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ABSTRACT

The beta Weibull distribution was first introduced by Famoye et al. (2005) and studied by these authors
and Lee et al. (2007). However, they do not give explicit expressions for the moments. In this article,
we derive explicit closed form expressions for the moments of this distribution, which generalize results
available in the literature for some sub-models. We also obtain expansions for the cumulative distribution
function and Rényi entropy. Further, we discuss maximum likelihood estimation and provide formulae for
the elements of the expected information matrix. We also demonstrate the usefulness of this distribution
on a real data set.

Key words: beta Weibull distribution, expected information matrix, maximum likelihood, moment,
Weibull distribution.

INTRODUCTION

The Weibull distribution is a popular distribution widely used for analyzing lifetime data. We work with
the beta Weibull (BW) distribution because of the wide applicability of the Weibull distribution and the fact
that it extends some recent developed distributions. We derive expansions for this distribution function and
explicit closed form expressions for its moments. An application is illustrated to a real data set with the
hope that it will attract more applications in reliability, biology and other areas of research.

The BW distribution stems from the following general class: if G denotes the cumulative distribution

function (cdf) of a random variable, then a generalized class of distributions can be defined by

F(x) = Igu(a, b) (1)
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fora > 0 and b > 0, where

By(a,b) _ [q w* ' (1l —w)’'dw

B(a,b) B(a, b)

is the incomplete beta function ratio, By (a, b) is the incomplete beta function, B(a,b) = I'(a)I'(b)/

["(a + b) is the beta function, and I'(-) is the gamma function. This class of generalized distributions has

I,(a,b) =

been receiving increased attention over the last years, in particular after the recent works of Eugene et al.
(2002) and Jones (2004). Eugene et al. (2002) introduced which is known as the beta normal distribution
by taking G(x) in (1) to be the cumulative function of the normal distribution with parameters p and
o. The only properties of the beta normal distribution known are some first moments derived by Eugene
et al. (2002) and some more general moment expressions derived by Gupta and Nadarajah (2004). More
recently, Nadarajah and Kotz (2004) were able to provide closed form expressions for the moments, the
asymptotic distribution of the extreme order statistics and the estimation procedure for the beta Gumbel
distribution. Another distribution that happens to belong to (1) is the log(F') (or beta logistic) distribution,
which has been around for over 20 years (Brown et al. 2002), even if it did not originate directly from (1).
While the transformation (1) is not analytically tractable in the general case, the formulae related with
the BW are manageable (as it is shown in this paper), and with the use of modern computer resources
with analytic and numerical capabilities, may turn into adequate tools comprising the arsenal of applied
statisticians. The current work represents an advance in the direction traced by Nadarajah and Kotz (2006),
contrary to their belief that some mathematical properties of the BW distribution are not tractable.
Replacing G (x) by the cdf of the Weibull distribution with parameters ¢ and A in (1) yields the cdf of
the BW distribution
F(x) = I —exp(—0)} (@, b) (2
forx > 0,a >0,b>0,c > 0and A > 0. The probability density function (pdf) and the hazard rate

function corresponding to (2) are

c

Ba.b)

fx) = “Texp| — b)) J[1 — exp{ — ()}, 3)

and 1
c)fxc_lexp{ — b(kx)c}[l — exp{ — (Ax)c}]a_
B _exp{—0)ey (@, b)
respectively. Simulation from (3) is easy: if B is a random number following a beta distribution with

: “4)

T(x) =

parameters a and b, then X = {—log(1 — B)}!/¢/A will follow a BW distribution with parameters a, b, c
and A. Some mathematical properties of the BW distribution are given by Famoye et al. (2005) and Lee
et al. (2007).

Graphical representations of equations (3) and (4) for some choices of parameters a and b, fixed
¢ = 3 and A = 1, are given in Figures 1 and 2, respectively. The Weibull distribution corresponds to the
particular case a = b = 1. Thus, the Weibull distribution is generalized by a family of curves shown in
these figures with a variety of shapes.

The rest of the paper is organized as follows. In Section 2, we derive some expansions for the cdf

of the BW distribution, and point out some special cases that have been considered in the literature.
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Fig. 1 — The BW density function (3) for selected values of parameters a and b.
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Fig. 2 — The BW hazard function (4) for selected values of parameters a and b.

