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ABSTRACT

Permanent-transitory decompositions and the analysis of the time series properties of economic variables at the business cycle
frequencies strongly rely on the correct detection of the number of common stochastic trends (co-integration). Standard techniques
for the determination of the number of common trends, such as the well-known sequential procedure proposed in Johansen (1996),
are based on the assumption that shocks are homoskedastic. This contrasts with empirical evidence which documents that many of
the key macro-economic and financial variables are driven by heteroskedastic shocks. In a recent paper, Cavaliere et al., (2010,
Econometric Theory) demonstrate that Johansen's (LR) trace statistic for co-integration rank and both its i.i.d. and wild bootstrap
analogues are asymptotically valid in non-stationary systems driven by heteroskedastic (martingale difference) innovations, but
that the wild bootstrap performs substantially better than the other two tests in finite samples. In this paper we analyse the
behaviour of sequential procedures to determine the number of common stochastic trends present based on these tests. Numerical
evidence suggests that the procedure based on the wild bootstrap tests performs best in small samples under a variety of
heteroskedastic innovation processes.

Keywords: Co-Integration, Maximum Eigenvalue Rank Tests, Conditional Heteroskedasticity, 1.1.D. Bootstrap, Wild Bootstrap.

Determinacion del nimero de tendencias estocasticas comunes
bajo heteroscedasticidad condicional

RESUMEN

Tanto las descomposiciones en componentes permanentes-transitorias de las series de tiempo como el analisis de las propiedades
como tales de las variables economicas en las frecuencias del ciclo econémico (business cycle) dependen fuertemente de la
deteccion correcta del niimero de tendencias estocasticas comunes (cointegracion). Las técnicas estandar para la determinacion del
namero de tendencias comunes, como, por ejemplo, el conocido procedimiento secuencial propuesto en Johansen (1996), se basan
en la hipotesis de que los shocks son homoscedasticos. Esto contradice la evidencia empirica que demuestra que muchas de las
variables financieras y macroecondmicas mas importantes se mueven por shocks heteroscedasticos. En un articulo reciente,
Cavaliere y otros autores (2010, Econometric Theory) demuestran que el estadistico LR de la traza para el rango de la co-
integracion y sus analogos (tanto los i.i.d. como los “wild” bootstrap) son validos asintoticamente en sistemas no estacionarios
dirigidos por innovaciones heteroscedasticas (diferencia de martingalas) y que, ademas, “wild bootstrap” funciona sustancialmente
mejor que los otros dos contrastes en muestras finitas. En este articulo, basandonos en esta prueba, analizaremos el
comportamiento de procedimientos secuenciales para determinar, sobre la base de esos test, el nimero de tendencias estocasticas
comunes presentes. La evidencia numérica sugiere que el procedimiento basado en los test “wild bootstrap” funciona mejor para
pequenias muestras y bajo una variedad de procesos de innovaciones heteroscedasticas.

Palabras clave: Cointegracion, test de rango de maximo autovalor, heteroscedasticidad condicional, i.i.d. bootstrap, wild bootstrap.
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1. INTRODUCTION

Permanent-transitory decompositions and the analysis of the time series properties
of economic variables at the business cycle frequencies strongly rely on the correct
detection of the number of common stochastic trends (co-integration). Standard
techniques for the determination of the number of common trends, such as the
well-known sequential procedure proposed in Johansen (1996), are based on the
assumption that shocks are homoskedastic. This contrasts with the findings in
recent applied work, see e.g. Gongalves and Kilian (2004), which suggest that the
assumption of independent identically distributed (i.i.d.) innovations driving time
series models for macro and financial data is untenable in practice. Moreover, as
illustrated here in the empirical example reported in Section 6, the presence of
conditional heteroscedasticity may also critically affect the decision on the number
of common trends when using conventional approaches which do not allow for
such behaviour in the data.

In a recent paper Cavaliere ef al. (2010) [CRT] discuss the behaviour of the
trace [LR] test for co-integrating rank of Johansen (1996) under conditional
heteroskedasticity. CRT show that the asymptotic LR test, although derived under
the assumption of Gaussian i.i.d. innovations, remains asymptotically valid under
conditional heteroskedasticity. Moreover, CRT demonstrate the asymptotic validity
of both the i.i.d. bootstrap LR test of Swensen (2006) and the corresponding wild
bootstrap test which they propose, under conditional heteroskedasticity. Simulation
results reported in CRT for a variety of conditionally heteroskedastic innovation
models suggest that the wild bootstrap test clearly outperforms both the asymptotic
and i.i.d. bootstrap LR tests in finite samples.

In this paper we extend the analysis of CRT to investigate the behaviour of a
sequential procedure for determining the number of common stochastic trends of
the system based on the wild bootstrap trace statistics. This is compared, for a
variety of popular conditionally heteroskedastic models, with the corresponding
sequential procedures based on the asymptotic trace statistics and on the i.i.d.
bootstrap trace statistics of Swensen (2006). Overall we find that the wild
bootstrap-based sequential procedure again delivers significant improvements in
finite samples over the performance of both the asymptotic procedure and that
based on the i.i.d. bootstrap.

The paper is organized as follows. Section 2 outlines the reference co-integrated
VAR model driven by conditionally heteroskedastic (martingale difference)
innovations and recaps the trace statistic of Johansen (1996). The analogous wild
bootstrap test of CRT is briefly outlined in section 3 along with the corresponding
the i.i.d. re-sampling bootstrap rank tests of Swensen (2006). In section 4 we
outline the proposed sequential procedure based on the wild bootstrap trace tests.
The finite sample properties of this procedure are explored through Monte Carlo
methods in section 5 and are compared with those of the corresponding procedures
based on the standard asymptotic and i.i.d. bootstrap tests. In section 6 we apply
our sequential procedure to US interest rate data, finding evidence consistent with
recent multifactor theories of the term structure. Section 7 concludes.
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In the following '—*—' denotes weak convergence, '—2—' convergence in
probability, and '——,

Al

weak convergence in probability (Giné and Zinn, 1990;
Hansen, 1996), in each case as the sample size diverges to positive infinity; 1(-)
denotes the indicator function and 'x :=y' ('x= y") indicates that x is defined by
y (y is defined by x). The space spanned by the columns of any mXxn matrix A4
is denoted as col (A4); if A4 is of full column rank n<m, then A4, denotes

an mx(m—n) matrix of full column rank satisfying 4] A=0. For any square
matrix, A4, |Al is used to denote the determinant of A, [A| the norm
AP =tr{A4}, where tr{4} denotes the trace of 4, and p(A) its spectral

radius (that is, the maximal modulus of the eigenvalues of A4). For any vector,
x, |Ixl denotes the wusual Euclidean mnorm, |[lx|| :=(xx)'>. Finally,

alb(-y=a()=a(s)b(s)ds (Jb(s)b (s)'ds)'b(-) is used to denote the projection
residuals of a onto b.

2. THE CONDITIONALLY HETEROSKEDASTIC CO-INTEGRATION
MODEL AND ASYMPTOTIC TESTS

Following CRT, we consider the following VAR(k) model in error correction
format:

AX,=TIX,  +¥PU, +uD, +¢,, t=1..T @.1)
where: X, and ¢, are pxl, U, =(AX],,.., AX]

t t—k+1

Y is p(k-1)x1 and
¥ =(T,,....,I,_,), where {T',})_} are px p lag coefficient matrices and the impact

matrix IT :=of}” where o and [ are full column pxr matrices, » < p. The term D,,

which will be discussed in more detail below, collects all deterministic components in
the model. The initial values, X, =(Xj,...,X’,,,)’, are taken to be fixed.

As in CRT, the process in (1) is taken to satisfy the following two assumptions:

Assumption 1: (a) all the characteristic roots associated with (2.1); that is of
A(z) =(-2)1,- ofz-T,z(1-z)—-—T,_z"'(1-2)=0, are outside the unit
circle or equal to I; (b) det (o, T'B,)#0, with T =1, -, —---=T,_,.

Assumption 2: The innovations {€,} form a martingale difference sequence with
respect to the filtration F,, where F,_ C F, for t=..,-1,0,1,2,... satisfying: (i)

1< , P
FZE (g€ |F_)—>Z>0, (2.2)

t=1

and (ii) E||£—:t||4 <K <eoo,

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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Assumption 1 is standard in the co-integration testing literature, while
Assumption 2 implies that €, is a serially uncorrelated, potentially conditionally

heteroskedastic process. The latter therefore contrasts with the assumption that ¢,

is 1.1.d. as made in Johansen (1996) and Swensen (2006). The rank of IT is the so-
called co-integrating rank; under Assumptions 1-2, p—r denotes the number of

common stochastic trends.
For unknown parameters o, B, P, |, and when o and 3 are pxr matrices, not

necessarily of full rank, (2.1) denotes our conditionally heteroskedastic co-
integrated VAR model, which we denote as H (r). The model may then be written

in the compact form
Zy = 0B Z, +1,7,, +e, (23)

with Z, =AX,, and Z,, and Z,, defined according to the following cases for the
deterministic terms, as in Johansen (1996, p. 81):
1. uD,=01in(2.1), Z, =X, , and Z,, :=U, (no deterministic components).
2. uD, =y, =o0p” in(2.1), Z, =(X,,,1) and Z,, =U, (restricted constant).
3. uD, =, +Wu,t with p,=ap” in (2.1), Z, =(X,,¢) and Z,, =U/, 1)

(restricted linear trend).

As is standard, let M, = T"'ZT Z,7°,, i,j=0,1,2, with Z, defined as in

r=17 e
(2.3), and let S, =M, —MizMz"lezj, i,j=0,1. Under the assumption of i.i.d.
Gaussian disturbances, the pseudo Gaussian likelihood function depends on the
vector 0™ =(a,B,¥,u,X) (throughout we apply the usual norming or
identication as in Johansen, 1996, section 13.2). We denote the corresponding
pseudo Maximum Likelihood (PML) estimator as 6™ := (6,3, ¥,[1,2). Write the
maximized (pseudo) log-likelihood under H (r), say /(r), as

T y .
E(r):—310g|500|—3210g 1-1,)
i=1

where 711 >..>h ,» solve the eigenvalue problem

AS,, =SS0 Sy | =0. (2.4)

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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The pseudo LR (PLR) test for H(») vs H(p) then rejects for large value of the
statistic

0 ==2(@>r)-L(p)=-T le log (1-4,). (2.5)

i=r+l

CRT demonstrate that for data generated according to DGP (2.1) under
Assumptions 1 and 2, that under the null hypothesis H(r), the first-order limiting

null distribution of Q. coincides with that given in Johansen (1996) for the
homoskedastic case where €, ~i.i.d. (0,X) with finite fourth moments; that is,

0 ——tr(Q)=0,. (2.6)

where

Q, =tr ( Jasan Fay([ F(u)F(u)')l < [Fa) (dB(u))’]

where B(-) is a (p—r)-variate standard Brownian motion and where F' is a

function of B whose precise form depends on the deterministic term. More
specifically,

1. if uD, =0 in (2.1), then F = B;
2. if uD, =ap; in (2.1), then F :=(B’,1)’;
3.if ubD, =y, + opyt in (2.1), then F = (B ,u|l),

see also Johansen (1996).

3. BOOTSTRAP PLR TESTS

In this section we briefly review the wild bootstrap trace tests of the null hypothesis
H(r) against H(p), »<p of CRT and the corresponding i.i.d. bootstrap tests of

Swensen (2006). The implementation of both methods requires us only to estimate
the VAR (k) model under H(p) (i.e., the unrestricted VAR) and under H(r).

