image: 84969892009_gi7.png]  represents the rate of infection, and by assuming that the individual has the same opportunity to come into contact with any other individual in the population, the change in  [image: 84969892009_gi8.png]  with respect to [image: 84969892009_gi9.png] is represented by, [image: 84969892009_gi10.png]


where [image: 84969892009_gi11.png] is the flow of infection between healthy and infectious individuals per unit of time.




[image: 84969892009_gf2.png]


Fig. 1



Construction of (1).
















Since [image: 84969892009_gi12.png] , then change of [image: 84969892009_gi13.png]  per unit of time is given by [image: 84969892009_gi14.png]


Thus, the final model is



[image: 84969892009_ee2.png](1)



If [image: 84969892009_gi15.png] and [image: 84969892009_gi17.png] represent the fractions of susceptible and infected individuals at the time [image: 84969892009_gi18.png] respectively, then [image: 84969892009_gi19.png] and (1) is equivalent to



[image: 84969892009_ee3.png](2)



Due to the biological interest in analyzing the dynamics of [image: 84969892009_gi20.png] since the beginning of the disease [image: 84969892009_gi21.png]. Consider [image: 84969892009_gi23.png]  y [image: 84969892009_gi25.png]  the number of infected and susceptible individuals, respectively, equivalent to [image: 84969892009_gi26.png]  and[image: 84969892009_gi27.png] as initial conditions of (2).

Since [image: 84969892009_gi28.png] , from (2) we have



[image: 84969892009_ee4.png](3)



that is,



[image: 84969892009_ee5.png](4)



When integrating with respect to [image: 84969892009_gi30.png]  for both sides of (4), we have to [image: 84969892009_gi31.png]


where [image: 84969892009_gi32.png] is a constant of integration. When considering [image: 84969892009_gi34.png]    the particular solution of (3) in [image: 84969892009_gi35.png]


An important question in any epidemic is whether or not the infection spreads over time   . In the case of propagation, we must determine how it develops over time or when it will start to diminish. Indeed, as [image: 84969892009_gi37.png]


for everything [image: 84969892009_gi64.png] from (2) an epidemic is shown to always spread and eventually infect all susceptible individuals if [image: 84969892009_gi65.png]. However, if [image: 84969892009_gi66.png] then    for everything [image: 84969892009_gi67.png], that is, the population will remain in a susceptible state. Similarly, for [image: 84969892009_gi68.png]  fixed,[image: 84969892009_gi69.png] converge to 1 with a faster propagation speed each time [image: 84969892009_gi70.png] as seen in Fig.2.





[image: 84969892009_gf3.png]


Fig. 2





Dynamics of (2) with [image: 84969892009_gi226.png] and [image: 84969892009_gi227.png].











Therefore, the following result has been verified.


 Theorem 1
Let 
[image: 84969892009_gi39.png]
 a solution of  (2) with 
[image: 84969892009_gi40.png]
 and initial condition 
[image: 84969892009_gi41.png]
. Then 
[image: 84969892009_gi42.png]
 when 

[image: 84969892009_gi44.png]
 while 
[image: 84969892009_gi45.png]
 for 
[image: 84969892009_gi46.png]
, that is, 
[image: 84969892009_gi47.png]
 when  
[image: 84969892009_gi48.png]
  y  
 for 
[image: 84969892009_gi51.png]
.





B. SIR Model

Unlike the SI model, consider that the population at the time [image: 84969892009_gi54.png]   is divided into three stationary, susceptible states [image: 84969892009_gi55.png], infected by the disease [image: 84969892009_gi56.png] and recovered without acquiring the disease again [image: 84969892009_gi57.png]


In view of Fig.3 and as stated [7], suppose that the susceptible fraction   [image: 84969892009_gi60.png]  which becomes an infectious fraction [image: 84969892009_gi61.png]    is proportional to the product of its fractions, that is, the rate of loss of the susceptible fraction is [image: 84969892009_gi63.png], where [image: 84969892009_gi72.png]  is the infection rate. Therefore, the change in the susceptible fraction [image: 84969892009_gi73.png] regarding time is given by, [image: 84969892009_gi74.png]


where the negative sign represents the loss of the susceptible fraction.




[image: 84969892009_gf4.png]


Fig. 3.



Construction of (6).
















