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Self-Tuning Control for a Class of Bilinear

Systems

Controladores auto-ajustables para una clase de sistemas

bilineales

Anna Patete?, Miguel Rios?, Claudia Gémez¢, Katsuhisa Furuta®

ALABRAS CLAVES
Sistemas bilineales, controlador auto-ajustable, varianza

minima generalizada.

RESUMEN

En este trabajo, se propone un algoritmo auto-
ajustable implicito basado en el criterio de varianza
minima generalizada para la estabilizacion de una clase
de sistemas bilineales. La estabilidad del algoritmo
propuesto es demostrada usando una funcion de
Lyapunov y la estrategia de control por superficie
deslizante. El algoritmo auto-ajustable propuesto es
aplicado a una planta piloto térmica para evaluar su

desempeiio.

KEY WORDS
Bilinear systems, generalized minimum variance, self-

tuning control.

ABSTRACT

In this paper, a self-tuning algorithm based on the
generalized minimum variance criterion is proposed
for the stabilization of a class of bilinear systems. Using
a Lyapunov function and the sliding mode control
approach, the stability of the proposed algorithm is
proven. The proposed self-tuning algorithm is applied

to a simulated example to evaluate its performance.
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INTRODUCTION

Bilinear systems comprise perhaps the simplest class
of nonlinear systems which has a lot of applications
in various fields, e.g. [1] and reference therein. Several
control approaches have been proposed to treat the sta-
bilization problem of bilinear systems (see [2, 3] and the
references therein). However, only a few papers (e.g.
[4, 5]) have focused on the stabilization problem of
bilinear systems with time delay. So far, stability of
implicit self-tuning control, based on generalized mi-
nimum variance criterion for minimum and a class
of non-minimum phase linear systems has been de-
monstrated by the use of a Lyapunov function in
[6], and for those systems, it suffices to use linear
functions of the data to predict the system output
response. However, in general, it may be desirable,
or even necessary, to consider the use of nonlinear
functions to get good predictions and hence good

control performance.

By following the idea of Goodwin [7, 8], Sun [5] gave
proof of the explicit self-tuning controller of bilinear
systems. However, the proof relies on assuring pa-
rameter convergence in the close-loop system, when

the projection algorithm is used.

In this paper, stability of the implicit self-tuning
controllers for a special class of discrete-time bili-
near systems, represented by the input-output rela-
tion with unknown parameters, is proven. The trea-
ted bilinear class is the class where only bilinearity
exists between the measured and the control signals;
additionally control signals must appear in the sys-
tem structure in linear form. The proposed algorithm
consists in the combination of the generalized mini-
mum variance control and recursive identification of
the control parameters. The control objective is to
minimize the variance of a sliding mode surface pro-
posed for this class of bilinear systems. The discrete-
time bilinear model could be given directly in the dis-
crete-time form or derived by discretization from the
continuous-time (minimum or non-minimum phase)
system. Stability of the algorithm is proven by using

a Lyapunov function. The proposed self-tuning algo-

rithm is applied to a simulated example to verify and
to show the performance of the algorithm. Part of
this work was presented in the CLCA 2008 [9].

The paper is organized as follows: firstly, the genera-
lized minimum variance ctiterion for bilinear systems
is given. Secondly, the recursive self-tuning contro-
ller parameter estimation, based on the generalized
minimum variance criterion for the class of bilinear
systems, is studied and the main results are given by
the theorem which assures overall system stability.
Then, the proposed algorithm is applied to a simu-
lated example and digital simulations are shown. The

paper concludes with some additional remarks.

GENERALIZED MINIMUM VARIANCE CONTROL
FOR BILINEAR SYSTEMS
Bilinear systems are a special class of non-linear sys-
tems that are linear in input and linear in state but not
jointly linear in state and input. Specifically, a time in-
variant single-input and single-output (SISO) bilinear

system has a discrete-time form as follows:

AR e = BR e+ 2 NR T e (1)
where there are no common factors in (A(z '),
N(z ")), orin (Az "), B(z 7)) and the time delay d is
known. g denotes the time shift operator 37y, =y,
In the Laplace transformation, ¢ = ¢ *Ts where T, is
the sampling period (for simplicity, and without loss

of generality, T, =1 is assumed).