As in section 2, let W = (fl,...,fk_l) and, where appropriate, I denote the
PML estimates of ¥ and p, respectively, from the model under H(p); the
corresponding unrestricted residuals are denoted by €, ¢=1,...,T. In addition, let

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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6”,B" denote the PML estimates of a, B under the null hypothesis H(r)*. As
discussed in Swensen (2006) and CRT, both the wild and i.i.d. bootstrap algorithms
outlined below require that the roots of the equation |1:1(’) (z)| =0 are either one or

outside the unit circle, where

AV () =(1-2)1, -6z~ (1-2)z =+ =T, (1-2) 2. (3.1)

Moreover, both  bootstrap ~ methods require  that  |&( TR\ |¢0

(=1 B T, —---=T,_,). While the latter condition is always satisfied in practice

(and, hence, does not need checking), if the former condition is not met, then the
bootstrap algorithm cannot be implemented, because the bootstrap samples may
become explosive; cf. Swensen (2006, Remark 1).

3.1 CRT's Wild Bootstrap Algorithm

The following steps constitute the wild bootstrap algorithm of CRT:

Algorithm 1 (Wild Bootstrap Co-integration Test)

Step 1: Generate T bootstrap residuals Ef, t=1,...,T, according to the device
b
t

g =&w,

where {w)_ denotes an independent N(0,1) scalar sequence.
Step 2: Construct the bootstrap sample recursively from
AX! =X +TAXY + 4T, AX"  +el, 1=1,.,T, (3.2)

with initial values, X’ =---=X_ =0.

2 Specifically, and taking the case of no deterministics to illustrate, with the ordered eigenvalues,
A >"'>}\.p, obtained as laid out in section 2, let v = (\31,02,.,.,\317) denote the corresponding
cigenvectors, which satisfy ¥S,$=17, and ¥,,S,S,7=A, =diag(A.A,,...,A,). For each
r=0,1,..,p—1, the (uniquely defined) QMLE, [AS"", is then given by [3”) = QK;)"’, where
K =(1,,0,,.,) is a selection matrix indexed by r and p. After B is computed, the estimator

& is obtained in the usual manner by simple OLS regression (see Johansen, 1996); that is,

6 =5, BS B

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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Step 3: Using the bootstrap sample, {X]}, obtain the bootstrap test statistic,

Q) ==2({"(r)=1"(p)), where ("(r) and ("(p) denote the bootstrap analogues
of (r) and ((p), respectively.

Step 4: Bootstrap p-values are then computed as, pf,T :=1—Gf,T(Qr), where

Gﬁ () denotes the conditional (on the original data) cumulative distribution

function (cdf) of Q.

Step 5: Approximate the unknown cdf GZ () required in Step 4 of Algorithm 1 by
generating N (conditionally) independent bootstrap statistics, Q°.,, n=1,..,N,

computed as above but recursively from

AX:::; = &B,X::t—l +11‘1AX,1::[71 +'“+f‘k—lAXr}::t—k+l +€f::t’ t=1...T,
initialised at X' _,., ==X’ =0 and with {{w, " a doubly independent

N(0,1) sequence. The simulated bootstrap p-value is then computed as
ﬁf,T = N_IZf:](Qf:r >Q.), and is such that ﬁfT#p,bT as N — o, Note

that an asymptotic standard error for f)fr is given by ([)f,r(l— ﬁf’r)/N)m; cf.
Hansen (1996, p.419).

CRT establish the asymptotic validity of the wild bootstrap method outlined in
Algorithm 1 under conditional heteroskedasticity. In particular they demonstrate

the equivalence of the first-order limiting null distributions of the Q° and Q.
statistics, for a given deterministic case. Formally, they show that for data
generated according to DGP (2.1) under Assumptions 1 and 2, then under H(r),
o —, Q... A consequence of this is that the bootstrap p-values are

(asymptotically) uniformly distributed under the null hypothesis, leading to tests
with (asymptotically) correct size in the presence of conditional heteroskedasticity
of the form given in Assumption 2.

3.2. Swensen's i.i.d. Bootstrap Algorithm

The 1.i.d. bootstrap method outlined in Swensen (2006) follows the same steps as
the wild bootstrap method outlined above in section Sec 3.1, except that Step 1 of
Algorithm 1 is replaced as follows:

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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Algorithm 2 (i.i.d. Bootstrap Co-integration Test)

Step 1: Generate T bootstrap residuals €;, t=1,..,T, as independent draws with

. A — T A
replacement from the centred residuals {€, —T lzizls,.}tll.

Steps 2-5: Follow steps 2-5 of Algorithm 1, replacing €’ by € throughout’.
Denote the resulting i.i.d. bootstrap rank statistic by Q! and the associated i.i.d.

bootstrap p-value by p; ;.

Under the (homoskedastic) assumption that €, ~1.4.d.(0,Z) with finite fourth
moments, Swensen (2006) demonstrates that, under H(r), the i.i.d. bootstrap rank
statistic O replicates the first-order asymptotic null distribution of the standard
trace statistic, 0. of (2.5). CRT demonstrate that the i.i.d. bootstrap method of
Swensen (2006) remains asymptotically valid under the conditionally
heteroskedastic conditions of Assumption 2; that is, they show that for data
generated according to DGP (2.1) under Assumptions 1 and 2, then under H(r),
0’ ——,0,.., and consequently that the bootstrap p-values are, as with the

corresponding wild bootstrap p-values, (asymptotically) uniformly distributed
under the null hypothesis.

4. BOOTSTRAP SEQUENTIAL PROCEDURES

The most important use of the likelihood ratio test outlined earlier is as part of a
sequential procedure to determine the co-integration rank (i.e., the number of
common trends). Johansen (1996) outlines a sequential approach to determining
the co-integration rank, based on the sequence of trace statistics, 0,,0,,...,0, ;.

This procedure starts with testing » = 0 against » = p using the (, test and
sequentially raises 7 by one until for » =7 the test statistic O, does not exceed the

1M level critical value for the test. For the case of i.i.d. errors, Johansen (1996)
demonstrates that this procedure is consistent in the sense that the correct co-
integrating rank will be selected with probability (1—7) in large samples®. This

result follows because under H(r), the r largest eigenvalues solving (2.4),

w

In fact, Swensen (2006) suggests including the estimated deterministic component in the right
member of (3.2) and initialising at X”,,, =X _,,,,....,Xs = X,. We do not do this because, as shown

in Caveliere, Taylor and Trenkler (2010), this yields tests which are not invariant to the level of the
deterministic component, such that their finite sample size and power will depend on the latter.
*If the true rank is p then this will be selected with probability 1 in large samples.

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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T
O, (1). Consequently, the PLR test based on O, will be consistent at rate O, (T) if

converge in probability to positive numbers, while T XHI,. T A , are of

the true co-integration rank is, say, 7, >7. CRT argue that the same result holds
true under conditional heteroskedasticity of the form given in Assumption 2.

The issue of how to implement a bootstrap version of Johansen's sequential
approach is not trivial. For instance, Swensen (2006, p.1700) observes that

“This problem is more intriguing and presents some new aspects that are
nonstandard in a bootstrap context, because we have to do the resampling for
different values of the rank of the estimated reduced rank matrix. The dimension
of the cointegration space in the generated observations will therefore not
correspond to the true cointegration rank, but to the imposed rank (...)”.

As in Algorithm 2 of Swensen (2006) and in Algorithm 1 of CRT, the
sequential bootstrap procedure is implemented by estimating o, B (together with p
in the case of deterministic terms) under H(r), and then using these estimated

values in the re-sampling recursion equation. As discussed in Swensen (2009), this
throws up a potential complication in those steps of the procedure where the null
rank being tested is smaller than the true co-integrating rank. To be valid here, the
additional conditions outlined in Assumption 2 of Swensen (2009) must be
assumed to hold.

In order to describe the bootstrap sequential procedure, as before we denote by
Y= (Ty,....T,,) the estimates of ¥ :=(T,...,I,,) obtained from the
unrestricted model; i.e. those obtained setting » = p. At each stage of our proposed
sequential algorithm, the bootstrap trace statistic is calculated from re-sampled data
which are constructed using ¥ and the (Gaussian) (quasi-) likelihood-based
estimates [QMLE] of o and B under H(r), the latter two denoted by 6. and .
Notice, therefore, that this model will be misspecified unless r is the true rank.

Using these restricted estimators and defining ﬁ(”(z) as in (3.1), the bootstrap
sequential procedure outlined in Swensen (2006) and CRT is then as follows.

Algorithm 3 (Sequential Bootstrap Algorithm)

Starting from r =0, perform the following steps:

Step i: Check whether the roots of the equation |IZI("’(Z)|:O are either one or

outside the unit circle. If this is not the case, the algorithm stops.

Step ii: Generate T bootstrap errors €F using the residuals from the unrestricted
model (i.e., estimated under rank p) using either: (a) the wild bootstrap, so that

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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b (see Step 1 of Algorithm 1 above), or (b) the i.id. bootstrap, so that
Y (see Step 1 of Algorithm 2 above).

Step iii: Construct the bootstrap sample recursively from

AXF =6"B7XE | +T AN

r,t r,t—1

o+, AXF

rt—k+1

+8;k, Z‘:l,,..,T,
initialised at X*,,, ==X} =0.

Step iv: Using the bootstrap sample, {X ,* .}, obtain the bootstrap test statistic,

OF ==2(0*(r)—*(p)), where (*(r) and (*(p) denote the bootstrap analogues
of ((r) and [((p), respectively, along with the corresponding p-value

p¥ =1-G*.(Q,) where G*.() denotes the conditional (on the original data) cdf

r,

of OF. In practice, as detailed in Step 5 of Algorithm 1, the unknown cdf, G, (),

may be numerically approximated using N bootstrap replications.

Step v: If p¥, exceeds the significance level, |, set 7 =r, otherwise repeat steps
(i)-(iv) testing the null of rank (r+1) against rank p if r+1<p, or set F=p if
r+l=p.

Using the results in CRT, it is straightforward to shown that under the
conditions stated in Swensen (2006, 2009) and CRT this sequential procedure is
consistent in the sense that correctly selects the true co-integrating rank with
probability (1—-m) in large samples (1 denoting the nominal significance level used
in each test in the procedure) in the presence of conditional heteroskedasticity
satisfying Assumption 2. This property is formalized in the following theorem. The
proof is entirely straightforward given the results in CRT and is omitted in the
interests of brevity.

Theorem 1. Let X, be generated according to DGP (2.1) under Assumptions 1

and 2. Further let Assumption 2 of Swensen (2009) hold. Denoting the estimator of
the co-integration rank obtained from Algorithm 3 by 7, then

}imP(fzr)zO forall ¥ =0,1,...,7, —1
;imP(;?:rO):l—n-l(r0 <p)

lim sup P(F=r)<n.

T—e re{rny+l,..,p}

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3
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The consistency result in Theorem 1 holds for both the wild bootstrap and i.i.d.
based bootstrap sequential procedures of CRT and Swensen (2006, 2009),
respectively. A comparison of the finite sample behaviour (together with that of the
asymptotic sequential procedure of Johansen, 1996) in the presence of a variety of
conditionally heteroskedastic innovation processes is explored numerically in the
next section.

5. FINITE SAMPLE SIMULATIONS

In this section we use Monte Carlo simulation methods to compare the finite
sample properties of the sequential approach of Johansen (1996) when applied
using the asymptotic PLR tests of Johansen (1996) and the wild and i.i.d. bootstrap
analogues of the PLR tests of CRT and Swensen (2006), respectively. The
simulation model we consider allows for conditional heteroskedasticity in the
innovation process driving the VAR model.