Since [image: 84969892009_gi76.png]  also indicates the gain rate of the infectious fraction, and [image: 84969892009_gi77.png]  represents the rate of profit of the recovered fraction, i.e, [image: 84969892009_gi78.png]   indicates the exit of  the infectious fraction, the change of [image: 84969892009_gi80.png] with respect to time is represented by [image: 84969892009_gi81.png]


and the equation that describes the change of the recovered fraction [image: 84969892009_gi82.png]es, [image: 84969892009_gi83.png]


As the total population [image: 84969892009_gi86.png] was divided into three states, susceptible, infectious and recovered, you have to [image: 84969892009_gi87.png]   equivalent to [image: 84969892009_gi90.png]   and therefore the model is represented by



[image: 84969892009_ee6.png](6)



The objective is to determine the conditions in which the epidemic spreads or not from  [image: 84969892009_gi92.png] , [image: 84969892009_gi93.png], and [image: 84969892009_gi94.png]   , equivalent to [image: 84969892009_gi96.png], [image: 84969892009_gi97.png]  and [image: 84969892009_gi98.png] .

From (6)we can be seen that [image: 84969892009_gi100.png], that is, the susceptible fraction [image: 84969892009_gi101.png]  will decrease as long as there are infectious individuals, and therefore [image: 84969892009_gi103.png]   for everything [image: 84969892009_gi104.png]. Similarly, [image: 84969892009_gi105.png] , therefore [image: 84969892009_gi106.png]   , for everything [image: 84969892009_gi107.png], if there are infectious individuals.

On the other hand,

· If [image: 84969892009_gi108.png] , this is [image: 84969892009_gi109.png]   , then [image: 84969892009_gi110.png]  and [image: 84969892009_gi111.png]  when [image: 84969892009_gi112.png], this is, the fraction of infected people decreases.

· If [image: 84969892009_gi113.png] when [image: 84969892009_gi115.png] , then [image: 84969892009_gi116.png] if [image: 84969892009_gi117.png]. Therefore, the number of infected people will increase and there will be an epidemic. So, for some [image: 84969892009_gi118.png]  there will be an epidemic outbreak if[image: 84969892009_gi119.png] .

Since the first two equations of  (6) do not depend on [image: 84969892009_gi120.png], then



[image: 84969892009_ee7.png](7)



which [image: 84969892009_gi121.png]  if [image: 84969892009_gi122.png] and [image: 84969892009_gi123.png] if [image: 84969892009_gi124.png] .

By integrating (7) with respect to [image: 84969892009_gi125.png], we have to



[image: 84969892009_ee8.png](8)



where [image: 84969892009_gi126.png] is a constant of arbitrary integration.

Considering the initial conditions [image: 84969892009_gi127.png] y [image: 84969892009_gi128.png] at (8)we have [image: 84969892009_gi129.png]


and therefore the dynamics of (6) on the plane [image: 84969892009_gi130.png]  in initial condition [image: 84969892009_gi131.png] y   [image: 84969892009_gi132.png] is given by



[image: 84969892009_ee9.png](9)



From (9) you must [image: 84969892009_gi134.png]  y [image: 84969892009_gi135.png]  which there is a point [image: 84969892009_gi136.png]  such that [image: 84969892009_gi137.png]   with [image: 84969892009_gi138.png] . Note that [image: 84969892009_gi139.png]   , that is, the point [image: 84969892009_gi140.png]    corresponds to a balance of (6).

On the other hand, the maximum number of the infectious fraction, at any moment of time, satisfies [image: 84969892009_gi142.png]  when [image: 84969892009_gi143.png] . From (6) you must [image: 84969892009_gi144.png] if [image: 84969892009_gi145.png] for [image: 84969892009_gi146.png]   . When replacing the value of [image: 84969892009_gi148.png] in (9) you have to [image: 84969892009_gi149.png]


as seen in Fig.4.





[image: 84969892009_gf5.png]


Fig. 4. 



Function (8).
















Note that, from Fig.4, if [image: 84969892009_gi150.png]  then   [image: 84969892009_gi152.png]  for everything [image: 84969892009_gi153.png]   and so [image: 84969892009_gi155.png] when [image: 84969892009_gi156.png] . Therefore, the following result shows the dynamics of the model (6) with respect to the relationship between the parameters [image: 84969892009_gi157.png] ,[image: 84969892009_gi160.png]  and its initial conditions.


 Theorem 2.
 Let 
[image: 84969892009_gi161.png]
 a solution of (6) with initial condition 
[image: 84969892009_gi162.png]
 . If  
[image: 84969892009_gi164.png]
, 
[image: 84969892009_gi165.png]
 when
[image: 84969892009_gi166.png]
 . For 
[image: 84969892009_gi167.png]
 , if 
[image: 84969892009_gi168.png]
 then 

[image: 84969892009_gi175.png]
  when   
[image: 84969892009_gi172.png]
  and, if 
[image: 84969892009_gi176.png]
   then 
[image: 84969892009_gi177.png]
first increases until a maximum value is reached 
[image: 84969892009_gi182.png]
and then decreases to zero when 
[image: 84969892009_gi183.png]
 . The susceptible fraction 
[image: 84969892009_gi184.png]
 is a decreasing function and the limit  
[image: 84969892009_gi185.png]
  is the only root in 
[image: 84969892009_gi187.png]
 of the equation 
[image: 84969892009_gi188.png]



Fig.5 shows the dynamics of (6) for [image: 84969892009_gi190.png]  fixed and various initial conditions [image: 84969892009_gi191.png]   .




