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A system based on the concept of linguistic majority
for the companies valuation

JESUS M. DONA,! ANTONIO M. GIL,2 DAVID L. LA RED,3 JOSE I. PELAEZ4

= Abstract: Nowadays, it is common the use of qualitative information expressed by ex-
perts to solve the problems of economic-financial assessment in uncertainty environ-
ments. Two are the difficulties presented in this type of problems; the first one focuses
on the information given by the expert, which can be represented in different domains
of expression, and the second one is relative to the obtained final solution, which must
be representative for most of the experts involved in the process. To solve the first pro-
blem, the information representation has been proposed by means of the fuzzy model
of linguistic 2-tuples, which allows treating as an homogeneous form the information
expressed by the experts in different domains. To solve the second problem, in this
work it is proposed to make use of the concept of majority through the OWA operators.

= Resumen: Hoy en dia es comtn el uso de informacién cualitativa expresada por
expertos para resolver los problemas de evaluacién econémico-financiera en en-
tornos de incertidumbre. Dos son las dificultades que se presentan en este tipo de
problemas, la primera de ellas se centra en la informacién dada por el experto, que
puede representarse en diferentes dominios de expresion y la segunda es relativa a
la solucién final obtenida, que deberd ser representativa de la mayoria de los exper-
tos que participaron en el proceso. Para resolver el primer problema se ha propuesto
la representacion de informacion por medio del modelo difuso de 2-tuplas lingiiis-
ticas, que permite tratar de una forma homogénea la informacion expresada por los
expertos en diferentes dominios. Para resolver el segundo problema, en este trabajo
se propone hacer uso del concepto de mayoria a través de los operadores OWA.
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» Introduction

The search of the company value is a common problem that has become a basic pillar in
finance. In fact, the financial target of the company is not other than its maximization.
Such circumstance has turned the valuation into a challenge for any analyst or agent.
The methodology that makes easy the obtaining of this value arises from the evolution
of the Financial Theory, being its fundamental idea that the value of assets is the update
of the financial flows that is capable of generating in the future.

It is understood by value that conventional quality of the object that is attributed to
as consequence of a calculation or of an expert’s report; in this manner the value is not
a fact, but an opinion. On the other hand, it is estimated that the price paid as conse-
quence of a transaction, unlike the value, is a tangible fact, a real piece of information.
It can happen that the full price be regarded as real madness relative to the considered
reasonable value. This does not prevent that the full price is a fact, whereas the value,
no matter how important it is, will not have any more consistency than that of an opin-
ion (Besaun er al., 2004, Brilman et al., 1990 y Levrat et al., 1997).

The value is searching its support in a logical or mathematical basis being as rigorous
as possible. It looks for the objectivity, neutrality and independence opposite to the parties,
the relations of forces on the market and even the market situation itself. An important
question to raise around the concept of company value is if it is only or on the contrary
different values can be determined for the same company (Ansoén et al., 1997).

First of all, it is necessary to bear in mind that the calculation procedure of the com-
pany value means the need to predict future scenarios in which its activity is going to
be developed, so that, and as consequence of the uncertainty existing in the above men-
tioned prediction, it will be impossible to determine an only value, and we will have
to limit ourselves to establishing a range of values, among which the most probable
company value will be found. Secondly, the value is always going to be influenced by
the particular characteristics of the subject that is carrying out the valuation, who will
project his preferences on it. Therefore, each one will obtain a different value. Thirdly
and last, it will be necessary to bear in mind the aim of the valuation, since depending
on it different values can be obtained, so we will talk about value for tax purposes, lig-
uidation value, value of a running company, etc.

Therefore, in valuating a company, we try to determine an interval of reasonable val-
ues inside which the definitive value will be included. Valuating a company is a question
of obtaining an estimation that, on the other hand, never is an exact and only number, but it
will depend on the situation of the company, the moment of the deal and the used method.
To determine the value it is necessary to establish hypotheses and future scenarios. These
hypotheses generate uncertainty so that the final result will be an interval or series of val-
ues and not just one. Finally, the information derived from the valuation report prepared
by the experts will serve as base for the negotiation between the parties, from which the
definitive transaction price will arise (Kaufmann ez al., 1993).

Within the last few years, with the globalization of the markets, their technological de-
velopment and the appearance of new financial instruments have promoted new valuation
techniques improving the ones already existing. Among all these methods, we can empha-
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size the so called Operative or Mixed Analysis, in which the company value has basically
two components, the Static Value and the Potential Capital Gain, also named Goodwill; or
the Discounted Cash-Flow method, based on the future liquidity that the company is able
to generate, also bearing in mind the cost of opportunity and the risk of undertaking such
investments (Ferndndez, 2005, Ruiz et al., 2004). In this work, because of the proposed
aims, the Operative or Mixed Analysis method will be used.