In Section 3, we obtain explicit closed form expressions for the moments. We also present plots of the

skewness and kurtosis for selected parameter values. Section 4 provides an expansion for the moment

generating function (mgf). In Section 5, we obtain a closed-form expression for the Rényi entropy. In

Section 6, we discuss the maximum likelihood estimation and provide the elements of the Fisher infor-

mation matrix. In Section 7, an application to real data is presented. Section 8 deals with a log-beta

Weibull distribution. In Section 9, we provide some conclusions. In the Appendix, two identities required

in Section 3 are derived.
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EXPANSIONS FOR THE DISTRIBUTION FUNCTION

The BW distribution is an extended model to analyze more complex data and generalizes some recent
distributions in the literature. In particular, the BW distribution contains the exponentiated Weibull dis-
tribution (for instance, see Mudholkar et al. 1995, Mudholkar and Hutson 1996, Nassar and Eissa 2003,
Nadarajah and Gupta 2005, Choudhury 2005) as special cases when & = 1. The Weibull distribution
(with parameters ¢ and A) is clearly a special case fora = b = 1. When a = 1, (3) follows a Weibull
distribution with parameters A 5'/¢ and c. The beta exponential distribution (Nadarajah and Kotz 2006)
is also a special case for ¢ = 1.

In what follows, we provide two simple formulae for the cdf (2), depending on whether the parameter
a > 0 is a real non-integer or an integer, which may be used for further analytical or numerical analysis.
Starting from the explicit expression for the cdf (2)

cA€ *

B(a.b) Jo Y lexp { = bOp) 1 —exp { — G)}]" dy

F(x) =

and setting (Ay)¢ = u gives

1 ()L)C)C
Fx)= f e M1 — e ™ du.
B(a,b) Jo
If a > 0 is a real non-integer, we have

00 . .

a— (=1)/T'(a)z’
(-t =)y (5)

= Tla-nijt

It follows that

Fix) =

1 () *© (=1)/T —Jju
/ b (—=1)/T(a)e du
0

B(a,b) & Ta- )

[ele] P x)¢
1 DT@ [ iy,

B(a,b) = T@— j)j! Jo

~

— ! i (=)/T'(a) {1 = gm0,

B(a,b) 5 T'(a— ))jib+ /)

Hence, we obtain

_T@+b) i (_1)1‘{1 — e—(b+j)(M)”}

F(x) = 6
=" Fa— )b+ ) ©

j=0
For positive real non-integer a, the expansion (6) may be used for further analytical and/or numerical

studies. For integer a, we change the formula in (5) to the binomial expansion to obtain

a—1

o a— 1\ (=1 {1 — e 0+00)
F(")‘Bw,b)ZO( ' ) 1)) ' @)

J
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When both ¢ and b = n — a + 1 are integers, the relation of the incomplete beta function to the

binomial expansion yields

n

Fx)y=>Y_ (';)[1 —exp{ — ()} exp| — (n — H(x)).

Jj=a
It can be found in the Wolfram Functions Site' that, for integer a,

a—1

A=A TGy

Iy(a,b) =1 , ;
re =
and for integer b,
b—1 ;
»* Fa+ Hd —y)
1,(a,b) = .
v(@.b) r(a)Z I

Jj=0

Hence, if a is an integer, we have another equivalent form for (7)

exp{ - b()»x)c} HX_I: INCESND)

Foy=1=—"14 J!

[1 — exp{ — (Ax)c}]j. (8)

j=0

For integer values of b, we obtain

[1 - exp{ — (0)°}]" bi T+ /)

Fe) = I'(a) 1

exp{ — j (Ax)“}. ©)
j=0

Finally, ifa = 1/2 and b = 1/2, we have

F(x) = %arctan\/exp{()nx)c} —1. (10)

The special cases (8) and (9) were discussed generally by Jones (2004), and the expansions (6) and (10)
reduce to Nadarajah and Kotz’s (2006) results for the beta exponential distribution by setting ¢ = 1.
Clearly, the expansions for the BW density function are obtained from (6) and (7) by simple differentiation.
Hence, the BW density function can be expressed in a mixture form of Weibull density functions.

MOMENTS

The moments are used for computing skewness and kurtosis and for computing moment estimators
(MM), which could at least be used as starting values for maximum likelihood estimation. Let X be a
BW random variable following the density function (3). We derive explicit expressions for the moments
of X. First, we introduce the following notation (for any real d and a and b positive)

Siba :/ X exp(—bx){1 — exp(—x)}* " dx. (1)
0

1 http://functions.wolfram.com/GammaBetaErf/BetaRegularized/03/01/
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The change of variables x = —log(z) immediately yields S}, , = B(a, b). On the other hand, the change
of variables x = (Ly)¢ gives the following relation

*® — c c17a—1 ATV
[ texpl = b0}t = expl = G|y = E 251 (12)
0
from which it follows that
Sy/c,b,a = B(a’ b)kych(nyc)’
or, equivalently, for any real 7,
1
E(Xr) = —Sr/c+l,b,aa (13)

N B(a, b)
relating S, /41,5, to the rth generalized moment of the BW distribution.

First, we consider the integral (11) when d is an integer. Let U be a random variable following the
Beta(b, a) distribution with pdf fy;(-) and W = —log(U). Further, let Fyy(-) and Fy(-) be the cdfs of
U and W, respectively. It is easy to see that Fy(x) = 1 — Fy(e ™). Further, some properties of the
Lebesgue-Stiltjes integral lead to

EWwe T = /00 xVdFy(x) = /Ooxdlexfy(ex)dx
- 0

[e.]