[image: 84969892009_gf6.png]


Fig. 5





Solution of (6) with [image: 84969892009_gi229.png] and [image: 84969892009_gi231.png]















C. SIS Model

This model extends the IS model by considering that individuals can recover but do not acquire immunity to the disease. In this case, consider [image: 84969892009_gi192.png] and [image: 84969892009_gi193.png]as the susceptible and infected fraction, respectively, at the time [image: 84969892009_gi194.png]  and [image: 84969892009_gi195.png] .

Looking at Fig.6, the following model is proposed



[image: 84969892009_ee10.png](10)



where [image: 84969892009_gi196.png]   is the rate of infection and [image: 84969892009_gi197.png] recovery rate, with initial conditions [image: 84969892009_gi198.png]  and  [image: 84969892009_gi200.png]  .




[image: 84969892009_gf8.png]


Fig. 6.



Construction of (10).















Since [image: 84969892009_gi202.png]    for everything [image: 84969892009_gi203.png] , the change in the fraction of infected people with respect to time takes the form of



[image: 84969892009_ee11.png](11)



than by the method of separation of variables, with initial conditions [image: 84969892009_gi204.png]   and [image: 84969892009_gi205.png]   , the particular solution of (11) is given by [image: 84969892009_gi207.png]


Therefore, we have the following result,


 Theorem 3. Be   
[image: 84969892009_gi211.png]
  the solution of (10) with initial condition 
[image: 84969892009_gi212.png]
    and 
[image: 84969892009_gi215.png]
. If  
[image: 84969892009_gi217.png]
 then 
[image: 84969892009_gi218.png]
  when 
[image: 84969892009_gi219.png]
   , which tends to  disappear
[image: 84969892009_gi220.png]
to   . If 
[image: 84969892009_gi221.png]
then 
[image: 84969892009_gi223.png]



and so the disease does not disappear over time.


Fig.7 shows the dynamics of (10) for various conditions on the [image: 84969892009_gi224.png], [image: 84969892009_gi225.png].




[image: 84969892009_gf10.png]


Fig. 7



Computer solution of (10).





















III. SI model in a network

Consider a network between [image: 84969892009_gi235.png]  individuals, represented by a network [image: 84969892009_gi233.png], where the population is represented by nodes and the contact between individuals is represented by edges. This network can be represented by an adjacency matrix   [image: 84969892009_gi238.png]    size [image: 84969892009_gi244.png]  which represents the number of edges for each pair of nodes.

Consider that each node [image: 84969892009_gi258.png]  in the moment [image: 84969892009_gi259.png]   belongs to an infected state [image: 84969892009_gi260.png]   by a disease or a susceptible state [image: 84969892009_gi262.png]. That is, for a node [image: 84969892009_gi264.png] arbitrary, [image: 84969892009_gi265.png]    or [image: 84969892009_gi269.png], where [image: 84969892009_gi270.png] .

If each node [image: 84969892009_gi271.png] is connected by a neighbor [image: 84969892009_gi273.png] , the change in probability of an infected node [image: 84969892009_gi274.png] with respect to time is given by



[image: 84969892009_ee12.png](12)



where [image: 84969892009_gi275.png]  is the flow of infection between the infected node [image: 84969892009_gi276.png]  and every susceptible neighbor [image: 84969892009_gi277.png]   from [image: 84969892009_gi278.png]   in the moment[image: 84969892009_gi279.png]
[8].

Since [image: 84969892009_gi280.png]   for everything [image: 84969892009_gi281.png] , the change in the probability of a node [image: 84969892009_gi282.png]    susceptible [image: 84969892009_gi283.png] with respect to time is represented by [image: 84969892009_gi284.png].

Therefore, the model to be considered is



[image: 84969892009_ee13.png](13)



equivalent to



[image: 84969892009_ee14.png](14)



or



[image: 84969892009_ee17.png](15)



From (13) we can be seen tha t[image: 84969892009_gi285.png] , that is, [image: 84969892009_gi287.png] is decreasing and converge to zero when infectious nodes exist [image: 84969892009_gi288.png] and [image: 84969892009_gi290.png],    is growing and converge to one as there are susceptible nodes [image: 84969892009_gi291.png]
[image: 84969892009_gi292.png]. Therefore, the dynamic (13) is equivalent to the dynamic in (2).