In sections 5.1, and 5.2 we follow Johansen (2002) and Swensen (2006), and
consider as our simulation DGP an /(1), possibly co-integrated, VAR (1) process

of dimension p. We allow the dimension of the VAR process to vary over
p=2,...,5, and consider both the case of no co-integration (» =0, and hence p

common trends) [section 5.1], and of a single co-integrating vector (»=1, and
hence p—1 common trends) [section 5.2]. In section 5.3 we will subsequently

report results for »=0 in a VAR(2) model, thereby also investigating the finite
sample impact of higher-order serial correlation.
The DGP considered in section 5.1 is the multivariate martingale process,

AX, =g,

while a generalisation of this DGP to the non-co-integrated VAR(2) case is detailed
in section 5.3. In section 5.2, the DGP is the co-integrated VAR(1) model

AX, =of'X,  +¢,

where o, and B are px1 vectors. In each case €, = (g, ,,....€, ) is a p-dimensional

martingale difference sequence with respect to the filtration F, =06(g ¢, ,...).
Following van der Weide (2002), we assume that €, may be written as the linear

map
g, =Ae, (5.1)

where A is an invertible pX p matrix which is constant over time, while the p

components of e, =(e, ,,....,e, )’ are independent across i=1,...,p. In the case
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where the individual components follow a standard GARCH (1,1) process (as is
the case with Models A and B below), van der Weide (2002) refers to €, as a

GO -

GARCH (1,1) process. We set A=/, in the simulations, without loss of

generality’. Moreover, in the »=1 case considered in section 5.2, we follow
Johansen (2002) and Swensen (2006) by considering DGPs with B :=(1,0,...,0)"

and o =(a,,a,,0,...,0)". This leads to the model

AXl,t = ale,z—l +¢€,
AXz,t = a2X1,H t€,,
AXI.J =€, i=3,..,p.

In our reported simulations we set @, =a, =—0.4, as in Swensen (2006, Table 2).

Within the context of (5.1) we consider for the individual components of e, the

univariate innovation processes and parameter configurations used in Section 4 of
Gongalves and Kilian (2004), to which the reader is referred for further discussion.
These are as follows:

Model A is a standard GARCH (1,1) process driven by standard normal
innovations of the form e, =4)%v,, i=1,..,p, where v, is iid. N(0,1),
independent across i, and h, =o®+dye.  +dh, ,, t=0,.,T. Results are
reported for (d,,d,)e {(0.5,0.0),(0.3,0.65),(0.2,0.79),(0.05,0.94)}.

Model B is the same as Model A except that the v,, i=1,..,p, are
independent i.i.d. #; (normalised to unit variance) variates.

Model C is the exponential GARCH (1,1) (EGARCH (1,1)) model of
Nelson  (1991) with e, =h%v,, In(h,)=-023+091n(h,_ )+
0.25]

Model D is the asymmetric GARCH (1,1) (AGARCH (1,1)) model of Engle
(1990) with e, =h!*v., h, =0.0216+0.6896h,  +0.3174[e, , —0.1108]",
with v, ~ 1.i.d. N(0,1), independent across i =1,..., p.

Model E is the GJR —GARCH (1,1) model of Glosten et al. (1993) with
h, =0.005+0.7h,_, +0.28[le, ,|-0.23¢,, ', with v, ~ iid.
N(0,1), independent across i =1,..., p.

v;_l -0.3v,_ ], with v, ~ i.i.d. N(0,1), independent across i =1,..., p.

19

_71/2
G hit Vies it—1

> By definition, the PLR statistic does not depend on the matrix A, as the eigenvalue problem in
(2.4) has the same eigenvalues upon re-scaling (as can be seen by simply pre- and post-multiplying

by A in (2.4)).
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e Model F is the first-order AR stochastic volatility model: e, =v, exp (4,),
h, =\, +0.5¢,, with (§,,v,)~ iid. N(0,diag(c;,l)), independent
across i=L..,p.. Results are reported for
(A,0.)=1{(0.936,0.424),(0.951,0.314)}.

it >

The reported simulations were programmed using the rndKMn function of
Gauss 7.0. All experiments were conducted using 10,000 replications. The sample
sizes were chosen within the set {50,100,200} and the number of replications used

in the wild bootstrap algorithm was set to 399. All tests were conducted at the
nominal 0.05 significance level. For the reasons outlined in Nielsen and Rahbek
(2000) relating to similarity with respect to initial values, the VAR model was
fitted with a restricted constant (i.e. deterministic case (ii) outlined under (2.3)),
when calculating all of the tests. For the standard PLR tests we employed
asymptotic critical values as reported in Table 15.2 of Johansen (1996).

5.1. The Non-Co-Integrated Model (r = 0)

Tables 1, 2, 3 and 4, at the end of the paper, report for p = 2, 3, 4 and 5,
respectively, the properties of the sequential procedure of Johansen (1996) applied

using the Q., O’ and Q' (r=0,...,p—1) tests (as described at the start of section
4 and in Algorithm 3, with significance level 1 = 0.05) in the column blocks
headed Q-based, O”-based and Q' -based, respectively, in the case where the true
co-integrating rank is zero.

Since all of the tests were run at the 5% significance level, each of the standard
and bootstrap sequential procedures should, in the limit, select »=0 with
probability 95% and r >0 with (combined) probability 5%.

Under constant conditional variances (the cases where d, =d, =0 in Models A
and B) it can be seen from the first two panels of Tables 1-4 that both the
procedures based on Q° and Q' select the correct rank more often than the
standard sequential asymptotic procedure ((,); for example, in the case of Model
A for p =5, while the standard sequential procedure selects the true rank 91.1% of
the time for 7 =100, the corresponding wild and i.i.d. bootstrap procedures

selecting the true rank 95.6% and 95.1% of the time, respectively.
When the innovation process displays conditional heteroskedasticity, the
benefits of the wild bootstrap sequential procedure over the other procedures

become clear. The results in Tables 1-4 show that both the Q and Q° procedures
tend to overestimate the true rank, even for samples as large as 7'=200, in the
presence of conditional heteroskedasticity. In contrast, the performance of the wild
bootstrap sequential procedure, Q°, seems largely satisfactory throughout.
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The performances of the Q and Q° procedures are generally worse, other things
being equal, the higher is the VAR dimension, p. For example, in the case of
Model A with d,=0.3, d,=0.65 and T =200, the Q and Q" procedures select
the true rank 90% and 90.7% of the time, respectively, for p=2 (see Table 1),
decreasing to 86.1% and 89.1%, respectively, for p=5 (see Table 4). In contrast,

here the Q" procedure select the true rank 94.4% and 94.3% of the time for p =2
and p =35, respectively. The precise model of conditional heteroskedasticity can

also make quite a substantial difference to the properties of the sequential
procedures. For example, comparing the results for Models A and B, we see that ¢,

innovations tend to cause rather less overestimation of the true rank than is seen for
standard normal innovations. Of all the models considered, it is the autoregressive
stochastic volatility case, Model F, which appears to have the strongest impact on
the performance of the sequential procedures. The two parameter configurations
both imply relatively strong serial dependence in the conditional variance of the
innovation process. Here the percentage of time the standard PLR sequential
procedure, Q,, selects the true rank is between around 60% to 80% depending on p

and the parameter configuration, while the i.i.d. bootstrap procedure, Q,, performs

only slightly better. For example, under Model F for the first parameter
configuration and p =5 the procedures based on the standard and i.i.d. bootstrap

PLR tests select the correct co-integrating rank only 62.9% and 69.2% of the time,
respectively, even for 7 =200; indeed, each will wrongly indicate that the true co-
integrating rank is two about 5% of the time. In contrast, the procedure based on
the wild bootstrap PLR tests appears to perform very well in practice, with its
empirical probability of selecting the true co-integrating rank of zero converging
rapidly towards 95% throughout. In the same example as above, the wild bootstrap-
based procedure selects the true co-integrating rank 92.1% of the time, and a rank
of two only around 1% of the time.

Although the wild bootstrap procedure, Q°, tends to overestimate the true rank

under Model F, it still represents an enormous improvement on the performance of
the other procedures. Moreover, the performance of the wild bootstrap procedure
improves, other things equal, as the sample size is increased. Notice that this last
observation is not the case for the QO and Q° procedures where the degree of
overestimation increases as the sample size increases. Very significant over
estimation, although not as bad as for Model F, is also seen for the Q and O°

procedures in each of Models C, D and E. Again here the wild bootstrap procedure
is much better behaved throughout.

In summary, we see that the procedure based on the wild bootstrap gets
considerably closer to the nominal level 95% in small samples than do the
procedures based on the standard and i.i.d. bootstrap tests, the latter two tending to
perform worse the higher is p. Indeed these latter two procedures can perform very
poorly indeed under conditional heteroskedasticity.
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5.2. The Co-Integrated Model (r =1)

Tables 5,6,7 and 8, at the end of the paper, report results for the sequential
procedure of Johansen (1996) for each of the three tests for p=2,3,4 and 5,

respectively, when the true co-integrating rank is one. Again the procedures based
onthe O, Q' and Q' (r=0,..,p—1) tests are reported in the column blocks

headed O-based, O’ -based and Q’ -based, respectively.

Since now the co-integrating rank is one, these procedures should, in the limit,
select =0 with probability 0%, »=1 with probability 95% and »>1 with
(combined) probability 5%. While these proportions are largely maintained, at least
for T =200, by the wild bootstrap-based procedure, the same cannot be said for
the procedures based on the standard PLR and i.i.d. bootstrap PLR tests, which as
with the corresponding results in Tables 1-4 can display a strong tendency to over-
estimate the co-integrating rank under conditional heteroskedasticity, even for quite
large sample sizes. It is also interesting to also note that in the smaller sample sizes
considered the standard and i.i.d. bootstrap-based procedures display a lesser
tendency to under-estimate the true co-integration rank than the wild bootstrap-
based procedure: for example, when p=3 and 7T =50, under Model D (see Table

6) the procedure based on the standard PLR tests selects a co-integrating rank of
zero 26.6% of the time, while the wild bootstrap procedure does so 40.1% of the
time. This result is, of course, an artefact of the uncontrolled size of the standard
0, test, this test in fact having size of 14.4% in this case; cf. Table 2.

5.3. The Non-Co-Integrated VAR(2) Model

To conclude this section, and following Johansen (2002, p.1940), we report some
additional results investigating the finite sample behaviour under the null
hypothesis of tests for IT=0 (so that the true co-integrating rank is zero) in the
VAR(2) model

AX, =T1X,  +T|AX,_, +¢,

with T, =E&/,, -1<&<I1. This model is an interesting extension of the

conditionally heteroskedastic VAR(1) model considered in sections 5.1 and 5.2
because it allows for higher-order stationary serial correlation. To that end we set
£ =0.5, which allows for a moderate degree of stationary serial correlation in the
process. As regards the innovation term, €,, we again considered each of Models

A-F, reporting results for a subset of the parameter configurations reported for
Models A, B and F in sections 5.1 and 5.2°. A restricted constant was again

® This was done in the interests of space, the additional results qualitatively adding very little to what
is reported.
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included in the estimated model. Tables 9, 10, 11, 12, at the end of the paper, report
the results for p=2,3,4,5, respectively.

As before, the procedures based on the 0., Q° and Q' (r=0,...,p—1) tests

are reported in the column blocks headed Q-based, Q-based and Q°-based,

respectively.