As it has been pointed out, the valuation methods use future estimations that, in
many cases, are expressed by experts according to their experience or perception of
reality. In these conditions, it is necessary to have tools that allow to operate with the
uncertainty of the expressed opinions, which normally are defined in linguistic values
in different domains of expression; and that these tools be capable of adding the opin-
ions in a value representative of themselves (Copeland et al., 2000, Cross et al., 2006,
Herrera y Martinez, 2000, Kaufmann et al., 1986, Keenan et al., 1997).

In this work, a new system of company valuation based on the Operative Analysis
method is presented and compared, that allows to obtain information of greater quality for
the making of business decisions, synthesizing linguistic information through the 2-tuples
model of representation (Herrera y Martinez, 2000), and the majority concept through the
LAMA OWA operators of aggregation (Peldez et al., 2003a, 2003b, 2005).

The article structure is the following: In the second section, the Operative or Mixed
Analysis method is introduced; in the third section, the information representation ap-
pears using linguistic tags with the 2-tuples model and the LAMA aggregation op-
erator; in the fourth section, a linguistic alternative model of companies valuation is
presented, and a detailed example of application is developed; finally, the results are
compared with other models and the conclusions are shown.

»  Economic-financial valuation of companies

The company value, by means of the Operative or Mixed Analysis method, is given by
the sum of two components:

« Static Value, for which we propose the Real Net Asset.

« Potential Capital Gain or Goodwill, for which we take the difference updated be-
tween the due benefit and the cost of opportunity that the investor assumes by car-
rying out the acquisition of the company in question without applying his resources
in other alternative investments.

| COMPANY VALUE = STATIC VALUE + POTENTIAL CAPITAL GAIN OR GOODWILL |

Mathematically:
V, = ANR+(B—-ANR.i).a,_,
Where:
V, = Company value.
ANR = Real Net Assets
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B: Profits before interest and after taxes.

CPNE: Permanent Capitals Needed for Operation.

R : Average Rate of Return of the assets in the sector where the company deals.

K : Update rate.

a,.x - Current value of a unitary income, constant, post payable and immediate,
which amount is given by:

) C(+k) =1 1-(1+k)™"
(k) K k

Nevertheless, we proceed to a new simplification of the model with the aim to
determine the added value that adds to the companies’ valuation the inclusion of the
concept of Linguistic Majority in decision with uncertainty atmospheres. The simpli-
fier hypotheses are the following ones:

« Hypothesis 1: ANR = CPNE, that generically will be called ANR.
« Hypothesis 2: R = K, that generically will be called interest rate i.

The simplified expression that gives us the company value would be, therefore:

V, = ANR+(B—ANR.i).a,_,

In case the estimation of benefits and interest rates for future periods shows dif-
ferent values in each period, the company value will be determined by the following
expression:

V.= ANR+ (B, —i, ANR).(1+i)"" + - +(B, =i, ANR).(1+i,)".(1+4,) " .(1+i,)

Nevertheless, the calculation carried out this way presents a series of disadvantages
that are necessary to consider and try to avoid to be able to establish a valuation as clos-
est as possible to reality.

Among these disadvantages there is the way in which the estimations are expressed
and the way in which the information is added. Both the valuations of the interest
rates and the expected future benefits must be carried out by experts, in which case a
mechanism that facilitates the obtaining and later aggregation of the above mentioned
information has to be established. To express the estimations, not being able to obtain
it through a quantitative value, it is more feasible to obtain it in a qualitative way, so it
is necessary to use a linguistic approach. Also, as it has been previously pointed out, it
is very important that the aggregate value be a value that is representative, a value of
majority, of the estimations obtained by the experts.
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»  Fuzzy linguistic approach

Actually, the concept of linguistic variable is widely used in those decision making
problems with imprecise assessments given in a linguistic way for some of its elements.
Usually, many aspects of different activities cannot be assessed in a quantitative form,
but rather in a qualitative one, i.e., with vague or imprecise knowledge. In that case, a
better approach may be to use linguistic assessments instead of numerical values. The
fuzzy linguistic approach represents qualitative aspects as linguistic values by means
of linguistic variables.

This approach is adequate in some situations, for example, when attempting to qual-
ify phenomena related to human perception, we are often led to use words in natural
language. This may arise for different reasons. There are some situations where the
information may not be quantified due to its nature, and thus, it may be stated only in
linguistic terms (e.g., when evaluating financial situations terms like “bad”, “poor”,
“tolerable”, “average”, “good” can be used). In other cases, precise quantitative infor-
mation may not be stated because either it is not available or the cost of its computation
is too high, then an “approximate value”” may be tolerated (e.g., when evaluating the
cost of an infrastructure, terms like “expensive”, “very expensive”, “cheap” are used
instead of numerical values). The fuzzy linguistic approach has been applied with very
good results in different problems, such as, information retrieval, decision-making, etc.

One possibility of generating the linguistic term set consists of supplying a con-
text-free grammar. However, this approach implies establishing previously the primary
fuzzy sets associated with each term and the semantic rule that modifies them, and this
task is not easy. An alternative possibility consists of directly supplying the term set by
considering all terms distributed on a scale on which a total order is defined (Herrera et
al., 2000). For example, a set of seven terms S, could be given as follows:

S = {s, = the worst, s,= very bad, s, = bad, s; = medium, s,
= good, s5 = very good, s, = the best}.