In this section, to derive the nominal control law, the
polynomials A(z ), B(z ") and N(z ) are assumed to

be known, and represented as:

A({"’) =1+azg T+ azz"z e tag”
BRr)=b,* bz + bz ¥ b,z b, EO

N ) =n+nmz’+. + nz" 0

Remark 1: The special class of discrete-time bilinear
systems to be considered in this paper is the class whe-

re the discrete-time system can be described as in (1).



This means that polynomials Az /) # 0, B(z ") # 0,
N(z "y # 0, d > 0, and the bilinearity is considered
only between the output (measured state) and the in-

put variable.

The following notations are introduced:

R M = ey RV Z My vy M0 = Wy s

R = X7 mpry) = e

The control objective is to minimize the variance of

the controlled sliding mode variable s, ;, which is de-

fined in the deterministic case as:

Sera = CRN0kra Teva) + OR e + HR Yy 2

where H(z ') = E(z ")N(z '), and polynomial E(z /)
will be defined later. The polynomials:
Cr)=1+ez " +022+ .. ¢,327 and

O ") = q,(1 - ¢7) are to be designed, so that the
specification given below should be satisfied. The
error signal ¢, is defined as ¢, = y, - r,, where 7, is the
reference signal. The proposed idea is similar to that

of the discrete time sliding mode control in {10, 11].
Multiplying (1) by E(z ), the following is obtained:

Ez7)AR e =

RTERTBR )+ 2 ERTING ) 3)
Using the Diophantine equation:
Cx7)=ATER) + 2 F&), 4)
where,

Ex7)=¢ +ez! + .o+,
F({’) = fo + fi %’7 +.t fm%’ﬂﬂs

equation (3) is rewritten as:

CRe -2 Fz" e =

2 ERBER )y + 2 ERTINGR Dt ©)
and rewriting (5) in the time £+d, then

CR Dhsa =

ER7NE ene + FE e + EG7)BR e ©)
Combining (6) and (2), the sliding mode variable re-
sults in:

Seva = GR e + FR i - CRresa ©
where the polynomial G(z ) is defined as:
GR7)=ERBR)+O&7). ®)

Then the generalized minimum variance control in-

put required to vanish 5, 4 in (2) is given by:

_ FR e - C7resa ) 9)
GR7)

In closed-loop, the characteristic polynomial from the

output signal y, to the reference signal r, is given by:

TR =BRI)CR") + ARORT) (10)
For the closed-loop design, polynomial C(z~) must be
chosen Schur (all roots of C(z /) must be inside the
unit disk) and the gain ¢, in O(3 ') is designed as any
go>0 that makes the nominal control system stable,

the root-locus technique may be used to choose ¢, [6].

SELF-TUNING CONTROL OF BILINEAR SYSTEMS
BASED ON GENERALIZED MINIMUM VARIANCE
CRITERION

In this section, the system in (1) is considered as a
system with the same structure having parametric un-

certainties.

The overall stability of the self-tuning control based
on generalized minimum variance criterion for SISO
linear systems has been proved in [6], when the sys-
tem constant parameters are not accurately known,
by recursive estimation of the controller parameter
F(z7)and G(z™'), i.e. F(z7) and G(z”7) are estimates
of F(z7') and G(z '), under the following assump-

tions [6].

Assumptions 1 [6]: 1. The order of the system (1) is
known. 2. The delay step d is known. 3. Polynomial
C(z") is Schur. 4. The considered system (1) with pa-
rametric uncertainties is in the class of systems which
can be stabilized by the polynomials O(3') and C(z /)
designed for the nominal system model. 5. The refe-
rence signal 7, is bounded, i.e. |7, | <, for all £, where

m, is a positive constant.