Analogous to the initial conditions of the classical SI model, suppose the disease starts with an infected node or a [image: 84969892009_gi293.png] of nodes, chosen at random, such that [image: 84969892009_gi294.png] and [image: 84969892009_gi295.png] .

Since  [image: 84969892009_gi297.png]  in (14) converge to one, the behavior of the system must be analyzed for a short time to determine its propagation speed. Indeed, if [image: 84969892009_gi298.png] is close to zero, [image: 84969892009_gi299.png]    and [image: 84969892009_gi300.png]   for   [image: 84969892009_gi301.png]  big enough. Thus, from (14) and ignoring the terms of quadratic order, we have 

equivalent, in matrix form, to



[image: 84969892009_ee19.png](16)



where [image: 84969892009_gi308.png]  . 

If [image: 84969892009_gi309.png]    represented as a linear combination of the own vectors [image: 84969892009_gi311.png] ,[image: 84969892009_gi313.png] associated to the own values [image: 84969892009_gi314.png]    of the matrix [image: 84969892009_gi315.png] , this is [image: 84969892009_gi316.png],



[image: 84969892009_ee60.png](17)



where [image: 84969892009_gi317.png] are constants that depend on [image: 84969892009_gi318.png] , of (16) we have,[image: 84969892009_gi320.png]


Then, [image: 84969892009_gi321.png]


with particular solution



[image: 84969892009_ee20.png](18)



By replacing (18) in (17), [image: 84969892009_gi323.png]


and therefore, it is expected that the solution [image: 84969892009_gi324.png]    grows exponentially from short moments of time and, unlike the conclusions in the dynamics of the classical SI model given in Theorem 1, the growth [image: 84969892009_gi325.png] depends on [image: 84969892009_gi326.png]  and [image: 84969892009_gi327.png]. That is, if [image: 84969892009_gi328.png], the disease spreads more slowly if the network [image: 84969892009_gi329.png]  is more dispersed, that is, if [image: 84969892009_gi330.png] and, for denser networks, this is, [image: 84969892009_gi332.png], the disease spreads more quickly.


Fig.8 shows some simulations of (13), made in Matlab, in a network [image: 84969892009_gi333.png]-regular [9], i.e. with [image: 84969892009_gi334.png] neighbors for each node [image: 84969892009_gi336.png]. There is evidence that the contagion spreads throughout the network to [image: 84969892009_gi337.png] increasingly shorter as the number of neighbors increases.




[image: 84969892009_gf11.png]


Fig. 8.





Fraction of infected and susceptible nodes for a network [image: 84969892009_gi338.png] -regulate with [image: 84969892009_gi339.png]  in all cases, [image: 84969892009_gi341.png]  and [image: 84969892009_gi342.png]    nodes.












A. Model based on the degree of a node

Since the model (13) cannot be solved analytically, a model must be fitted to approximate the solutions of the SI model in a network whose dynamics in which its states are explained by the degrees of the nodes in the network [image: 84969892009_gi344.png]  [8].

As seen in Fig.9, a network is said to have [image: 84969892009_gi345.png] components if any [image: 84969892009_gi347.png] subgraph of [image: 84969892009_gi348.png] , and the largest component of [image: 84969892009_gi349.png] is the subgraph [image: 84969892009_gi350.png] that has the largest number of edges.




[image: 84969892009_gf12.png]


Fig. 9.



Components of a G-network.















Since the degree of a node is given by the number of its neighbors, consider [image: 84969892009_gi352.png]   as the distribution in degrees of a network [image: 84969892009_gi353.png], where [image: 84969892009_gi354.png] is the fraction of nodes that have degree [image: 84969892009_gi355.png]  and suppose that the infected nodes make contacts independently of each other, i.e,[image: 84969892009_gi356.png] . Consider the probability generating function given by [image: 84969892009_gi357.png]


The average grade [image: 84969892009_gi358.png]  is given by [image: 84969892009_gi359.png]


More generally, we define the moments [image: 84969892009_gi360.png]


As reference [10], when a node in a network is infected, the infection is transmitted to every connected individual except the edge from which it came. Therefore, the excess grade of a node that is one less than the grade is used. The probability of reaching a node of degree [image: 84969892009_gi361.png]  or excess degree [image: 84969892009_gi362.png]   , when following a random edge, it is proportional to [image: 84969892009_gi363.png], and therefore the probability that a node at the end of a random edge has a degree of excess [image: 84969892009_gi364.png]    is a constant multiple of [image: 84969892009_gi365.png]  with the constant chosen to make the sum over [image: 84969892009_gi366.png]    of the probabilities is equal to [image: 84969892009_gi367.png] . So the probability of a node having an excess of degree [image: 84969892009_gi368.png] in [image: 84969892009_gi369.png]


where [image: 84969892009_gi370.png]


This leads to a generating function [image: 84969892009_gi371.png]   for excess grade,



[image: 84969892009_ee21.png](19)



and the excess of medium grade, denoted by [image: 84969892009_gi372.png],



[image: 84969892009_ee22.png](20)



Note that [image: 84969892009_gi374.png] in the largest component of [image: 84969892009_gi375.png] if [image: 84969892009_gi376.png] , that is, the largest component of [image: 84969892009_gi377.png] has fewer grade 1 connections.