In this paper, we shall use labels with triangular membership (Figure 1) for simpli-
fying the mathematical processing. For example, we may assign the following seman-
tics (Table 1) to the set of seven terms, where the first and final values represent the
start and the end of the triangular function and the centre value is the zenith.

Table 1
Semantics of Labels
Label Semantic Label Semantic
Highest [0.83, 1, 1] Low [0.17,0.33,0.5]
Very High [0.67,0.83, 1] Very Low [0,0.17, 0.33]
High [0.5, 0.67, 0.83] Lowest [0, 0, 0.17]
Medium [0.33,0.5, 0.67]

Soruce: Own.
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Figure 1
A set of seven terms with its semantics
lowest very low low medium high  very high  highest
0 0.17 0.33 0.5 0.67 0.83 1

Soruce: Own.

The linguistic variables are used in processes of computing with words that im-
ply their fusion, aggregation, comparison, etc. To perform these computations there
are three models in the literature. (i) The model based on the Extension Principle
(Kaufmann, 1988), (ii) the symbolic model (Kaufmann, 1988), and (iii) the model
based on the 2-tuple fuzzy linguistic representation model (Herrera et al., 2000).

The 2-tuple fuzzy linguistic representation model was presented in (Herrera et al.,
2000), where different advantages of this formalism are shown to represent the linguis-
tic information over classical models.

From this concept, in (Herrera et al., 2000) is developed a linguistic representation
model which represents the linguistic information by means of 2-tuples (r;, o), r; €S
and o, € [-0.5, 0.5). r; represents the linguistics label center of the information and ¢; is
a numerical value that represents the translation from the original result f§ to the closest
index label in the linguistic term set (r;), i.e., the Symbolic Translation.

This linguistic representation model defines a set of functions to make transforma-
tions among linguistic terms, 2-tuples and numerical values:

Definition. Let s; € S be a linguistic term, them its equivalent 2-tuple representation
is obtained by means of the function 0 as:

6:5 (S x [-0.5,0.5)), 6(s,)=(s.0)/s5,€S

i

Definition. Let S = {5y, 5}, ... , 5, } be a linguistic term set and € [0, g] a value sup-
porting the result of a symbolic aggregation operation, then the 2-tuple that expresses
the equivalent information to 3 is obtained with the following function:

$i i = round(f)

A:[0,g] - SXx([-0.5,0.5)), A(B)= {a CB—ia<c[-05.05)



A system based on the concept of linguistic majority... m 127

where round is the usual operation, s; has the closest index label to “f ” and “« ” is the
value of the symbolic translation.

Definition. Let S = {sy, s}, ..., 5,} be a linguistic term set and (s;, o) be a linguistic
2-tuple. There is always aA-! function, such that, from a 2-tuple it returns its equivalent
numerical value 3 € [0, g].

A':Sx [—0.5,0.5)% [0,g], A" (sl.,a) =i+ta=J

To aggregate the information in the voting process, the OWA operator is proposed. The
OWA operator used in this work is the LAMA (Peldez et al., 2003a); due to this operator, it
is adequate to synthesize linguistic information in decision making environments produc-
ing aggregated results with a majority semantic (Peldez er al., 2006, 2007).

The LAMA operator is based in majority process and is a mapping function
F:R"— R that has associated a weighting vector W =[wi,ws,...,w,|" where

w, €[0,1] and Zwl.zl.
=
LAMA(al,az,...,an):bl®wl®b2®w2®...®b"®wn

with b; being the jit largest element of the a;, and @ is the sum of labels and ® is the
product of a label by a positive real (Peldez et al., 2003b).

The weights used in the LAMA operator are usually calculated from majority pro-
cess as follows:

Let &, the cardinality for the element i with &, > 0, then

5, Sintl 5,
w, = f(b.....b,) = Vi + Vi +ot L
eam 'esm -1 95 ,,,, +1 9& ea,m 9& ,,,, -1 '95,“m1 esm
where
. 1 ifd =k
0 otherwise
and

0 - {(number of item with cardinality > i)+ 1 if i # Sun

number of item with cardinality = i otherwise

The majority operators aggregate in function of §; that generally represents the im-
portance of the element i using its cardinality. In the majority processes are considered



128 m Suplemento/Supplement Vol.8. N m. 2

the formation of discussion or majority groups depending on similarities or distances
among the experts’ opinions. All values with a minimum of separation are considered
inside the same group. The calculation method for the value &, is independent from the
definition of the majority operators.

» An alternative model to value companies

In the second section, it was showed that the diverse criteria for the companies’ valu-
ation make use of references to futures to estimate both the interest rates and the ex-
pected benefits. A way to get these references to futures is by means of the opinion
expressed by the experts, who making use of their experience and knowledge make a
few judgments about them using qualitative information.