Assumption 4 comes from the algorithm’s robust sta-
bility analysis explained in [6], and the robust stability
is achieved by designing O(3 ') and C(3 ') as explai-

ned before.

técnic
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In this paper, for the bilinear case, the overall stability
of self-tuning control for bilinear systems based on
generalized minimum variance criterion is given by
the following recursive estimation equations:

Fk#gk—d

Op= 0., + ey R
140, 0,
Hz " Deatea- Oribii] (11
Uy0ea0iales
=Ty (12)

140,00,
where

r _
Or = Db woor Doty Mo oo Waepgits -0 Iitpp Dt gty -+
Dcld-1) " pect-1)) (13)

is the vector containing measured output and control

signal data,
S VIR ATy ANy SRy I T e (14)

is the vector containing the controller parameters,

and
or = s oo ot &0 s dits -+ Doy By s bg(d—])] (15)

is the estimate of 6. Note that the parameters of H(z )
do not need to be estimated.

The controller uses identified parameters as follows:
4, =- F(%J)J'é' g(%”)’/w/ (16)

&)

Theorem 1: (Recursive estimates of controller parame-
ters based on generalized minimum variance criterion
for bilinear systems.) Given a positive definite matrix
I', and the initial parameters vector 0, if the estimate
é,e of the controller (15) satisfies the recursive equa-
tions (11) and (12), under the set of Assumptions 1,
then the self-tuning controller combining (16), (11)
and (12) for the bilinear system (1) with parametric

uncertainties is stable.

Proof: s, ,1s written as:

. . .
Sera = GR e + FR - CR7risa + 00 17)
where 0, = 0-0,. (18)
Using the control law (106), equation (17) is rewritten as:

Sprd = Olisa. 19

Consider the candidate Lyapunov function:

1, 1 o (20)
V,=—Z+—01I T 4,
kT T T e T
The time difference of (20) is:

AV, =1, -V, @1)
ave="Lg D Dgpag  Lgrpag (22)
£ 21‘»2/@—72kk/e 2 k1 k1 kI

1 1o
AV, = 3 fé,-;@, SO (O -0py) + —57 +
7 O -
PRACIRRY VS Sy LS 23)
_ ! T 5 5wt 5
Al ? 5/27.7’ 7(‘915 ~Oy) 1/2.7 (O - Oq) -
ifz 2 T r g
> e+ k+7ﬁk M-I ) 0 +
O O O Ty Oy (24)
From (19), s is:
si=0l o, +0!, 0, 25)

Substituting (25) into (24), the following relation is

derived:

7 7 - - .
Al = 7 ;/5_7 o (0 - ﬂk—i)TI;:i’ (O - Ouy) +

7 ~.. I
7611’(17«4 -T-00,9L,) 0, +

O I (O - Oy + Ty, 401,04, (206)

The term:
7 - N
757/;(F'/£ T li0u40ka) 0,

in (24) can be made equal to zero as follows:
rl-rj-o,,0L,=0,

Iy= (F,ﬁr_i, +0,.,0), )
D=l -1y 0y 0 g (Ciy + 0,0 0L,)7,

And this yields (12) by the matrix inversion lemma.
The term:

< - - .

Oc Ty (Op - Opy + Tiy0ryg Ok a0



in (26) also can be made equal to zero as described

below:

Op - by + Tpy040s06 =0, 27)
Oy + T y0p 0010 = 01y (28)
I+ T 0, 0)0 = T+ T 10, 00 ,)0, -

Ly i0p 0k s 29)

and using (18), then:

. T.0, 0., 00,

G, =0, + k-1 MT/ed 1) (30)
(L + 0pqlh10:d)

From (8):

56 = 0ka0- CR i - Hypy ey @3

thus (11) is derived.

Using the recursive equations (11) and (12) in (206),

for £ = 1, the following relation is obtained:
7 7 . -
Vi Vo= 557 -5 0, -0 T'0,-6) (2

Initially 0, - 0, # 0, then 1, - I/, < 0 which means that
17,<17,. For k£ = 2,

1 7 - - .
V, +?f§ + 5 (0;-0,)" I (0,-0,) = 1V, <V, (33)
Then, for £=N, where N is large, the following rela-

tion is derived:
7 N -~ ~ o~
Vy +2*Z[{,27+ (O - 0:1)" ;:77 (O - 5&4)] = Vi<V,
iz (34)

Equation (34) implies that sy and (O - Ox.;) vanish as
N approaches infinity, thus A7, is negative semi-defi-
nite for all £ and the generalized minimum variance is

minimized, which proves the overall system stability.