If a node [image: 84969892009_gi378.png] is infected and belongs to a small component with few or no connections in [image: 84969892009_gi379.png] , the probability that the infected node will spread throughout the network is zero. Therefore, an SI model will be adjusted for a large component of [image: 84969892009_gi380.png]    such that [image: 84969892009_gi381.png]. Consider [image: 84969892009_gi382.png] as the probability of a grade neighbor [image: 84969892009_gi383.png] is infected, and the degree of excess is distributed according to [image: 84969892009_gi384.png]. Then, the average probability that the neighbor is infected is



[image: 84969892009_ee23.png](21)



where [image: 84969892009_gi385.png]   .

If the node's neighbor [image: 84969892009_gi386.png] is infected, the probability of the disease being transmitted to the [image: 84969892009_gi387.png] in the given time interval is [image: 84969892009_gi388.png]. Then the total probability of transmission from a single neighbor during the time interval is [image: 84969892009_gi392.png]   and the probability of transmission from any neighbor is [image: 84969892009_gi393.png] where [image: 84969892009_gi394.png]    is the number of neighbors of [image: 84969892009_gi395.png]. Furthermore, 𝑖 is required to be susceptible, which occurs with probability [image: 84969892009_gi396.png]), so the final probability that [image: 84969892009_gi397.png]  get infected is [image: 84969892009_gi398.png]
[8]. Therefore, the change of [image: 84969892009_gi400.png]  is given by



[image: 84969892009_ee24.png](22)



with particular solution in [image: 84969892009_gi401.png],



[image: 84969892009_ee25.png](23)



If we consider



[image: 84969892009_ee26.png](24)




(23) takes the form



[image: 84969892009_ee27.png](25)



To calculate [image: 84969892009_gi402.png]  an equation must be constructed in terms of [image: 84969892009_gi403.png] without being dependent on [image: 84969892009_gi404.png]  as observed in (24). In effect, from (22) and (25) we have [image: 84969892009_gi405.png]


equivalent to [image: 84969892009_gi407.png]


When we consider that [image: 84969892009_gi408.png], (21) is equivalent to



[image: 84969892009_ee28.png](26)



Therefore,



[image: 84969892009_ee29.png](27)



is used to determine the values of [image: 84969892009_gi409.png].

Finally, to calculate the total fraction [image: 84969892009_gi410.png]  of infected individuals in the network, is averaged over [image: 84969892009_gi411.png] in this way [image: 84969892009_gi412.png]


However, the solution of (27) cannot be explicitly calculated, but an analysis can be made for both short- and long-term times. Indeed, when [image: 84969892009_gi413.png], of (24) must be [image: 84969892009_gi414.png]. Then,[image: 84969892009_gi415.png] is, by definition, positive and not decreasing, of (24), [image: 84969892009_gi418.png]   when [image: 84969892009_gi419.png]. By assuming that the infection starts with only one or a handful of individuals, so [image: 84969892009_gi420.png] for some constant [image: 84969892009_gi422.png] , we have [image: 84969892009_gi423.png]  when [image: 84969892009_gi424.png]   , this implies that, in the long term, (27) it becomes [image: 84969892009_gi425.png]


with general solution, [image: 84969892009_gi426.png]


Then, the long-term behavior of [image: 84969892009_gi427.png] This is determined by [image: 84969892009_gi428.png]  because grade one nodes are the last to be infected.

On the other hand, as [image: 84969892009_gi429.png] and [image: 84969892009_gi430.png]  is decreasing, consider [image: 84969892009_gi431.png]    for short periods of time. Then, from (27), [image: 84969892009_gi432.png]


and considering that



[image: 84969892009_ee30.png](28)



we have, ignoring the terms [image: 84969892009_gi433.png] of higher order, which



[image: 84969892009_ee31.png](29)



where [image: 84969892009_gi434.png]    is the initial value of [image: 84969892009_gi435.png] . Since (29) is a first-order linear equation, using the integral factor [image: 84969892009_gi436.png], that is, [image: 84969892009_gi438.png]


and by integrating with respect to  [image: 84969892009_gi439.png] , the general solution for (29) is [image: 84969892009_gi440.png]


where [image: 84969892009_gi441.png] is a constant of arbitrary integration. When considering [image: 84969892009_gi442.png] , the particular solution of (29) is given by [image: 84969892009_gi443.png]


Therefore, [image: 84969892009_gi444.png]


with [image: 84969892009_gi445.png]  given in equation (20).