The proposal of this work is to incorporate the above mentioned information and the
majority concept into the companies’ valuation process using the method of Operative
or Mixed Analysis, so that the prospects the experts do, both for the interest rates and
the expected benefit, could be expressed by them making use of their own valuations
and domains of expression, and that those values be representative of their valuations.

The steps to follow in the developed valuation model are the following ones: For
every estimation to be carried out, the consulted experts will express their valuations
inside their own domain of expression; next, all the domains will normalize in the only
unified domain of expression, by means of the model of linguistic 2-tuples, on which
the information will be added for every value of the interval to consider by making use
of the LAMA operator. A standardization will be applied to the obtained results accord-
ing to the unified domain of expression initially chosen.

In this point, to estimate the interests and future benefits, the following expression
will be applied:

[low limit] + (upper limit-low limit)(-)[ L, L) ]
Being L',L) the standardized values after applying the LAMA operator to the
linguistic labels.
Finally, to obtain the company value, the following expression is applied
V.= ANR+ (B, —i.ANR).(1+i)" + - +(B, —i,.ANR).(1+i) " .(1+i,) " .1 +i,)"

The calculation of the Real Net Asset (ANR) will be carried out in accordance to
the criteria commonly accepted in the business evaluation. In any case, this information
would be set in uncertain terms, by means of an interval that defines the possible value
ascribed on which to operate in the same way described for the values of the interest
rates and estimated future benefits.
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Next, a detailed example of this model of valuation of linguistic companies is de-
veloped based on the concept of majority and 2-tuples. To that end, first of all the fu-
ture interest rates are calculated, secondly the future benefits, and finally, the company
value is estimated.

Future interest rates estimate (i)
In order to analyze the company value, the estimation process for the interest rates
usually begins with an analysis that allows to consider the possible stretches between
which it is expected that the interest rate will fluctuate for the periods that are to be
considered in the study, so that these should serve as the beginning point in the process
of negotiation between the parties that participate in it.

In the practical example that is intended to be explained, there has been established
a period of analysis of three years, for which there have been considered the following
stretches for the interest rates:

[0.04, 0.05], [0.045, 0.06], [0.05, 0.06].

In order to reach a consensus on the validity of that information, it is feasible to turn
to several experts so that they facilitate their conformity with each of the initial values.
The information request, according to the considerations carried out in the previous
sections, must be done so that each one can use terms usual to them. Thus, three differ-
ent linguistic sets are obtained with the following semantics:

Set I: S5 = {Si(Very High), S3(High), S3(Medium), S}(Low), Si(Very Low)}

Set 2: S,= {Si(Very High), SI(High), Si(Little High), St(Medium), Si(Low), Si(Little
Low), Si(Very Low)}

Set 3: Sq = {Si(Practically Sure) S5(Very High), Se¢(High), S3(Little High), Si(Me-
dium), S5(Low), S3(Little Low), Si(Very Low), So(Practically Null)}

where S/ is the label number i of a linguistic set with j labels.
This way we obtain the following linguistic valuations for each domain where the
experts evaluate each value of the interval, when the value is the same for both of them,

only one label is represented (Table 2).

Table 2
Linguistic valuations for each domain

Expert  [0.04, 0.05] [0.045,0.06] [0.05, 0.06]
e N Si Si—83
e Si—S% Si— S S5
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Expert  [0.04,0.05] [0.045,0.06] [0.05,0.06]

e Ss Sz S =83
€4 S3 S7— Sk S5 —Si
es $3—53 83— 83 St

e Si S S5 =8t
€7 St S5—87 S5 -85
g 557 S5 —S6 $5—57
€9 Ss ST—52 N
e Sy — St S5 — 86 S5 — Sk

Soruce: Own.

Firstly, it will be necessary to proceed to the standardization of the valuations estab-
lished by the experts. For this it is necessary to determine the set of linguistic terms that
will be used as a base to unify the information. In this case, since most of the experts
have used the domain Sy, this will be the chosen one, although it is possible to choose
any other. This way the table results as follows:

Table 3
Unified values
Expert [0.04, 0.05] [0.045, 0.06] [0.05, 0.06]
e (52,0)—(85,0) (52,0) (52,0)—(53,0)
e (82,0'33) — (53, — 0'33) (52,0'33) — (52,0) ($5,0) —(55,0)
e (55,0) (53,0) (85,0) = (8%,0)
e, (s2-0) (83,0) —(52,0) (2,0)— (54, )
es (52,0) —(52,0) (52,0) —(5%,0) (550)
e (53,0) (55,0) (55,0) = (83,0)
e (83,0) (52,0)—(55,0) (53,0)— (SA, )
e (83,0) = (53,0) (52,0)—(52,0) (83.0) = (55,0)
e (53,0) (57,0'33) = (83, — 0'33) (52,0'33) — (8%, — 0,33)
e (52,0)—(52,0) (52,0) —(52,0) (52,0) —(S2,0)

Soruce: Own.