Signal Boundedness: the actual signals y,, #, and e,
are shown to be bounded as follows, multiplying (2)
by Bz ”):

Bz "Jsira = BR') CR Diva - BRCR Jreea *

B )O& Jne - BEHE e (35)

B(z )5y = BR)C(z "y - BR)C e+ 2 BRT)
O e - BEDHE gy, (36)
and using (1):

B(z )5y = 2 BRER NG ey -

Bz ")Cz )y - Q= 7INE e+
BR)CE It AR e (37

Then, from (8):
BT BRUCRTY) | NRIGRT)
Tz Tz

where T(3 ) is defined as in (10):

Tk Jk-d"k-d >

The signal s, was proven to go to zero as £—®. The
signal r; is assumed to be bounded for all £ and the
signal y, , #, ; was proven to be bounded from the
boundeness of vector 4. From the set of Assump-
tions 1, number 4 means that the closed-loop charac-
teristic polynomial, considering the described plant
with parametric uncertainties, in (1), T(3 '), is Schur.

Thus, y, in closed-loop is proven to be bounded.

Similarly for #,, multiplying (2) by Az '), it is obtai-

ned that:
AR serg = ARTICE ira T ARTIOR e -
ARCE Ireva- ARTHE pene . (39)

and by using (1):

AR sera = ARTCE era- ARTICR Jriea +
Al O g - ARTHER ey (40)
AR )sera = - ARTER )N Deny +
CRIING e -ART)CR Jresd + AR7NOR g +
Bz ")CR .

(41)
Then, from (4):
L AR ARYICRTY)
T R 7
NiEFRT)
W)’k—dﬂk—(/ (42)

Thus, #, is proven to be bounded. Using (2), when

k—0 and s, ,—0, the error is derived:

L <EENED 0k )
k) k)

Because C(3 ') was designed as a Schur polynomial,

as £—®© the signal ¢, is bounded for all £. Especially

when the signals #, ;and y, 4, ;become constant, the

the error converges to zero to zero, i.e. ¢,—0.

SIMULATED EXAMPLE

In this section, a simulated example is presented to

support the obtained theoretical results. A discrete-ti-

técnic
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Figure 1. (a) Output response of (45), controlled by the nominal controller (9) designed for (44). (b) Output
response of (45), controlled by the proposed self-tuning algorithm (11) and (12). (c) Control law dynamics when the

self-tuning algorithm is used. (d) Sliding mode variable dynamics

me non-minimum phase plant with parametric uncer-
tainties is considered. The plant model is known as:

(137 + 0532, =711+ 1.23 )y - 3707y, (44)

For the control design, the following polynomials are
chosen: C(z™) = 1+1.183 " + 0.00453 2 and O(37') =
0.1(1-37).

Using (44), (4) and (8) the following polynomials for

the nominal control law (9) are obtained: F(z/) = 1.18
-049553 " and Gz7) = 1.1 + 117",

Polynomials F{z " Jand G(z™/) give the initial estimates F(?’U
and G(z™') for the proposed self-tuning algorithm.

For the simulation, the perturbed plant is considered as:
(1-37 40272, =371+ 1.1 )u, - 370.5y, . (45)

Fig. 1 (a) shows the output response j, of the system
(45), when the nominal controller is used. In Fig. 1
(b) the proposed self-tuning algorithm is used, initial
condition for I' is set to the identity matrix. Fig. 1 (c)
and Fig. 1 (d) show the control law #, and the sliding
mode variable 5. The reference signal r, is chosen as

a sequence of unit-steps with a length of 100 samples.

The simulations show that the proposed self-tuning
control algorithm is able to make the output signal
follow the reference signal even though there are pa-

rametric uncertainties in the system.



CONCLUSIONS

This paper considered the self-tuning control of a
class of bilinear systems with constant but unknown
parameters. The analysis has been limited to single-
input single-output systems. The overall stability of
the proposed self-tuning control algorithm for a class
of bilinear systems was proven. The validity of the
proposed algorithm was demonstrated through a si-

mulated example.

For future research, the structure of the system will
be enhanced to a class of bilinear systems having the

presence of a non homogeneous term.
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