In general, it can be seen that higher-order stationary serial correlation tends to
inflate the number of times the standard PLR sequential procedure, O, select the
true rank 0, relative to the corresponding results for the VAR(1) case in Table 1.
This is true in both the conditionally homoskedastic and conditionally
heteroskedastic cases. To illustrate, for p=4 (see Table 11) in the i.i.d.
innovations case (Model A with d, =d, =0) the O procedure selects the true rank
58.5% of the time for T'=50, increasing to 89.1 % for 7 =200, as compared to
91.3% and 93.5% respectively for the VAR(1) case in Table 3. Both bootstrap
procedures also display a tendency to overestimate the true rank for 7 =50 in this
case, but the degree of over-estimation is much smaller than for the asymptotic

procedure (the true rank is selected 91.5% of the time for Q" and 91.1% of the
time for Q%) and are all but eliminated by 7 =200. As a second example, under
Model C for p=5 (see Table 12) the asymptotic procedure selects the true rank
27.0% for T=50 (77.5% for T =200) compared with 80.0% (85.3%) in the
corresponding VAR(1) model (Table 4). Again the higher-order serial correlation
does affect the performance of both bootstrap procedures, but again this is to a
much lesser extent than for the O, test: in the last example, the true rank is selected
by the Q" and Q' bootstrap procedures 87.5% and 84.4% (93.5% and 89.8%
for 7'=200), respectively, compared to 92.9% and 89.9% (94.3% and 88.8% for
T =200), respectively, in Table 4. Overall, both bootstrap procedures cop much

better with higher-order serial correlation than does the asymptotic procedure.
As with the results in Tables 1-4 for the VAR(1) case, in the VAR(2) case the

results in Tables 9-12 show that the wild bootstrap procedure Q" is again much
better behaved than either the Q or the Q' procedures in the presence of
conditional heteroskedasticity.

6. EMPIRICAL ILLUSTRATION

In this section we illustrate the methods discussed in this paper with a short
application to the term structure of interest rates; see Campbell and Shiller (1987)
for an early reference. According to classical theory, aside from a constant or
stationary risk premium, long-term interest rates are an average of current and
expected future short term rates over the life of the investment. Hence, provided
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interest rates are well described as /(1) variables, bond rates at different maturities

should be driven by a single common stochastic trend, with the spreads between
rates at different maturities being stationary. Although early studies tend to
corroborate this view, see, for example, Hall et al. (1992), more recent research,
based on broader sets of maturities, suggests that yields are better characterised by
more than a single common trend, reflecting possible non-stationarities in the risk
premia and additional risk factors, such as the slope and curvature of the yield
curve; see, for example, the discussion in Giese (2006).

We consider monthly data of U.S. treasury zero-coupon yields, say R" where

n denotes the maturity, with n = 1 (one-month), 3 (three-months), 12 (one year), 24
(two years) and 60 (5 years). The sample data cover the period 1970:1-2000:12,
thereby considerably extending the 1970:1-1988:12 sample used by Hall et al.
(1992); see Giese (2006) for further details on the data. Yield levels are displayed
in the upper panel of Figure 1 (see the last page of the paper), with the
corresponding first differences displayed in the second panel of the figure.

Let X, =(R",RV,R" ,R* R“Y. As is standard, we fit a VAR model for

t

X, with restricted intercept; that is, D,, =0 and D, =1 in (2.3). The VAR is
estimated using Gaussian (quasi-)maximum likelihood under the assumption of
constant conditional volatility; cf. Section 3. The number of lags is set to £ =4.

All five estimated equations display strong residual heteroskedasticity.
Specifically, White's test failed at the 1% level and single equation ARCH LM
tests all failed at the 1% level’. In addition, the final panel of Figure 1 reports the

estimated variance profiles of the five unrestricted residual series from the
estimated VAR (4) model. That is,

[Tul £»
28

t=1"1

T Ap?
Zt=18ff

for each i=1,...,5; see Cavaliere and Taylor (2007, 2008a,b) for further details.
Should ¢, have constant variance, the corresponding estimate of the variance

f,(u) = uel0,1]

profile should approximately follow the 45° line. A quick inspection of Figure 1,
however, suggests that this does not seem to be the case here, with the estimated
variance profiles reflecting the increased variability in month-to-month yield
changes observed in the late 1970s and early 1980s. Furthermore, according to the
tests proposed in Cavaliere and Taylor (2008b), the deviations of the estimated
variance profiles from the 45° line are all statistically significant indicating the
presence of changing variances in the data. Notably, the shape of the estimated
variance profiles are also consistent with the findings of Hansen (2003) who argues
for the presence of two shifts (the first in September 1979 and the second in

7 Results are available upon request.
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October 1982) in the covariance matrix of a system containing monthly U.S.
treasury zero-coupon yields with maturities of 1, 3, 6, 9, 12, 60 and 84 months
measured over the period 1970: 1-1995: 12.

In summary, although the computation of the trace statistics is based on constant
conditional volatility, the sequential testing procedure used to determination the
co-integration rank should take this heteroskedesastic behaviour into account.
Consequently, the inferences drawn from the sequential procedure based on the wild
bootstrap would be expected to be the most reliable of the three procedures in finite
samples.

Table 13, at the end of the paper, reports the results of the standard asymptotic
sequential procedure of Johansen (1996). Along with this procedure, we report
results obtained using Swensen's iid bootstrap sequential procedure as well as the
wild bootstrap sequential procedure of CRT. For the standard tests p-values were
computed as suggested in MacKinnon, Haug and Michelis (1999), while the
bootstrap p-values were calculated as detailed in Algorithm 3 using 999 bootstrap
replications in each case.

The standard sequential procedure detects four co-integrating relations. The
results obtained by using the i.i.d. sequential procedure of Swensen (2006) are in
accord with this result: while » = 3 (two common stochastic trends) is rejected at
the 5% significance level, the hypothesis » = 4 (one single common stochastic
trend) is not rejected at any conventional significance level. While these results
therefore appear to corroborate the traditional view of the expectation hypothesis of
the term structure, the wild bootstrap p-values reported in Table 13, which remain
valid in the presence of the apparent heteroskedasticity in the data discussed above,
suggest that the evidence of a single common trend underlying the term structure is
much weaker. Using the wild bootstrap, the presence of two common stochastic
trends (» = 3) against the alternative of a single common stochastic trend (» = 4) is
not rejected, even at the 10% significance level. Hence, there is now a clear
indication of two rather than one common trends underlying the dynamics of the
five yields considered. This result, which again is in line with the findings of Giese
(2006), consequently provides further support in favour of recent multifactor
theories of the term structure; see, for example, Diebold, Ji and Li (2007).

7. CONCLUSIONS

In this paper we have discussed methods, based on the well-known sequential
procedure proposed in Johansen (1996), for determining the number of common
trends in a vector non-stationary time series driven by conditionally heteroskedastic
innovations. Existing approaches make use of the asymptotic PLR tests of
Johansen (1996) or the i.i.d. bootstrap PLR tests of Swensen (2006). We have
discussed a corresponding procedure based on the wild bootstrap PLR tests of
Cavaliere et al. (2010). Numerical evidence presented suggests that the wild
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bootstrap based sequential procedure displays superior finite sample behaviour to
the extant procedures under a variety of conditionally heteroskedastic innovation
processes. An empirical application to US interest rate data was also reported
which, when allowing for heteroskedastic behaviour in the data, suggested the
presence of more than one common trend in bond yields over different maturities,
consistent with recent multi-factor theories of the term structure.
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ANEXOS

TABLE 1
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =2, True Rank is 0.

)-based 2 -hased )*-based
r=_0 1 3 o 1 2 9 1 2
Model A: &;,e = by vi, hap —w +dos2y_y + i haeet, vig ~ idd N(0,1), i =1, o p
diy dy T
00 00 &0 937 55 08 93 46 11 91 39 1.0
100 94.7 50 04 951 42 06 954 41 05
200 947 50 0.3 954 39 07 95.2 43 05
05 00 50 a0l 92 0.7 ®s 61 11 921 68 11
100 927 67 08 W7 46 07 935 57 08
200 934 60 08 w2 41 08 941 52 07
03 065 50 898 91 1.0 932 55 12 91.7 70 1.3
100 900 ol 0.7 94 50 06 a5 74 11
200 a0.0 91 0.9 o4 49 07 907 7O 14
02 079 80 90.7 83 1.0 034 54 12 924 64 12
100 901 91 09 w4 48 08 913 75 143
200 892 97 1.0 M5 49 06 899 86 1.5
005 004 80 935 58 0.7 M1 47 13 48 41 12
100 942 55 0.3 051 41 08 048 47 06
200 935 61 04 W9 45 07 941 51 08
Model B: ;¢ = !a:_"‘"v,-,,, hiy = w4 dceﬁt ki1, Vig~ild ts, i=1,..,p
do dq T
00 00 80 934 60 06 M8 42 11 949 42 1.0
100 043 54 0.3 051 43 07 950 44 06
200 945 50 05 %3 41 08 950 42 08
05 00 &0 915 77 08 00 48 12 032 58 10
100 92.7 69 04 047 46 07 936 56 08
200 935 61 05 950 44 06 add 48 08
03 065 50 013 80 07 M2 47 11 020 61 1.0
100 925 70 05 MO 45 06 935 56 0.9
200 928 65 06 W8 46 07 934 57 09
02 079 50 920 73 08 014 45 11 936 53 1.1
100 928 67 05 M6 47 07 038 55 0.
200 920 65 006 050 44 06 038 55 08
005 004 50 931 62 0.7 M8 42 10 947 44 09
100 941 55 04 050 44 07 047 45 07
200 942 53 05 953 40 07 946 45 08
Model C: £, = hit2ve,, In(hes) = 023 +091n(hy,—1) +0.25[0%, | = 0.805,0_1], vi ~ bid. N(0,1), i = 1,...p
50 800 98 1.1 028 61 11 908 77 15
100 89.7 94 09 94 49 07 908 80 1.2
200 904 90 08 M7 45 07 009 79 1.2
Model D &1, = kil wiey Buy = 0.0216 + 0,6806h;,—1 + 0.3174[e5,,—1 — 0.1108], vie ~ ik N(0,1), i = 1, onpr
50 88.2 106 1.2 032 55 13 901 82 1.7
100 873 117 11 038 54 08 885 98 16
200 861 126 1.3 944 49 07 870 111 20
Model E: &0 = hi [ vie, hie = 0,005+ 0.Th; o1 +0.28[e¢ 1| — 0.23;,0—112, vie ~ Lid. N(0,1), i =1, ...,
50 203 06 1.2 033 56 12 910 76 1.5
100 880 101 1.0 w3 51 07 900 88 1.2
200 880 107 1.3 91 41 08 887 97 16
Maodel F: ;0 = v pexp (hiz), i = Mg + 0.5, ,, (au.t: i) ~ 1.id. N (0, dia[-;[_cr%, 1)), i=1..p
A ae T
0036 0424 50 80.7 168 25 916 73 1.1 831 140 29
100 787 100 24 032 59 10 800 164 26
200 780 100 21 032 62 08 709 177 24
0051 0314 50 835 144 21 @0 60 11 863 114 23
100 825 1656 19 035 55 10 844 132 23
200 814 169 1.7 034 61 08 828 152 20
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TABLE 2
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =3, True Rank is 0.