With the information represented in linguistic 2-tuples and unified in the same ex-
pression domain, proceed to the process of aggregation of that information, consisting
in obtaining a value that represents the set of values (the set of opinions) wanted to
join so that we could introduce the majority concept and eliminate possible inherent
problems in the aggregation.

To calculate the weights, we establish the cardinalities of the elements using the
equality concept between tags defined in (Peldez et al., 2007).
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Table 4
Cardinalities in each period
[0.04, 0.05] [0.045, 0.06] [0.05, 0.06]
(52,0) 3 5 2 5 0 1
(53,0) 0 1 1 1 0 1
(83,0.33) 0 1 0 0 0 1
(8:,0) 3 1 2 3 1 0
(52,0.33) 1 0 1 0 1 0
(53,0) 2 1 3 0 1 0
(53.0) 0 0 0 0 4 4
(83,0) 0 0 0 0 0 1
(52,0.33) 0 0 0 1 0 0
(52,0) 0 0 0 0 0 2
(81.0.33) 0 0 0 0 0
(81,0) 0 1 0 0 0 0
(85,0) 1 0 0 0 3 0

Soruce: Own.

Next, the calculation in detail of the weights is performed for the first period, acting
in a similar way for the two remaining:

Interval [0.04]
1 1 1 1 1 1
w, = +—+-=0433; w,= +—+-=0433;
543 4.3 3 543 4.3 3
1 1
W, = +——+—=0.1; w, = ! +—+==0.017,;
5.4.3 4.3 543 4.
1
W, = +—+—-=0.017
5.4.3 4.

LAMA = (S,.0)®0.433@(S,,0)®0.433® (S,,0)® 0.1®(S.,0.33)®0.017
@(S,.0)®0.017 = (5,,-0.35)

Range[0.06]

wy = ! + ! + ! +L+l=0.947
6-2-2-2.2 2.2:2.2 2:2.2 22 2
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Wiza56 = ! + 0 + 0 +i+9=0.0106;
6-2-2.2-.2 2.2.2.2 2.2.2 2.2 2

LAMA = (S,,0)®0.947 @ (S,,~0.33)® 0.0106 ® (S,,0)® 0.0106  (S,,0)® 0.0106
@(5.,0)®0.0106 ® (S,,0)®0.0106 = (S,,~0.15)

So the future interest for this period will be:

i, =[0.04]+(0.01)(-)[0.738,0.872] = [0.04738,0.04872]

Likewise it operates in the remaining periods, which enables it to establish the ag-
gregate opinion of the experts obtaining more adjusted estimations for the interest rates
than initially considered.

i, =[0.045]+(0.015)(-)[0.6172,0.8577] =[0.05425,0.05786]

i; =[0.04]+(0.01)(-)[0.1831,0.4362] =[0.05183,0.05436]

Future profits estimate (B)
The process of company valuation, as it was pointed out, needs to establish a few val-
ues on which buyers and sellers agree with regard to the possible benefits to obtain in
the periods considered in the process. For this, first of all it is possible to start from a
few intervals for the benefits quantification that will serve as reference to request the
experts’ opinion. These must be established by the buyer as well as the seller.

To the operative effects of the practical resolution, there have been established the
following indicative intervals of the possible benefits for the three analysis periods:

B,=[4.000, 6.000] B,= [3.000 6.000] B;=[2.000 5.000]

From the previous estimations, it is possible to request the collaboration of a group
of experts to express their opinion by means of linguistic evaluations.

Table 5
Buyers and sellers linguistic valuations
Buyers [4.000, 6.000] [3.000, 6.000] [2.000, 5.000] Domain
€ S3— 83 Si— 83 Si—83 s
€ S3— 81 Si—53 Si— 583 s’
e S3 81— So— 83 s’

ey S5 85— S5 S:— 83 s’
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Buyers [4.000, 6.000] [3.000, 6.000] [2.000, 5.000] Domain
es ST =83 S-S St S°
Sellers [4.000, 6.000] [3.000, 6.000] [2.000, 5.000] Domain
e NEY S1—5i Si—51 S’

[2) Si—Se 57— 5% S3— 8% S°
e S5 — 83 3 53— 83 s°
ey Si— 83 Si— 83 57— 83 s°
es 53— Se S7—Ss Se— 53 S°

Soruce: Own.

The previous information standardization process in a sole expression domain will
be done following the same criteria as in the previous section.

Table 6
Standardized valuations
Buyers [4.000, 6.000] [3.000, 6.000] [2.000, 5.000]
a (83.0) —(55.0) (53,0) —(55,0) (5%,0)—(53,0)
e (81,0'33) = (52,0) (52,0)— (83, — 0'33) (52,0) = (55,0)
e (82%0) (52,0)—(53,0) (SQ, )—(520)
e (55,0) (8%,0) = (55,0) (53,0) = (5%,0)
es (83,0) = (52,0) (8%,0) = (85,0) (53,0)
Sellers [4.000, 6.000] [3.000, 6.000] [2.000, 5.000]
e (83, —0'33)—(52,0) (55,0)—(5%0'33) (52,0'33) — (53, — 0,33)
e (53,0) = (8%,0) (8%.0) = (85,0) (83,0) = (53,0)
e (53,0) = (8%,0) (52,0) (55,0 ) (52,0)
ey (83,0) = (85,0) %,0)—(83,0) (83,0) = (85,0)
es (8%,0) = (55,0) (97,0) (8:.0) (86.0) = (5%.0)

Soruce: Own.