Finally, for short periods of time, this is, [image: 84969892009_gi446.png], [image: 84969892009_gi447.png]


where it is considered [image: 84969892009_gi448.png]  and [image: 84969892009_gi449.png]  as stated in (20). Therefore, as expected, the initial growth of the infection is more or less exponential. Similarly, it is expected that[image: 84969892009_gi450.png] increase rapidly if[image: 84969892009_gi451.png] , that is,[image: 84969892009_gi452.png] represents how quickly the network branches out as it moves away from the node where the disease first begins.






IV. SIR model in a network

Consider [image: 84969892009_gi453.png] , [image: 84969892009_gi454.png]  and [image: 84969892009_gi455.png] .  As it is proposed [8] and in an equivalent way to the construction of the classical SIR model and the SI model with network, the changes of [image: 84969892009_gi456.png],[image: 84969892009_gi457.png] ,    and [image: 84969892009_gi458.png]   per unit of time obey the system



[image: 84969892009_ee32.png](30)



where [image: 84969892009_gi459.png]  is the probability per unit of time that an infected individual will recover. In addition, consider in the instant [image: 84969892009_gi460.png] ,[image: 84969892009_gi461.png] , [image: 84969892009_gi462.png]  and [image: 84969892009_gi463.png]
[8].


From (30) it can be seen that [image: 84969892009_gi464.png] decreases and [image: 84969892009_gi465.png] grows when infectious nodes exist [image: 84969892009_gi466.png]. Therefore, and equivalent to the SI model in a given network in section 3, the dynamics must be analyzed for short time steps. If [image: 84969892009_gi468.png] , [image: 84969892009_gi469.png] and [image: 84969892009_gi471.png] when [image: 84969892009_gi472.png], and so by ignoring the infected of quadratic order, [image: 84969892009_gi473.png]  of (30) can be approximated as



[image: 84969892009_ee33.png](31)



where [image: 84969892009_gi474.png]


In matrix form, (31) takes the form, [image: 84969892009_gi475.png]


where [image: 84969892009_gi476.png]


If [image: 84969892009_gi477.png]  is an eigenvector associated with the eigenvalue [image: 84969892009_gi478.png]  of the matrix [image: 84969892009_gi479.png], then [image: 84969892009_gi480.png]


that is, the value of [image: 84969892009_gi481.png]  associated to the own vector [image: 84969892009_gi482.png]  in [image: 84969892009_gi485.png] . When considering [image: 84969892009_gi486.png] as given in (17), we must [image: 84969892009_gi487.png]


with particular solution, [image: 84969892009_gi489.png]


Then



[image: 84969892009_ee37.png](32)



If [image: 84969892009_gi490.png] ,[image: 84969892009_gi491.png] decreases exponentially to zero. On the other hand, if the main eigenvalue [image: 84969892009_gi492.png]  is small, the probability of infection [image: 84969892009_gi493.png] must be large, or the recovery rate [image: 84969892009_gi494.png]  to make the disease start to spread, equivalent to verifying that [image: 84969892009_gi495.png]. Therefore, and unlike the conclusions of the dynamics of the classical SIR model given in Theorem 2, the epidemic threshold occurs in[image: 84969892009_gi496.png] , that is,



[image: 84969892009_ee38.png](33)




Fig.10 shows that, when fixing [image: 84969892009_gi497.png]    for a network [image: 84969892009_gi498.png]-regular, [image: 84969892009_gi499.png]    decreases to zero as [image: 84969892009_gi500.png] , where [image: 84969892009_gi501.png]  in a network [image: 84969892009_gi502.png] -regular [11], and [image: 84969892009_gi503.png]   tends to grow to a certain [image: 84969892009_gi504.png] for [image: 84969892009_gi505.png]  big enough.  




[image: 84969892009_gf14.png]


Fig. 10.





Fraction of infected, susceptible and recovered nodes for a network [image: 84969892009_gi506.png]-regulate with [image: 84969892009_gi507.png]    in all cases,  [image: 84969892009_gi508.png]
[image: 84969892009_gi509.png] and [image: 84969892009_gi510.png] nodes.