J-based

)"-based

€ -based

r

0

1

2

3

i

1

bl

3

0

1 2 3

Model A: gy = fr.‘!l“ Uiy hig=w —dgr.‘frf 1+ dihig1,vie ~idd N(O,1),i=1,..,p

do d T
00 00 50 930 61 07 0.1 949 42 06 03 9.1 40 07 02
100 934 60 06 0. 949 44 05 02 945 48 06 0.1
200 939 55 06 00 947 46 05 01 948 45 05 02
05 00 50 893 07 09 01 934 56 07 03 922 70 06 02
100 002 88 09 01 037 55 06 02 021 69 08 02
200 O0L7 75 07 01 947 47 05 01 028 63 06 03
03 065 50 874 112 11 038 028 50 11 02 004 81 11 04
100 877 111 10 02 935 57 06 03 8.7 88 11 03
200 803 08 08 0. 048 46 04 02 005 84 00 02
02 079 50 888 100 09 02 929 59 09 03 9.7 72 08 03
100 886 101 1.1 02 936 54 08 02 902 84 11 03
200 878 110 1.0 02 946 46 06 02  $.0 95 11 04
005 094 50 024 66 08 02 045 45 06 04 948 48 07 02
100 930 62 0.6 02 946 45 06 0.2 944 49 06 0.2
200 928 66 04 0.1 949 45 05 02 935 59 04 02
Model Bt gi,c = byt vi s hiyy = @ +doeZ,_y +dyhigey, vig ~ idd fyy5 = 1, ooy
dp oy T
00 00 50 920 78 06 02 9.1 42 05 02 942 51 05 03
100 937 57 04 0. 9.3 40 05 02 9.1 42 04 02
200 42 52 06 00 954 40 05 01 954 41 05 0.1
05 00 50 887 103 08 01 936 54 08 02 921 68 09 02
100 916 7.7 05 02 948 44 0T 02 932 60 07 02
200 931 64 05 0. 0953 42 04 0.1 53 04 02
03 065 50 8.0 099 09 0. 038 54 06 02 69 07 02
100 908 83 07 02 M5 46 06 03 67 08 03
200 918 75 06 0.1 048 46 04 0.2 62 06 03
02 070 50 805 04 10 01 040 52 06 0.2 65 00 03
100 011 70 08 02 046 46 06 03 62 07 048
200 917 76 06 01 050 44 05 0.2 62 05 03
005 094 50  9L1 81 07 0.l 946 46 05 0.3 54 06 02
100 929 65 04 02 950 42 05 0.3 51 04 03
200 935 60 05 01 94 41 04 01 945 48 04 02
Model C: 54 = hi vie, In(hee) = —0.23 + 0.91In(hi ey ) 4 0.25[v2,_,| - 030, 1), viy ~ ivid. N(©,1),i =1, .,p
50 82 121 14 08 921 65 10 04 895 89 12 04
100 871 116 12 0. 934 BT 07 02 893 91 14 03
200 885 104 10 01 941 54 03 02  $99 87 10 04
Model D: g, = hll-“':gv_w‘,g, i = 00216+ 0.6806h, . 1 +0.317Td[e, o1 — 011082, v, ~ Lid. N(0, 1), i=1,...p
50 856 126 15 03 921 65 11 04 $89 094 12 05
100 850 133 15 02 031 50 08 02 8.0 113 14 04
200 830 150 18 03 040 52 06 02 8.0 126 19 05
Model E: sz = by v g, hi,e = 0.005 4 0.Thi -1 + 0.28(|s1,-1| - 0.28e4,e-1], i, ~ Lid. N(0,1), i =1, ...,
50 869 116 13 02 927 61 09 03 899 85 10 06
100 870 117 1.2 02 937 55 06 01 888 97 12 03
200 859 128 12 0.1 943 51 05 0.1 875 107 15 03

A

0.951

Model F: 2, =, ; exp (!)u],

aE

0936 0424

0.314

50
100
200

50
100
200

ot

e S B
NN O N el
wo koo

20,7
22.3
236
17.2
188
20.0

hie = Ahipoy + 088, (€, 0) ~iid N0, diag(e7, 1)), i =1,..,p

3.4
3.8
3.3
24
3.0

24

90,9
916
924
a1.8
92,6
93.3

0.3
0.2
0.2
0.3
0.2
0.1

80.9
6.8
5.4
83.7
80.8
T9.5

15,9
19.1
214
13.6
15.9
176 23
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TABLE 3
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =4, True Rank is 0.
)-based "-based €)' -based
= [ 1 3 3 4 0 1 T 3 4 0 1 7 3 4
Model A: =i,c = byt vie, hiye =t +dosho_y +dihig1, i ~idd. N0, 1),i =1, ..,p
do T
00 00 50 913 T7 09 01 00 7 37 05 01 01 952 41 05 01 00
100 927 64 07 02 00 850 42 06 02 00 M9 43 06 02 00
200 935 59 05 01 00 9.1 42 05 01 01 051 42 05 01 00
05 00 50 864 120 13 02 00 937 54 06 02 02 915 T4 08 02 01
100 888 100 1.0 02 00 937 55 04 02 01  OL7T 71 07 03 01
200 9L3 80 06 01 00 48 47 04 01 00 93 59 06 01 00
03 066 50 852 131 14 02 00 936 54 07 02 01 %06 80 10 03 02
100 863 120 15 02 00 638 53 07 02 01 803 92 13 02 01
200 879 109 10 02 00 944 49 06 01 00 %0 85 1.0 02 01
0.2 079 50 862 121 14 02 00 941 49 06 03 01 918 69 08 03 0.1
00 869 115 13 02 00 938 53 08 01 00 91 83 12 03 0.1
200 872 114 12 01 01 M5 48 06 01 00 803 93 12 01 01
005 084 50 907 82 10 01 01 94 39 04 02 0.1 M7 45 05 02 01
00 919 73 07 01 00 948 45 04 03 01 042 49 06 02 0.0
200 928 65 06 01 00 950 44 05 01 00 95 48 06 01 00
Model Bt 5 = h v hie =+ dogle_y + dihige—1, vig ~ i £,8 =1, p
do dy T
00 00 50 907 82 09 02 00 96 36 06 01 0l 944 49 05 02 00
00 933 58 06 02 0.1 %9 34 05 01 0.1 9.0 44 04 02 0.1
200 937 56 06 00 00 952 42 06 00 00 9.1 42 07 01 00
05 00 5 873 112 1.1 03 00 ™4 48 06 02 00 918 72 07 02 01
100 95 84 09 01 01 M9 43 06 01 01 91 59 07 02 01
200 019 T4 06 01 00 951 44 04 01 0. 936 58 04 02 01
03 066 50 874 100 14 02 00 M1 51 06 01 0l 921 68 08 02 01
100 896 92 09 01 0.1 M5 46 06 01 01 ®3 65 08 02 01
200 905 86 07 01 00 9 45 05 01 0. w6 66 06 01 01
0.2 070 50 883 101 13 02 01 M8 45 05 01 0. ®7 63 07 02 01
00 903 86 09 01 0.1 WT 45 06 01 01 ®»7 61 08 02 02
200 913 78 06 02 00 99 44 05 01 01 96 65 07 01 01
005 084 50 901 88 09 02 00 94 38 06 01 0l 9.1 51 06 02 00
00 926 65 0.7 02 01 %4 39 05 01 01 M6 45 06 02 01
W0 928 65 06 00 00 949 45 05 01 00 942 50 07 00 00
Model C: 2,0 = hy 1 vi 0, In(hi,c) = —0.23 + 09Iy e—1) +0.25[12, 1| — 0.8v; 0 1]ywic ~ ivicd. N0, 1),i = 1,..0p
50 828 151 18 02 00 927 63 08 02 0. 894 90 11 04 01
100 $54 128 1.6 02 00 937 53 07 02 0l 880 04 12 03 01
200 864 121 13 02 00 946 46 06 01 00 88 07 12 02 00
Model D: £ = by, i, hie = 0.0216+ 0.6896h; ey + 0.3174[gi ey — 0.1108]%, vie ~ Lid. N(0,1), 4 =1,...,p
50 831 146 20 03 00 924 64 08 03 00 887 97 12 03 00
100 834 141 21 03 01 931 59 08 01 01 8.9 109 18 04 01
200 821 154 22 02 0.1 037 54 06 02 00 847 130 19 03 01
Model E: i, = hih v, hiy = 0,005+ 0.Thee—1 + 0.28[si,e—1] — 0.23,01 2, viy ~ iid. N[0,1), i =1,...p
50 845 186 17 02 00 934 56 08 02 00 8.9 87 11 02 01
100 851 131 14 02 0.1 938 53 07 01 01 882 101 13 02 01
200 840 141 17 01 00 944 50 04 02 00 84 118 16 02 00
Model F: £ = viexp (i e), fie = M1 + 0.5 4, (& viz) ~ Ll N(O,dia;:(cr?. 1))i=1..p
A o T
0036 0424 50 239 44 08 02 903 82 11 02 02 792 168 29 07 04
100 260 52 08 02 913 75 09 02 01 737 213 40 07 03
200 268 50 08 0.1 922 69 08 00 00 719 233 39 06 03
0951 0314 50 200 34 05 0.1 916 70 10 02 02 835 137 22 04 02
100 08 39 04 02 921 67 10 01 01 792 169 31 05 03
200 211 4.0 06 0.1 934 55 08 02 01 778 182 32 06 02
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TABLE 4
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =5, True Rank is 0.

-based " -based Q" -based
r= 0 1 2 3 4.5 0 1 2 3 4.5 0 1 2 3 4.5

Model A: £i,0 = hy ) Wi ey it = @+ dos 2oy + dihie—1, v ~ddd. N(Q,1), i=1,..,p

do 4 T

0.0 0.0 50 879 106 1.2 03 0.1 963 31 04 02 00 95.2 41 06 01 00
100 919 73 06 01 00 956 40 04 00 00 95.3 43 03 01 00
200 93.1 61 07 01 00 956 37 06 01 00 95.3 40 05 01 00
0.5 0.0 50 824 153 20 03 0.0 938 54 06 02 00 90,9 83 08 01 00
100 874 110 14 01 0.0 946 47 06 01 01 91.8 71 08 02 01
200 90.4 88 08 01 00 957 39 04 00 00 93.2 60 06 01 0.0
0.3 0.5 50 819 153 25 02 0l 0938 52 09 01 01 905 81 12 01 00
100 8652 128 15 04 0.1 937 54 06 01 01 90.0 87 09 03 01
200 861 123 14 02 00 943 51 06 01 00 80.1 05 12 02 01
0.2 0,79 50 838 138 21 03 01 945 45 08 02 00 923 64 10 03 01
100 860 121 15 03 01 945 48 05 01 00 490.8 79 10 02 01
200 865 118 15 02 0.0 0944 48 07 01 00 804 o0 13 03 00
0.05 004 50 87.7 108 12 03 01 0958 35 05 02 00 05.1 41 06 02 00
100 01.2 78 08 01 01 0956 38 05 01 0.0 05.1 43 06 0.1 0.0
200 921 71 07 01 00 051 43 05 01 00 94.5 49 06 01 00
Model Bi £y, = b/, 0,0, hee = w o dozd oy + dihag 1, Ve ~ i by, §= 1, 0P
dy dy T
0.0 0.0 50 872 114 11 02 01 964 32 02 01 01 96.0 45 03 01 01
100 918 73 08 01 00 956 39 03 01 00 95,2 43 04 00 041
200 93.5 59 05 00 00 962 34 03 00 00 95.6 40 03 00 01
05 0.0 50 841 1392 1.7 02 01 952 40 06 01 01 926 66 07 01 01
100 880 106 12 01 00 949 44 05 01 00 928 64 07 01 00
200 014 78 07 01 00 957 88 04 01 00 93.9 54 06 01 00
0.3 0.65 50 842 138 1.7 02 01 951 40 06 01 0.1 928 60 10 01 01
100 876 111 11 01 01 944 50 04 01 00 025 66 07 01 01
200 80.8 93 10 00 00 953 42 04 01 00 92.8 64 07 01 00
0.2 0.79 5O 8656 125 16 03 0.1 953 39 06 01 041 93.6 53 09 01 041
100 288 00 12 01 00 946 48 04 01 01 92,8 63 07 01 01
200 00.3 87 10 01 00 955 4.1 04 01 00 03.4 60 06 01 00
0.05 099 B 860 115 13 02 0.1 961 34 03 01 01 94.8 47 04 01 00
100 01.1 80 090 01 00 955 390 05 01 00 04.6 47 06 01 00
200 0928 66 06 00 00 950 37 03 01 00 05.2 43 04 01 00