Next, the unified information will be added, obtaining a value that represents the set
of opinions collected from the different experts. In this regard, we proceed to carry out
the aggregation, following the same methodology put into practice for the estimation of
the interest rate. Therefore, from the information gathered in the previous table it will
be possible to establish the cardinalities for the buyers and sellers valuations collected
in tables 6 and 7 respectively.

Table 7
Cardinalities for buyers in each period
[4.000, 6.000] [3.000, 6.000] [2.000, 5.000]
(8,,-0.33) 0 0 0 1 0 0
(S:0) 0 1 0 2 0 0

(S5,0) 2 2 1 0 0 0
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[4.000, 6.000] [3.000, 6.000] [2.000, 5.000]
(84,0) 1 2 2 1 0 3
(83,0) 0 0 0 0 0 1
(55,0 1 0 1 1 3 1
(81,0.33) 1 0 0 0 0 0
($,,0) 0 0 1 0 0 0
(S0:0) 0 0 0 0 2 0
Soruce: Own.
Table 8
Cardinalities for sellers in each period
[4.000, 6.000] [3.000, 6.000] [2.000, 5.000]
(S,0) 0 1 0 2 0 0
(87,0) 1 0 2 0 0 1
(87,-0.33) 0 0 0 0 0 1
(Se,0) 0 4 1 1 1 1
(85,0.33) 0 0 0 1 1 0
(85,0) 2 0 0 0 0 0
(8,,0) 1 0 1 1 0 2
(83,0) 0 0 0 0 1 0
(5,,0) 1 0 1 0 2 0

Soruce: Own.

The previous information allows to obtain the future benefits, although in order to
avoid repeating the calculations, only the operations corresponding to the first period
for the buyers are carried out.

For [4.000]

11 10 10
w=—+—=0625; w,=——+—=0.125; w,=——+—=0.125;
4.2 2 4.2 2 4.2 2

10
w,=——+—=0.125
4.2 2

LAMA = (S,,0)®0.625®(S,,0)®0.125@(S,,0)®0.125®(S,,0.33) ® 0.125 = (S,,0.04)

For [6.000]

W1=L+l=0.444; W2=L+l=0.444; W3=L+9=0.1]2;
3.3 3 3.3 3 S 33 3
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LAMA = (5,,0)®0.422®(S,,0)®0.422®(S,,0)®0.112 = (S,,—0.34)

B =[4.000]+(2.000)(-)[0.4490,0.5185] =[4.898,5.037]

Operating in the same way with sellers we get:

B! =[4.000]+(2.000)(-)[0.4768,0.6805] = [4.953,5.361]

And for the remaining intervals
By =[3.000]+(3.000)(-)[0.388,0.6018] =[4.166,4.805]
BY =[3.000]+(3.000)(-)[0.6527,0.7688] =[4.958,5.306]
BS =[2.000]+(3.000)(-)[0.1666,0.4166] =[2.499,3.249]

BY =[2.000]+(3.000)(-)[0.3379,0.5601] =[3.013,.3.680]

In an initial approach, for the first period, the aggregate opinion of the buying ex-
perts establishes a minimal value in 4.898. For their part, the sellers establish a maxi-
mum valuation of 5.361, so that a new interval would be to get [4.989, 5.361], in which
there would appear all the opinions expressed by the experts.

Therefore, a meeting point that serves as a base for the negotiating process is laid
down, although a new assessment could be necessary for the obtained interval. In this
case, you can proceed in a similar way as done with the initial intervals; it will allow
to reduce again the uncertainty as it diminishes the base of the interval that would be
obtained.

Also, if it is needed to proceed to the movement of the obtained result, it would be
possible to proceed to a parameterization process. Nevertheless, in order to facilitate
the resolution of the raised example, the results obtained in the first process are accept-
ed as valid, using therefore that information for the calculation of the company value.

Calculation of the entire value of the company (V,)
As it has been said before, the basic formula for the estimation of the company value
is the following one:

V.= ANR+ (B, =i, ANR).(1+i)”" + - +(B, —i .ANR).(1+i,) " .(1+4,) " (1 +i )"

That can be simplified with the following nomenclature
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I'=0+i)"
L'=1+i)"A+i,)"

L=+ Qi) (L 40,)

Therefore, the expression of the estimated value would stay in the following way
ANR+Y B-I;

1+2n‘i,.~1;1

V =

e

As for the value of the Real Net Asset (ANR), in order not to repeat calculation
processes, it is assumed that is known and accepted in an amount of 3.000 monetary
units. Therefore, the available information in order to proceed to the estimation of the
company value is the following one:

ANR=3.000;

i, =[0.04738,0.04872]; i, =[0.05425,0.05786]; i, =[0.05183,0.05436]
B, =[4.898,5.361]; B, =[4.166,5.306]; B, =[2.499,3.680]

The information on the interest rates allows to obtain the corresponding types of
update rates:

[1(+)i, T =[0.9535,0.9547]

[1(+)i,]" =[0.9453,0.9485]

[1(+)i, ] =[0.9484,0.9507]

I =[1(+)i, 1" =[0.9535,0.9547]

L' =1+ [1(+)i, ] =[0.9013,0.9055]

I =[5 T 15 T[] =[0.8547,0.8608]

The process to obtain the interest rates and the updated benefits for each of the pe-
riods of analysis is carried out based on the calculations stated next:
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B, ()1, =[4.898,5.361](-)[0.9535,0.9547] =[4.670,5.118]
B,()I,' =[4.166,5.306](-)[0.9453,0.9485] =[3.938,5.032]
B,(")I;' =[2.499,3.680](-)[0.8547,0.8608] =[2.135,3.167]
i,(-)I;" =[0.04738,0.04872](-)[0.9535,0.9547] =[0.04517,0.04651]
i,(-)I;" =[0.05425,0.05786](-)[0.9453,0.9485] = [0.05128,0.05488]

i,()I;' =[0.05183,0.05436](-)[0.8547,0.8608] = [0.04429,0.04679]

So that the company value is obtained:

y _ 3:000(1)[10.74313.317] _ 3.000(+)10.743 3.000(+)13.317

. , = [12.047,14.212]
1(+)[0.1407,0.1481] 1(+)0.1407 ~ 1(+)0.1481]

The previous result allows ascertaining that the benefit will be neither lower than
12.047 nor will overcome 14.212 monetary units. The range of the interval must be
an object of negotiation between the parties; although, if a lower uncertainty base is
considered to be necessary, it would be possible to resort to a new assessment until that
uncertainty could be negotiated between buyers and sellers.

n Comparative of the method

To carry out the comparative of the process proposed in this work, we have chosen to
apply the methodology of the expertons (Kaufmann, 1987), extended to the 2-tuples to
carry out the process of aggregation of the experts opinions. The company value will
be determined by the method of the Operative Analysis

Defined by Kaufmann (1987), the expertons are a method that allow adding the
opinion of several experts, from the valuations given by them, where a statistics is
carried out on all possible values, which will depend on the used scale. That statistics
undergoes a standardization process according to the number of available opinions.
Precisely, the complementary accumulated function is what is named experton.

In Table 9, the expertons (accumulation function) are shown for each range. While
in Tables 10, 11 and 12, the R+-expertons of the method will be determined.

To the obtained values the mathematical expectation is calculated, resulting:

i, =[0.04610,0.04720] ; i, =[0.05632,0.05836] ; i; =[0.05289,0.05544]
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Table 9
Expertons calculated for three periods
[0°04, 0°05] [0°45, 0°06] [0°05. 0°06]
(53,0) 0,900 1,000 |(s3,0) 1,000 1,000 | (s2,0) 0,700 1,000
(57,0) 0,900 1,000 |(s3,0) 1,000 1,000 | (3,0) 0,700 1,000
(83,0) 0,900 0900 |(s7,033) 1,000 1,000 | (S3,0) 0,700 1,000
(83,0) 0,900 0,900 |(S50) 0,900 1,000 | (53.0) 0,300 0,800
(53,0) 0900 0900 |[(83,0'67) 0,900 1,000 | (550) 0300 0,700
(52,0) 0900 0,900 |(53,0) 0,900 0,900 |(S%0) 0300 0,300
(52,0'33) 0,700 0,800 |(s3,0) 0,900 0,900 | (85,0) 0200 0,300
(52,0) 0,300 0,700 |(s2%,0) 0,900 0,900 |(S%.—0'33) 0,100 0300
(82,0'67) 0,300 0,600 |($2,033) 0,600 0,900 | (53.0) 0,000 0,300
(52,0) 0,300 05500 |(s2,0) 0,500 0,900 |(S0) 0,000 0,200
(53,0) 0,000 0,000 |(s20) 0,400 0,700
(53.0) 0,300 0,600
Soruce: Own.
Table 10
R+-expertons for the first period
(s5,0) 0,900 1,000 (s5,0) 0,049 0,010
(82,0) 0,900 1,000 (s3,0) 0,049 0,050
(5%,0) 0,900 0,900 (5%,0) 0,049 0,049
(53,0) 0,900 0,900 (2,0) 0,049 0,049
(s3,0) 0,900 0,900 (82,0) 0,049 0,049
0'04 +(0'05—0'04)(-) (s3,0) 0900 0900 | = ($%0) 0,049 0,049
(52,033) | 0700 0,800 (52,0'33) 0,047 0,048
(82,0) 0300 0,700 (52,0) 0,043 0,047
(5%,0'67) 0300 0,600 (83,0'67) 0,043 0,046
(53,0) 0,300 0,500 (83,0) 0,043 0,045
(53,0) 0,000 0,000 (52,0) 0,040 0,040
Experton R+experton
Soruce: Own.
Table 11