A. Model based on the degree of a node

Consider [image: 84969892009_gi512.png], [image: 84969892009_gi513.png] and [image: 84969892009_gi514.png] the odds that a neighbor with a degree [image: 84969892009_gi515.png]  is susceptible, infected or recovered, respectively, in a time [image: 84969892009_gi516.png] . When considering a node [image: 84969892009_gi517.png]    who is a neighbor of a susceptible [image: 84969892009_gi518.png] , we have to [image: 84969892009_gi519.png] contracts the disease from one of his neighbors other than [image: 84969892009_gi520.png]. Then the probability that [image: 84969892009_gi521.png] infection is given by [image: 84969892009_gi522.png] with [image: 84969892009_gi523.png] the degree of excess. So that [image: 84969892009_gi524.png] recovery depends only on the probability that we have been previously infected, which is given by [image: 84969892009_gi525.png] , where [image: 84969892009_gi526.png] is the degree of excess, and the probability  [image: 84969892009_gi528.png] if susceptible can be derived from [image: 84969892009_gi529.png]
[8].


Analogous to the construction of the SI model based on the degree of a node, the change of [image: 84969892009_gi530.png] ,[image: 84969892009_gi531.png] and [image: 84969892009_gi532.png]  per unit of time is given by



[image: 84969892009_ee39.png](34)



where the average probability of a neighbor being infected is given by



[image: 84969892009_ee40.png](35)



If all the degrees of the nodes [image: 84969892009_gi533.png] on the network [image: 84969892009_gi534.png]  have degree one, the dynamics of (34)can be expressed in an equivalent way as observed in Fig.5.


To find an analytical solution to the model (34), consider [image: 84969892009_gi535.png]


that is, the average probability [image: 84969892009_gi536.png] of the neighbors are recovered.

From (34) and (35), we have to



[image: 84969892009_ee41.png](36)



that is,



[image: 84969892009_ee42.png](37)



that when used in (34), the change of [image: 84969892009_gi539.png] with respect to time is written as [image: 84969892009_gi540.png]


equivalent to [image: 84969892009_gi541.png]


and whose solution, with respect to the initial condition [image: 84969892009_gi542.png]  for  [image: 84969892009_gi544.png] , is



[image: 84969892009_ee43.png](38)



When considering



[image: 84969892009_ee44.png](39)



equivalent to



[image: 84969892009_ee45.png](40)




(38) is rewritten as



[image: 84969892009_ee46.png](41)



The goal is to find an equation to calculate [image: 84969892009_gi545.png]    without depending on the unknown variables [image: 84969892009_gi546.png]. In fact, when using (40) and (41), we have to



[image: 84969892009_ee47.png](42)



and so on, [image: 84969892009_gi547.png]


that is,



[image: 84969892009_ee48.png](43)



obtained from (34) and (36). Therefore, the total of the susceptible fraction is of the form,



[image: 84969892009_ee49.png](44)



To find the total fraction of [image: 84969892009_gi548.png] , note that of (44), [image: 84969892009_gi549.png]


than by integrating,



[image: 84969892009_ee50.png](45)



and use (41) and (42), you must [image: 84969892009_gi550.png]


To calculate the total recovery fraction, it is enough to see that [image: 84969892009_gi551.png].

Because many times the solution of (43) cannot be explicitly calculated, certain properties are used to analyze the behavior of [image: 84969892009_gi553.png]. Indeed, by assuming that [image: 84969892009_gi554.png] , [image: 84969892009_gi557.png]  and [image: 84969892009_gi559.png] , we have to [image: 84969892009_gi561.png]   and [image: 84969892009_gi562.png]  for [image: 84969892009_gi564.png]. Therefore, from (44) we have, for [image: 84969892009_gi565.png], [image: 84969892009_gi566.png]


If [image: 84969892009_gi567.png] , from (39) we have to   [image: 84969892009_gi568.png]  and [image: 84969892009_gi569.png]. Then, for moments of short time and given that    is decreasing, considering [image: 84969892009_gi570.png],[image: 84969892009_gi571.png]
[image: 84969892009_gi573.png]


and ignoring the terms of    of a higher order, it is known that (43) 
[image: 84969892009_gi574.png]


Therefore [image: 84969892009_gi575.png]


and



[image: 84969892009_ee51.png](46)



Thus the epidemic threshold is given by



[image: 84969892009_ee52.png](47)



with [image: 84969892009_gi576.png]  given in (20), equivalent to the epidemic threshold given in (33) when replacing [image: 84969892009_gi577.png]  by [image: 84969892009_gi579.png]  .






V. SIS model in a network

In a way equivalent to the construction of the SI model in a network and the classic SIS model, the changes of [image: 84969892009_gi580.png] and [image: 84969892009_gi581.png] per unit of time are given by



[image: 84969892009_ee53.png](48)



Since [image: 84969892009_gi582.png] , the change of [image: 84969892009_gi583.png] per unit of time, given in (48), can be written as



[image: 84969892009_ee54.png](49)



Assuming that [image: 84969892009_gi584.png]  for everything [image: 84969892009_gi585.png] and constant [image: 84969892009_gi586.png] For [image: 84969892009_gi587.png]   and ignoring the terms of [image: 84969892009_gi589.png] of higher order, of (49) must



[image: 84969892009_ee55.png](50)



which is equivalent to (31). Therefore, the epidemiological threshold is given by [image: 84969892009_gi590.png]


that is, if [image: 84969892009_gi591.png]  It is expected that [image: 84969892009_gi592.png]    decreases exponentially to zero, while if [image: 84969892009_gi593.png],     begins to grow for short moments of time as observed in Fig.11.