Model C: &, = hi v, e, In(hy ) = —0.28 +001n(hi, 1) +0.25]02,_y| — 0.8v,_1),v5e ~ddd. N(0,1), i =

o0 80,0 169 03 01 929 59 09 01 01 899 87 11 02 01
100 $3.2 147 18 03 01 930 59 09 02 00 882 101 12 04 01
200 853 130 16 01 00 943 50 06 01 00 888 099 12 02 00

Model D: 5;; = hy\ tie, by, = 0.0216 4 0.6896h, .y +0.317d[s, .y — 0.11087%, v, ~ iid. N(0,1),i=1,...p
50 802 165 27 05 0.1 034 54 08 03 01 807 83 16 04 01
100 $13 159 24 04 0.1 035 56 07 02 00 868 111 16 04 01
200 708 171 28 03 0. 036 53 09 01 01 839 133 22 05 0.1

Model B: =0 = hi 01,0, i = 0,005 +0.7hy oy + 0.28[lz5,0—1| — 02384017, vie ~ Licdh N(0,1), i =1, .. p
50 §18 152 26 04 01 939 49 09 02 01 905 78 14 02 01
100 $39 139 19 03 01 942 51 06 01 01 886 98 13 02 01
200 831 147 18 03 00 946 46 05 01 00 82 117 16 03 01

Model F: g, = vy exp (i o), i = A1 + 058, (€ ovie) ~ LLd. N(O_.diag(cré. ),i=1,..,p
A .53 T

0036 0424 50 650 264 69 1.3 03 890 859 16 04 01 778 170 39 10 03
100 646 278 62 12 02 905 79 12 03 01 730 214 46 08 02
200 629 287 70 13 01 921 66 11 02 00 692 239 56 11 02
0051 0314 50 710 220 50 10 02 0L0 T4 12 02 o0l 827 138 27 06 02
100 720 225 45 09 02 913 T3 12 02 00 785 176 30 08 02
200 695 248 48 08 01 923 67 08 02 00 751 204 35 08 01
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TABLE 5
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =2, True Rank is 1.

@-based Q" based 2° -based
r=0 r=1 r=2 r=0 r=1 r=2 r=0 r=1 =2
Model At £,¢ = hi) s, hiy =w+dos?_y +dihie q, voe ~iid N(0,1),i=1,..,p
ey dy T
0.0 00 50 04 854 5.2 148 795 5.7 120 831 48
100 00 942  BS 00 044 5.6 00 045 55
200 0.0 94.5 55 00 944 56 0.0 a5.0 50
0.5 0.0 50 9.8 83.9 6.3 18.0 T6.4 5.6 12,56 81.7 58
100 0.0 93.6 6.4 03 938 6.0 0.0 M0 6.0
200 0.0 94.9 51 00 951 4.9 0.0 a5.0 50
0.3 0.65 50 125 80.7 6.8 21.2 73.1 58 14.7 79.0 6.2
100 0.2 92.0 T4y 14 928 58 0.3 923 T4
200 00 925 75 01 944 55 00 926 74
0.2 0,79 50 14.3 79.3 6.0 223 72.0 5.7 17.0 76.9 6.1
100 03 917 80 18 924 5.9 0.3 922 75
200 0.0 92.1 7.9 01 94.6 54 0.0 022 78
0,05 0,94 a0 11.7 83.1 5.2 166 7.9 5.5 14.2 808 5.0
100 0.0 93.9 6.1 02 942 5.6 0.0 9.0 59
200 0.0 94.2 5.5 00 943 5.7 0.0 94.3 5.7
Model B: g1 = hehivipy bie = w -+ dog2,_y + drhie—y, vie ~ Lid. by, § P
dy dy T
0.0 0.0 50 10.2 54.6 5.1 16.1 8.1 59 13.5 819 46
100 0.0 94.4 5.6 01 94.2 56 0.0 M8 5.1
200 0.0 95.1 4.9 00 954 4.6 0.0 95.7 4.3
05 0.0 50 10.4 83.4 6.2 179 5.9 6.2 13.7 808 5.6
100 0.0 037 63 03 036 6.2 01 041 5.8
200 0.0 94.5 5.0 00 952 4.8 0.0 951 4.9
03 065 50 113 822 65 191 748 6.3 4.7 791 6.2
100 01 933 68 06 935 5.9 01 937 6.1
200 0.0 94.1 5.9 0.0 951 4.9 0.0 4.6 X
02 0.79 a0 12.0 81.7 6.4 19.0 748 6.2 15.2 789 59
100 01 93.4 6.5 06 934 6.0 0.2 93.9 6.0
200 0.0 94.2 5.3 0.0 95.5 4.5 0.0 94.4 5.6
0.05 0.94 50 11.4 52.9 57 17.3 6.7 6.0 14.4 80.7 50
100 01 939 60 03 949 55 01 043 56
200 00 945 55 00 952 48 00 950 50
Model C: g = h-:_ft?'v,la. In(hi:) = —0.23+ 0.91In(hi —1) + 0.25]]vd, 4| = 0.8vi 1], vy ~ Lid. N(0,1),i=1
50 122 808 7.0 21.7 725 58 148 786
100 0.2 92.1 T 14 927 59 0.3 92.6
200 00 924 76 01 943 5.6 00 928 72
Model 3 &, = J;f;:-u'_r, by = 0.0216 + 0.6806h, . +0.3174[z, .1 — 0.1108]2, v, ~ idd. N(0,1), 6 =1, .., p
50 14.7 7.5 7.8 245 697 5.9 17.3 75.5 72
100 0.6 80.7 9.8 30 905 6.5 0.7 90.1 92
200 00 895 105 04 937 5O 00 897 102
Model F: =4 = h:,'?ﬂ},‘_,, hiy =00064+0.Th; 1 +028(|z; 41| = 0235, )%, vy, ~iid. N(0,1),i=1,..,p
50 13.5 70.0 7.5 27 713 6.0 16.2 77.0 638
100 0.5 90.3 9.2 25 913 6.2 0.5 a1.0 85
200 0.0 0.7 0.3 02 940 5.8 0.0 90,9 0.1
Model F: £y = vyeexp(hie), hye = Mg eoq + 058, (&, vi,e) ~ 1id. N(0,diag(e?, 1)), i=1,...,p
A ae T
0036 0.424 50 16.0 3.5 10.5 205 645 .0 19.3 708 0.9
100 13 86.3 124 87 850 6.3 1.9 86.5 116
200 0.0 88.0 12,0 12 927 6.0 0.0 88.5 11.5
0951 0314 a0 159 74.9 9.2 278 662 6.0 18.9 723 83
100 09 87.8 11.3 63 870 6.7 1.3 8.0 10.7
200 00 801 109 07 938 5.5 00 896 104
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TABLE 6
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =3, True Rank is 1.

)-based " -based " -based
r= "0 7 3 01 32 3 6 1. 9 @
Model A: £, = by’ vig, hie = +dog? oy + dibage_1, i ~ iid. N(0,1), i =1,...,p
dy dy T

0.0 0.0 50 285 663 48 04 403 B0 38 09 36.7 503 34 06
100 0.2 039 bbb 05 04 943 45 07 03 M7 44 06
200 0.0 044 52 04 00 950 45 05 0.0 051 14 05
0.5 0.0 50 255 669 68 08 308 549 43 10 324 617 50 09
100 08 013 73 06 21 023 47 08 11 924 57 09
200 0.0 027 6.7 06 00 046 46 08 0.0 035 57 08
0.3 0.65 50 259 664 68 08 398 549 43 1.1 316 625 49 1.0
100 1.8 830 91 11 51 890 50 10 24 894 69 13
200 00 006 86 08 02 947 43 08 00 013 T8 12
0.2 0.79 50 273 649 70 07 388 557 45 09 326 614 52 08
100 25 874 90 11 61 883 47 09 31 800 66 13
200 0.0 896 94 10 02 038 51 09 0.0 908 79 13
0.05 0.94 50 277 665 53 05 376 579 35 10 312 614 37 07
100 08 923 63 06 19 931 43 08 16 929 48 08
200 00 932 64 04 00 949 44 07 0.0 943 51 086
Model B: e;,¢ = by} s, hip =w+doste g +dihagt, vig ~ idd. ts, i =1, p
do dy T
0.0 0.0 50 286 649 59 06 409 538 41 12 36.8 B85 38 09
100 05 93.1 57 07 11 937 42 10 0.8 93.7 47 08
200 00 %44 51 05 00 94 40 07 00 94 41 05
0.5 0.0 50 266 656 72 05 407 539 43 10 3.7 593 51 08
100 05 026 6.2 07 20 928 42 11 1.0 93.0 50 09
200 0.0 0935 6.0 05 00 0948 47 04 0.0 45 &0 05
0.3 0.65 50 273 648 71 07 410 535 44 11 .3 504 52 12
100 0.0 015 7.0 07 27 019 44 10 1.2 023 56 09
200 0.0 928 6.6 06 0.0 930 43 07 0.0 939 54 08
0.2 0.79 50 270 G4.6 68 07 403 544 44 10 30 502 18 1.1
100 1.0 613 70 07 28 019 44 009 1.3 023 56 08
200 0.0 626 6.9 05 00 951 42 06 0.0 93.7 57 06
005 094 50 285 648 61 06 405 545 40 10 3.1 589 40 00
100 0.7 0924 63 06 1.7 029 43 12 1.0 631 50 00
200 00 038 57 05 00 0952 42 06 00 950 44 06
Model C: g;4 = h,l";gl',_‘, In(hi ) = —023+09In(k; ;1) + UEE)HI-‘?I, 1| = 03u 0], vy ~ iid. N(O,1),¢=1,...,p
50 250 668 7.2 1.0 308 bdb 45 11 313 622 564 1.1
100 L7 880 93 10 54 884 53 1.0 23 88 77 12
200 0.0 603 9.0 07 03 938 51 08 00 914 75 1.1
Model D: &, = hi v, hie = 0.0216 + 0.6896hq oy + 0.317d[s; -1 — 0.1108]%, vy ~ iid. N(0,1), i = 1,...,p
50 26.6 641 84 10 401 544 46 08 316 610 63 11
100 32 836 116 15 89 842 56 13 39 B48 94 19
200 00 859 125 16 07 930 51 11 00 873 108 19
Model E: s, = h:"’; Uiy hie = 00054 0.Thi g1 + 0.28[|=—1| = 0.?..'!:,_3-.]2__ vig o~ id, N(0,1), i=1,..,p
50 270 641 7O 10 406 539 45 10 318 612 56 13
100 28 855 104 13 79 8,7 55 10 3.4 BGG 82 17
200 00 876 111 1.3 05 933 55 06 0.0 8.5 100 15
Model F: g = vy eexp (high hip = M1 + 085, (60 v4,) ~ Lind, .'\'(U.diag(og, D) F=1jnl
0936 0424 a 234 615 131 20 420 514 53 138 287 oY 26 21
100 3.7 767 170 26 182 745 62 1.1 62 9 141 28
200 01 81.0 169 2.0 23 911 58 08 01 829 146 24
0951 0314 50 249 625 110 17 411 524 51 14 209 59.7 84 21
100 35 796 M7 22 147 783 56 14 45 812 118 26
200 0.1 838 1.7 15 1.5 924 52 08 01 856 123 20
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TABLE 7
Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.
p =4, True Rank is 1.
—
(-based " -based (2" -based
r="0 1 2 3 4 5 1 2 5 4 0 1 2 3§ 4
Model Az €50 = hil Vi, hie = + dosZe_y +diheot, vie ~idd. N(0,1), i =1,..,p
dyg dy T
00 00 50 425 512 55 07 01 603 357 31 06 03 661 402 30 04 02
100 22 009 63 06 00 46 905 45 06 0.3 36 914 43 05 02
200 0.0 947 48 04 00 00 955 39 05 01 00 955 40 04 01
05 00 B0 366 543 80 08 03 580 371 41 05 03 485 459 48 05 04
100 29 BR6 TH 090 01 T4 B74 45 06 02 43 894 55 06 01
200 00 922 72 05 01 00 M8 46 04 0.1 00 939 54 05 0.1
03 085 50 345 559 84 08 03 546 404 40 05 04 455 483 53 06 03
100 49 839 97F 13 02 126 Sl 53 06 03 75 840 T2 09 05
200 0.0 895 92 11 02 04 M6 43 05 0.2 00 912 75 10 02
02 0.70 o0 48,7 5558 75 10 023 518 134 39 05 03 45.2 497 42 06 03
100 65 820 92 13 02 141 S04 46 06 0.3 80 828 69 11 04
200 0.0 888 99 10 02 04 943 45 06 0.3 00 907 79 10 04
005 091 50 395 543 52 08 01 860 399 33 05 03 510 454 29 04 03
100 42 887 61 09 01 75 8§72 43 08 0.2 61 $87 42 07 03
200 0.0 934 59 07 0.0 00 954 40 05 02 0.0 94.6 46 05 02
Model B: g5 = hy, iz, hiye =w +dos2, 3 +dihiyem1, Vie ~ iid 25, 8= 1, w0
dn dy T
00 00 50 434 499 57 619 31 31 07 02 570 302 0.1
100 27 906 5.9 59 895 39 056 03 4.3 908 0.2
200 0.0 936 59 00 %4 41 04 01 00 952 02
05 00 50 306 526 68 588 369 35 08 02 516 434 02
100 30 883 79 81 865 47 05 03 19 887 02
200 0.0 926 66 00 9652 42 04 01 00 94.1 0.1
03 065 50 306 522 T2 584 372 34 07 03  b5L5 434 0.2
100 37 872 79 97 849 45 06 0.3 60 873 0.3
200 00 917 78 00 950 43 05 0.1 00 932 02
02 079 50 404 521 65 556 372 32 08 03 523 428 0.2
100 14 868 75 100 84.7 44 07 03 66 86.9 0.3
200 00 916 7.7 01 9.0 43 05 0.1 00 931 0.1
005 08 50 423 513 54 2 601 361 29 06 03 512 418 0.3
100 39 801 62 07 0.1 70 872 40 06 03 57 88.9 0.3
200 0.0 931 63 04 02 00 %0 43 05 0.1 00 944 0.2
Model C: &;,; = h12vie, In(hec) = —0.23+ 0.91n(ks e 1) + 0.35[w2, ;| = 0Bu 1], v ~ L. N(0,1),i=1,..p
50 339 557 90 12 02 542 406 41 07 03 444 486 04
100 49 8§33 105 13 01 137 806 47 06 04 71 839 0.4
200 0.0 887 100 10 0.2 05 937 50 06 0.3 0.0 904 0.3
Model D: 10 = hl s tss, hie = 0.0216 +0.68%6hs 1 +0.317[e, -1 — 011087, vi,e ~ Lid. N(0,1), i
50 333 558 93 14 03 516 431 42 09 03 424 504 0.3
100 74 786 120 17 03 180 758 50 09 04 9.7 79.0 06
200 01 844 135 18 02 16 97 47 07 03 0.1 865 05
Model E: £0,0 = hi 1 w0, hie = 0.005 +0.7hi -y + 0.28]|zi.0-1] — 0.28e4,01]%, viy ~ iidh. N(0,1), i
50 345 549 92 11 03 524 426 39 07 03 434 503 0.3
100 67 807 107 15 04 169 772 47 09 0.3 94 804 06
200 01 860 123 14 03 09 932 50 05 0.3 01 880 102 0.4
Model F: g, = v, exp (fy,e), hie = My oy + 058, ,, {‘f:,r"”i,l‘ = Li.d. N{0, ding(ﬂ'?, 1)), ¢=1,...,p
X [ T
0936 042 50 979 527 161 30 04 496 429 63 09 03 360 502 109 22 06
100 79 681 203 32 04 267 654 64 12 03 109 695 162 27 07
200 0.2 742 220 29 06 49 878 65 06 0.2 04 777 185 26 08
0951 0314 50 300 547 127 22 04 499 437 53 08 03 385 510 84 16 06
100 78 724 171 24 04 239 687 62 09 03 105 730 140 17 08
200 02 789 181 25 04 30 905 58 06 0.1 02 819 152 20 07
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TABLE 8

Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.

p =5, True Rank is 1.

-based
r=_0 1 2 3 45 0 1 2 3 4,56 0 15
Model Az £ = hih v e, has =t + doe_y + dihogr,vee ~ idd. N(O, 1), 4= 1,...,p

iy dy T
0.0 0.0 &0 516 424 5.3 06 0.1 764 221 21 0.2 02 7.0 263 2.3 03 01
100 72 85 66 06 01 155 800 38 05 02 129 825 40 05 0.1
200 00 932 60 07 01 00 954 40 04 02 00 94 40 05 0.1
05 0.0 50 4.7 463 79 09 02 714 250 31 08 02 63.1 324 38 04 03
100 7.7 817 04 10 02 100 743 50 06 02 128 708 65 07 02
200 00 912 80 07 01 00 952 43 03 01 00 935 58 05 01
03 065 50 415 486 87 11 01 656 804 34 05 01 574 377 42 06 01
100 103 775 105 16 02 246 699 46 07 02 156 758 73 11 03
200 00 872 115 11 02 1.0 936 47 06 0.1 01 %01 85 11 02
0.2 070 50 418 485 84 10 03 640 320 33 05 02 562 303 37 05 02
100 122 757 105 13 03 254 605 42 07 02 176 744 68 10 03
200 02 872 111 14 02 1.3 933 48 04 02 03 895 87 12 03
005 094 50 476 458 56 07 0.2 70.6 21 04 02 649 323 24 03 01
100 104 817 7.0 07 01 193 759 40 06 01 161 791 42 05 01
200 00 926 67 06 0.1 01 952 42 04 0.1 00 946 48 04 02

Model B: £i = by i, hiye = w 4+ dosZe_y +dihigon, vi e L 25,8 = 1y p

do d g
0.0 00 50 498 429 64 08 01 746 227 23 03 01 69.1 277 28 03 01
100 78 854 61 06 01 166 796 35 02 01 135 823 38 04 01
200 00 034 60 06 01 00 050 38 03 01 00 053 42 04 01
05 00 50 436 465 80 07 02 711 9254 30 03 02 631 326 39 03 02
100 81 827 82 09 02 195 755 44 05 02 134 802 57 05 02
200 00 920 74 05 01 02 9.1 43 03 0l 00 944 51 03 02
0.3 065 50 431 472 &8 08 0.1 706 260 28 03 02 618 336 42 04 01
100 87 813 90 09 02 200 751 44 04 01 141 795 57 06 02
200 00 910 81 07 02 03 949 42 05 01 00 933 58 07 0.1
0.2 079 50 4.0 470 80 08 01 700 268 27 04 01 624 334 37 04 0.1
100 88 819 82 10 01 201 755 39 08 01 148 792 53 06 02
200 00 910 82 07 0l 02 9.0 42 05 0.1 00 934 57 06 02
005 004 50 478 45 69 07 0l 726 244 25 08 02 66.3 303 28 04 01
100 a0 835 68 05 0.1 170 782 34 03 01 140 804 42 04 01
200 00 927 66 0.7 0.1 01 956 39 04 00 00 948 45 05 0.1

Model C: =, = I:.:’;zjl.',, In(hi) =—-023 +0.9In(h; 1)+ 025[|r.‘f‘, \| = 0.3vi1], 9, ~ idd. N(0,1),i=1,..,p
50 304 406 06 12 02 65D 310 33 05 02 555 304 4.3 06 02
100 02 760 121 17 01 230 606 56 08 02 144 760 83 11 03
200 01 86 119 12 02 08 932 53 06 02 01 894 02 09 04
Model D: &0 = hyh vg,e, hie = 0.0216 + 0.6896h, .y + 0.317d[5c oy — 011082, vy ~ iid. N(0,1), i=1,....p
50 388 401 102 16 03 610 345 34 08 03 527 412 50 00 03
100 121 722 136 18 03 980 665 4.7 06 01 170 717 098 10 03
200 02 819 152 24 03 33 008 49 07 03 04 845 125 19 07
Model E: g6 = Ay’ vie, hie = 0.005-+0.Thie—1 +0.28[les.e—t| — 0.28e16-1 )%, vie ~ iid. N(0,1), i =1,...,p
50 300 401 94 12 04 627 332 34 05 02 53.0 403 48 07 03
100 14 751 117 16 03 26.3 682 47 06 02 162 743 83 090 03
200 02 8.0 127 18 03 22 022 46 07 02 03 875 104 14 05
Model F: £, = vy e exp (i), hie = My ey + 0.5{,[,, (£‘J)!','r) ~ iLid. N(O, diag[a’f. 1)),i=1,...,p

A e T
0036 0424 50 88 494 169 39 10 55.7 56 1.2 03 4.0 458 103 22 07
100 118 602 227 47 06 34.3 72 12 02 163 629 170 29 08
200 05 692 252 45 07 8.6 67 09 03 08 738 208 37 09
0951 0314 &0 328 493 143 29 06 57.6 46 11 04 454 439 83 18 05
100 123 650 189 32 06 326 62 09 02 17.2 664 134 25 04
200 03 744 217 28 07 6.1 58 09 04 08 785 175 25 07
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TABLE 9

Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.

VAR (2) case, p = 2, True Rank is 0.

N Tz Y

J-based QF-based @2°-based

r= 0 1 2 0 1 2 0 1 2

Model A: ei4 = by vz, hiy = w+dog2, ) + dihie_1,vie ~ddd N(0,1),i =1, .,p
do d T

0.0 0.0 50 87.8 11.0 1.2 92,7 59 14 93.2 5.6 1.2
100 91.1 7.9 09 94.0 48 1.2 038 5.1 1.0
200 93.0 6.3 08 951 39 1.0 947 44 0.9
0.3 0.65 B0 83.7 148 15 92.0 64 1.6 80.9 R84 1.7
100 87.1 115 14 93.3 56 1.1 906 7.8 1.6
200 8.5 95 11 941 5.0 0.9 912 7.5 1.3

Model Bt eiy = hi\ 05 0, hiy = w0 + doe2,_y + dihiy1,vi0 ~ddad. t5,i=1,..,0
do & P

0.0 0.0 50 87.7 109 14 03.8 48 14 93.3 5.5 1.2
100 91.6 7.5 09 95.0 4.0 1.0 94.3 4.7 1.0
200 92.7 6.7 06 946 4.5 09 944 4.7 0.9
0.3 0.65 50 857 126 16 928 55 1.7 092.0 6.7 13
100 80.3 95 1.2 944 46 1.0 92.4 6.4 1.2
200 91.0 &1 09 94.1 5.0 0.9 92.6 6.3 1.1

Model C: &5, = by *viy, In(hiy) = —0.23 +0.9In(h 1) +0.25[w,_;| — 0.3v;,_1]
iy~ ddd, N(O,1),i=1,..,p

50 83.6 145 1.9 91.7 6.7 1.6 80.7 85 18
100 8.7 11.7 1.6 93.3 55 1.2 909 74 L7
200 80.2 9.9 0.9 941 51 0.8 914 7.5 1.0

ity iy = 00216+ 0.6896k; .1 + 0.3174[z; ,_, — 0.1108]2
Vi~ idd. N(0,1), i=1,...,p

Model D: &;; = AL/,

50 821 167 22 911 69 20 88.2 9.6 2.1
100 84.0 142 1.8 92.7 61 1.2 876 10.3 2.1
200 85.0 134 1.6 93.8 55 0.7 876 107 1.8

Model E: &;; = by} 205, hiy = 0.005 + 0.7k .1 +0.28[|ei 1| — 0.23¢;, 1]
vy~ idd. N(0,1), i=1,...,p

50 83.0 151 20 91.7 6.7 1.6 89.2 9.0 1.8
100 85.6 128 1.6 93.0 58 1.2 89.2 9.0 1.8
200 871 116 1.3 93.6 b5 08 889 07 1.4

Model F: g, = vipexp(hiy), hip = Mrgs1+ 0.5¢; ,
(€ 1 0ie) ~ Lid. N(0,diag(e?, 1)), i =1,..,p
A O'g i

0.951 0.314 50 783 191 26 912 75 14 859 117 24
100 80.1 177 22 919 71 1.0 842 136 22
200 83.1 153 1.6 941 51 09 862 120 1.8
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Standard and Bootstrap Sequentia

TABLE 10
| Procedures for Selecting the Co-Integration Rank.