R+-expertons for the second period

(853,0) 0,060 0,060
(57,0) 0,060 0,060
($3,033) 0,060 0,060
(85,0) 0,059 0,060
(52,0'67) 0,059 0,060
(53,0) 0,059 0,059
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0'045 +(0'06 — 0'045)( -) 5,0) 5,0) 0059 0,059

(55, = (%

(5%0) (52,0) 0,059 0,059

(85,033) (5%0°33) 0,054 0,059

(5%,0) (52,0) 0,053 0,059

(53,0) (85,0) 0,051 0,056

(82%,0) (52,0) 0,050 0,054
Experton R+-experton

Soruce: Own.

Table 12
R+-expertons for the third period
(83,0) 0,700 1,000 (85,0) 0,057 0,060
(8%,0) 0,700 1,000 (8%,0) 0,057 0,060
(83,0) 0,700 1,000 (5%0) 0,057 0,060
(53,0) 0,300 0,800 (83,0) 0,053 0,058
(83,0) 0300 0,700 (55,0) 0,053 0,057
0'05+ (006 —0'05)(-) (5%0) 0,300 0,300 = (820) 0,053 0,053
(52,0) 0,200 0,300 (52,0) 0,052 0053
(s5,—0'33) | 0100 0300 (53, —033) 0051 0,053
(53,0) 0,000 0,300 (53,0) 0,050 0,053
(52,0) 0,000 0,200 (S2,0) 0,050 0,052
Experton R+-experton

Soruce: Own.

To calculate the future benefits, we must operate in a similar way, that is to say, the
expertons must be calculated using the statistics for sellers and buyers. Later, the R+-
expertons are generated and the mathematical expectation is calculated. Finally, the
following results are obtained for the buyers and sellers:

B =[4.978,5.288]; B} =[4.978,5.422]
B; =[4.068,4.688]; B, =[4.734,5.133]
By =[2.450,3.275]; B; =[3.140,3.740]

With that, a final company value is obtained after calculating the interest rates and
the updated benefits for each of the periods of analysis:

V= 3.000(+)[10515,13.039]
‘ 1(+)[0.1400,0.1455]

=[11.855,14.001]
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s Analysis of the two methods

Once the problem is solved with both methods, it can be seen that the results produced
by the method of companies of majority valuation are comparable, the partial ones as
well as the final outcome, to the ones obtained by the traditional method of the Exper-
tons, being a light displacement of the final valuation range, prompted by the applica-
tion of the majority concept in the valuations expressed by the experts. This fact allows
us to establish that the results that this new method reproduces are not far from of an
acceptable solution, as they are within the values that other traditional methods repro-
duce, as the method of the expertons.

The final interval is displaced to the values most representatives of the expert’s
opinions because the new approach includes the majority concept through the LAMA
operator in the aggregation process. This aggregation operator is able to reflect the
expert’s opinions where the aggregation value is more affected by the majority of opin-
ions than traditional aggregation operator (Peldez et al., 2003, 2006 y 2007).

A problem posed by some of the traditional methods of company valuation, also
produced by the method of the expertons, is not monotony, as can be verified in the cal-
culation of the purchase profit of the first interval, where the aggregation of the values
{(S5,0), (55,0), (S4.,0), (S2,0), (S1,0)} and {(S7,0), (S5,0), (S5,0), (S4,0), (S2,0)} pro-
duce the same result. This problem is due to the concept of relative frequency on which
the expertons are based, whereas these problems are eliminated by the method based on
the majority concept, at the same time that avoids appearing problems of distribution in
the decision making process (Peldez, 2003b).

Finally, another advantage that the method proposed in this work offers is that it al-
lows pre calculating the weights of the valuations carried out by the experts, hence its
reusing in other valuation processes, making the application of the method to be almost
immediate, which is not possible with the traditional methods.

s Conclusions

In this work, a linguistic alternative model of company valuation has been presented,
based on the method of the Operative Analysis and the concept of linguistic majority.
As it has been put forward, in the process of company valuation it is important that the
obtained solution be representative of most of the valuations expressed by the experts.
That’s why the majority LAMA operator extended to the linguistic representation of
2-tuples has been used, which enables to work with a representation of multigranular
information at the aggregation process.

The practical development has made possible to ascertain the validity of the system,
through the comparison with the method of the expertons. The combined use of the
linguistic majority operators and the 2-tuples enables the treatment of the information
given by experts of each of the parties (buyer and seller) in a natural way, generating re-
sults more representative of the initial evaluations and contributing with the advantages
of the majority concept making the consensus process in the final valuation easier.
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As well as the previous advantages, this new method prevents problems like not mo-
notony, and it makes possible to have the valuation weights by means of a precalculation
process, which enables its reuse in other valuation processes, making the application of
the method to be almost immediate, which is not possible with the traditional methods.
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