[image: 84969892009_gf15.png]


Fig. 11.





Fraction of infected nodes for a network   [image: 84969892009_gi595.png]-regulate with   [image: 84969892009_gi596.png]  in all cases, [image: 84969892009_gi597.png]
[image: 84969892009_gi598.png]   and [image: 84969892009_gi599.png]  nodes.












A. Model based on the degree of a node

Equivalent to the construction of the SI and SIR models based on the degree of a node, the change of    y    per unit of time is given by [image: 84969892009_gi601.png]


where



[image: 84969892009_ee56.png](51)



Since [image: 84969892009_gi602.png], then



[image: 84969892009_ee61.png](52)



As in the SIR model based on the degree of a node, if all the degrees of the nodes [image: 84969892009_gi603.png]    on the network [image: 84969892009_gi604.png]  has degree one, the dynamics of (34) can be expressed in an equivalent way as observed in Fig.7.



[image: 84969892009_gi611.png]Because no explicit solution is known for (52), its behavior is analyzed when [image: 84969892009_gi605.png] and [image: 84969892009_gi608.png]. By assuming that  [image: 84969892009_gi609.png]   for [image: 84969892009_gi610.png] constant and, for moments of small time when [image: 84969892009_gi613.png]  and ignoring the terms of    of higher order, of (51) and (52) that [image: 84969892009_gi615.png]


which corresponds to a first-order linear equation. When using the integral factor, we have to [image: 84969892009_gi616.png]


with particular solution in [image: 84969892009_gi617.png] given by [image: 84969892009_gi618.png]


When considering [image: 84969892009_gi619.png]


with



[image: 84969892009_ee58.png](53)



it is known from (51) that



[image: 84969892009_ee59.png](54)



The objective is to calculate [image: 84969892009_gi620.png] without being determined by values [image: 84969892009_gi622.png]. Indeed, since [image: 84969892009_gi624.png]


from (54) we have [image: 84969892009_gi625.png]


with particular solution in [image: 84969892009_gi626.png]



[image: 84969892009_gi627.png]


Therefore, for short term time we have [image: 84969892009_gi628.png]


whose epidemic threshold is [image: 84969892009_gi629.png]


which corresponds to the same threshold (47) given in the SIR model based on the degree of a node.

When [image: 84969892009_gi630.png]  it is expected that [image: 84969892009_gi631.png]    tends to the balance of (52), that is, [image: 84969892009_gi632.png]







VI. Conclusions

The models presented depend on the hypothesis made about the population and the states of the disease. If each individual has the same opportunity to interact with another, a classical epidemiological model could be adjusted, otherwise a network model must be adjusted. Similarly, considering that the disease can have as susceptible, infected and at most recovered state, SI, SIR or SIS models were used. On the other hand, as a comparison between classic and network models was made, a constant and closed population was considered over time, so it was not considered a birth rate or natural or disease mortality.

Since the classical SI model is built by a single parameter representing the infection rate, it is determined that the disease spreads and manages to infect the entire population as long as there is at least one infected, with the difference that the speed with which it spreads decreases when its rate approaches zero. On the other hand, by fitting an SI model into a network, it was determined that the speed of propagation depends both on the infection rate and the largest eigenvalue associated with the adjacency matrix, as a way of represent a dense or dispersed network. Unlike the classical SI model, if the infection rate approaches zero, the disease spreads more rapidly if the network is denser.

For a classical SIR model, regardless of the infection and recovery rate, the infection tends to be eradicated for a long enough period of time. However, if the ratio between the recovery and infection rate is higher than the initial susceptible fraction, the disease spreads until a certain time and then tends to disappear. This dynamic is similar to the SIR model in a network, with the difference that the ratio between the recovery and transmission rate must be greater than the largest own value associated with the adjacency matrix.

On the other hand, for a classic or networked SIS model, the disease does not disappear over time when the ratio between recovery rate and contagion is greater than one or the highest eigenvalue associated with the adjacency matrix, respectively.

Since it is not possible to find an explicit solution for SI, SIS and SIR models in networks, their states are adjusted by the degree of the nodes in the network. Under this methodology and for short term time, the epidemic threshold for the SIR and SIS models are equivalent to those previously explained by replacing the own value by the excess of the average degree, and for the SI model, the speed of disease propagation is determined by the excess of the average degree above one.
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