VAR (2) case, p = 3, True Rank is 0.

)-based "-based )*-based
r="0 1 2 3 0 1 7 3 01 3 3

Model A: &0 = by vis, hip = w+dashe_y +dibis1,vie ~ idd. N(0,1),i=1,..,p

do dy T

00 00 50 786 182 27 05 95 52 08 05 031 56 08 05
100 875 108 14 03 044 45 08 03 041 49 08 02
200 95 75 08 02 948 43 07 03 044 48 05 0.3
0.3 065 50 730 225 38 07  9L5 69 09 08 800 89 14 07
100 827 150 20 03 90 61 08 02 80 &7 12 02
200 866 122 10 02 942 52 05 01 906 83 08 0.2

Model B: ;0 = by vy,z, s

do dy T

t

=wdgel, | Fdihimg,vi ~idd bs,i=1.,p

0.6 93.1 56 08 05 924 64 08 03
0.3 M6 47 06 03 939 53 04 04
0.1 M9 45 04 02 945 49 05 0.1
0.7 920 65 10 05 904 80 11 05
0.1 939 52 06 03 922 67 0.7 04
0.2 9.1 51 05 0.3 925 67 05 0.3

Model C: &y hf":zu,‘,_. (ks o) = =023+ 091n(hi 1)+ 02502, | = 08vi 1]y vie ~diid, N(O, 1), 8= 1,00 p

0.7 911 70 12 07 886 93 14 06
0.3 93.0 61 07 03 894 02 12 02
0.1 9.0 52 05 0.2 908 81 08 0.3

Model D: g1 = Biy 0, b e = 0.0216 + 0.6896h, 0 + 0.3174[e 11 — 0.1108], w0 ~ il N(0,1), =1,

0.9 90.2 81 L1 0.7 87.7 101 14 09
04 922 66 09 03 87.1 108 1.7 0.5
0.3 93.3 59 06 02 85.6 123 1.7 0.5

Model E: & = h!\ vy hiy = 0.005+0.Thy 1 +0.28es,e 1] — 02380, 1], w4 ~ Lid, N(0,1), i =1,...,p

0.0 0.0 50 780 186 28
100 878 108 12
200 913 T8 0T
0.3 065 50 7654 208 3.1
100 858 125 16
200 200 99 09
50 723 228 4.2
100 820 158 19
200 868 118 13
50 70.2 249 40
100 79.0 180 25
200 8L2 167 18
50 715 23.7 40
1 80.1 173 23
200 834 150 14

08 9089 76 10 06 885 94 15 06
0.3 e 63 09 0.2 878 101 15 0.5
0.2 93.5 58 05 02 874 111 11 0.3

Model F: g5 = vy exp(hey), hip = Aoy + 0.5&-[,, (ﬁllc,v,_{) ~ Lid. N(Qdiag{a‘é, N),i=1,..,p

A o T

0.051 0365 5O 67.0 27.0 5.1
100 T3.1 222 40
200 774 200 23

0.8 8.4 R&6 LT 02 839 131 23 0.7
0.6 913 71 13 02 82.0 149 24 0.7
0.2 933 61 04 02 831 149 16 04

Estudios de Economia Aplicada, 2010: 519-552 ¢ Vol. 28-3




DETERMINATION OF THE NUMBER OF COMMON STOCHASTIC TRENDS UNDER CONDITIONAL...

549

TABLE 11

Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.

VAR (2) case, p =4, True Rank is 0.

— e
@-based *-based €' -based
p et 1] 1 2 3 4 1] 1 2 ] q 0 1 2 ] 4
Model A £i,c = by vi, hiye = +dae?o_y + diba—1,000 ~ ivdd. N(0,1)i =1, .c0p

dy 4 T ’

0.0 0.0 B0 B85 4l2 8, 1.6 05 als 7.0 1.0 03 0.2 91.1 78 08 02 01
100 81.1 162 22 03 01 948 44 0.6 01 01 94.1 5.1 0.6 01 01
200 801 9.7 1.0 02 0.0 05.2 40 06 0.1 01 94.0 4.4 05 01 0.1

0.3 0.65 50 B3S 363 B6 1.0 0.5 90.6 7.5 1.3 04 02 888 02 1.3 05 02
100 746 213 33 07 02 930 60 07 02 01 8.4 92 1.0 02 0l
200 830 14.1 1.7 03 00 043 50 05 01 01 906 82 08 02 02

Model B: si0 = hyo vz, hae = w -+ dosze_y + dihig 1,000 ~ didde ts, i = 1,00 p

dy d, P

0.0 0.0 50 587 31T 7.6 1.8 03 923 64 1.1 03 0.0 913 T4 1.0 03 0.0
100 813 158 26 02 01 94,2 B0 07 01 0.0 932 61 06 01 00
00 801 97 11 01 00 948 46 05 01 00 942 52 04 01 0l

0.3 0365 50 6553 336 88 1.9 04 9l.4 i 1.2 0.2 0.0 805 88 1.3 03 0.1

100 778 184 31 05 01 93.7 54 06 02 01 91.6
200 865 118 13 03 00 948 45 06 01 0.0 92.7

&
[ N
=]
=1
Lol o
%@
o
=

Model C: £ie = by vig, n{hig) = =023+ 0.9In(hie_1) +0.25(v7, | — O.8vie 1], vie ~ idd. N(©,1),i=1,..,p

50 526 353 94 21 06 806 87 12 04 0.2 875 104 13 05 02
00 745 209 37 08 01 924 60 1.2 02 01 6 97 1.3 03 01
200 833 147 16 03 00 94.0 52 0.6 01 01 006 823 08 01 01

Model D £is = his vig, hie = 0.0216 + 0.6896h; o + 0.3174[sic-1 — 01108, vis ~ iid. N(0,1), i =1,..,p
50 524 350 07 23 06 804 84 16 04 02 865 110 18 05 02
100 703 244 43 09 01 920 63 12 03 01 862 116 LT 05 02
00 771 194 29 04 01 934 57 07 02 00 854 123 17 04 02

Model B: £ie = hi/, v, hie = 0.005+0.The e g+ 0.28[|y ey | — 0.2350 1), vie ~ Lid. N(0,1), i =1,...,p
50 541 338 06 20 05 807 83 15 03 02 869 109 15 05 02
100 726 225 41 06 02 026 61 09 02 01  S76 103 15 04 02
00 8.0 173 22 04 01 938 53 08 01 01 875 105 15 02 02

Model F: £;¢ = vi¢exp(hie), hie = M1+ 0.58; ¢ (E:_z"”!-" ~ Li.d. N(0, dingfag. 1),i=1,..,p
A o T
0051 0365 50 478 367 122 2.7 06 8.6 100 18 05 02 202 156 33 07 03
100 634 206 57 11 02 905 82 09 02 01 808 163 23 05 02
200 698 246 47 07 01 927 61 1.0 02 01 793 17.2 29 05 0.2
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TABLE 12

Standard and Bootstrap Sequential Procedures for Selecting the Co-Integration Rank.

VAR (2) case, p =5, True Rank is 0.

= ——————————

-based 2 -based " -based
r="10 1 2 3 4,5 0 1 2 3 45 0 T 2 3 4,5
Model A: &, , = K i . by Bie =W+ ﬂ'u::f,r_l +dihiy 1,00, ~idid N(0,1),i=1,..,p

dy 4 T
00 00 50 207 404 W6 64 28 90.3 14 03 02 885 97 15 02 0.1
100 60 2.1 54 12 03 93.5 08 01 01 926 63 08 01 01
200 842 139 16 03 01 4.8 0.3 01 00 47 05 01 01
0.3 066 50 278 414 212 67 29 88.0 L7 04 02 1.7 21 05 02
100 619 288 74 16 03 91.4 10 03 01 104 1.7 03 0.1
200 771 200 25 03 01 937 57 05 00 00 9.7 08 02 01

Model B gi,c = byt vy hie = @ + dos2o_y + dibie—tyVie ~ diiud, dyi = Ly sy

dy 4 T
0.0 00 50 417 203 58 24 808 87 11 03 a1 880 94 15 02 01
100 250 51 10 02 043 49 05 02 00 035 57 06 01 0.0
200 143 21 03 01 M1 81 05 01 0l 936 56 06 01 01
0.3 065 50 41.3 215 71 24 80.0 01 14 04 01 874 106 17 02 01
100 279 58 14 03 934 56 09 02 00 90.7 80 09 03 0.1
200 170 25 03 01 039 51 0.7 02 00 910 71 08 01 01

Model C: e = by’ vie, In(hie) = =023+ 09Ik ) +0.25[vZ, ;| = 08vie_1], vig ~idd. N(O,1),i=1,...,p
50 27.0 4.8 220 714 27 876 o7 21 06 01 844 126 5 0.2
100 601 805 7.7 14 03 915 69 13 03 00 874 105 0.1
200 775 107 24 03 01 935 58 05 01 00 80.8 0.3 0.1
Model D: £, = h 1 "v0, e = 0.0216+ 0.6896h,, 1 +0317d[e;e 1 — 011082, vy ~ iid. N(0,1), i
50 260 400 2223 71 20 873 00 22 05 02 841 125 0.2
100 2 321 84 19 04 9.7 75 13 04 02 852 120 0.2
200 248 43 05 02 92.6 06 01 00 838 14.2 0.1
Medel E: £, = 0 hie = 0.005+ 0.Th; ey +0.28[|s; ¢ 12, v - iied. N(0,1), i = P
50 5 407 218 T3 27 7.8 21 04 02 843 12 0.6 0.2
100 501 300 78 18 04 01.8 0.9 05 0.1 86.7 04 02
200 735 28 33 04 01 93.8 0.5 01 00 87.0 02 0l
Model F: g4 = vy penp(hie)y hip = My +0.58 4, (&0 vie) ~ iid. N(D, diagfaf. 10),i=1

A o T
0.951 0.365 50 200 403 236 92 30 13.0 26 05 03 40 08 04
100 504 354 109 27 06 883 95 15 05 0.1 31 08 02
200 628 283 71 15 03 919 66 12 03 0l 36 10 02

TABLE 13
Standard and Bootstrap Co-Integration Tests.
Monthly U.S. Interest Rate Data, 1970: 1-2000: 12.
Asymptotic 5%  Asymptotic ii.d. Bootstrap Wild Bootstrap
r  Eigenvalue Qr Critical Value p-value p-value p-value

0 0.202 193.66 75.74 0.000 0.000 0.000
1 0.152 110.42 53.42 0.000 0.000 0.000
2 0.074  49.66 34.80 0.008 0.001 0.011
3 0.048 21.24 19.99 0.037 0.034 0.103
4 0.009 3.25 9.13 0.544 0.622 0.630
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