1 > d—1_—b —xya—1 Sd,b.a
— (1 — e ) gy = L
B(a,b>/o e e =

Thus, the values of S;,, for integer values of d can be found from the moments of W if they are
known. However, the moment generating function (mgf) My (t) = E(e'”) of W can be expressed as

1
/ xb—t—l(l _ x)a—ldx —
0

This formula is well defined for 1 < b. However, we are only interested in the limit £ — 0 and, therefore,

1
B(a, b)

Bb—t, a)

My(t)=EU™) = B@.b)

this expression can be used for the current purpose. We can write

B ad—l
Sapa = Bla, HEW™) = Bla, )My (©0) = = B(b —t,a) (14)
t=0
From equations (13) and (14), for any positive integer k, we obtain a general formula
E(X*) = L 3—kB(b —1,q) (15)
~ Ak¢B(a,b) otk B P

As particular cases, we can see directly from equation (14) that
Sib.a = B(a,b), S20.a = B(a,b){{ (a +b) — ¢ (b)}

and
Ss.ba =B (a,b) [V () =¥ (a+b) +{¥ (a+b) — ¥ (D) ],
and using (13), we obtain

W (a+b) -4 )

E(X) = .
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and

V' ) =y (@a+b) +{y (@+b) —y O
A2 :
The same results can also be obtained directly from equation (15).

Note that the formula for S; ; , matches the one just given after equation (12). Since the BW distri-
bution for ¢ = 1 reduces to the beta exponential distribution, the above formulae for E(X°) and E(X*)
reduce to the corresponding ones obtained by Nadarajah and Kotz (2006).

Our main goal here is to give the »th moment of X for every positive integer ». In fact, in what
follows, we obtain the rth generalized moment for every real », which may be used for further theo-
retical or numerical analysis. To this end, we need to obtain a formula for S, , that holds for every
positive real d. In the appendix we show that, for any d > 0, the following identity holds for positive

real non-integer a

. (=1
Sa.pa =T(@)T (d) — . 16
“ ;F(a—ﬂj!(bﬂ)" (1o
and that, when a is positive integer,
a—1 i
a—1\ (-1)
Sa.p.a =T (d) ( . )— 17)
0 ; VAWACE )k (

is satisfied.
From equations (13) and (16), the rth generalized moment of X for positive real non-integer a can
be written as

3

PO = S G as)
(@, b) = Tla—)jlb+j)y/
When a > 0 is an integer, we obtain
. T@fe+ DS fa—1\ (=1
B = A" B(a, b) 12_;< J )(b+j)"/"+l' (19)

When a = b = 1, X follows a Weibull distribution and formula (19) reduces to

EX) — I'(r/c+ 1)’

)\‘}"
which is precisely the »th moment of the Weibull distribution with parameters A and c¢. Equations (15),
(18) and (19) represent the main results of this section, which may serve as a starting point for applica-
tions in particular cases, as well as for further research.

Graphical representations of skewness and kurtosis for some choices of parameter b as a function of
parameter @, and for some choices of parameter a as a function of parameter b, for fixed A = 1 and ¢ = 3,
are given in Figures 3 and 4, and 5 and 6, respectively. Figures 3 and 4 show that the skewness and kurtosis
curves cross at @ = 1, whereas Figures 5 and 6 show that both skewness and kurtosis are independent of b

for a = 1. In addition, the Weibull distribution (¢ = & = 1) appears as a single point in Figures 3-6.

An Acad Bras Cienc (2011) 83 (2)
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Fig. 4 — Kurtosis of the BW distribution as a function of parameter a for selected values of parameter b.

We now consider the estimation of the model parameters by the methods of moments. For the mo-
ments estimation, let

me=(1/m)> th for k=1,....4.
j=1
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Fig. 5 — Skewness of the BW distribution as a function of parameter b for selected values of parameter a.
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Fig. 6 — Kurtosis of the BW distribution as a function of parameter b for selected values of parameter a.

By equating the theoretical moments (18) with the sample moments, we obtain the equations:

o0

T(@T(r/c+1) (—1)/
Z ~ - N = m,
MBa,b) =g Tla—/)jib+ et
for » =1,...,4. The method of moments estimators is the simultaneous solutions of these equations.
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MOMENT GENERATING FUNCTION

Here, we provide an expansion for the mgf of the BW distribution. We have

cAC o _ . V16—
M@ = 5ab) ), exp(tx)x“Texp{ — b(Ax)“}1 — exp{ — (\x)°}] "dx

cA¢ o0 PEES e . -
- B(a,b);r_!/o x e lexp{ — b(x) 1 — exp{ — (o)} dx

By o ¢ Af(r+c)
- _—Sr/c—H b,as
‘ 1Yy
B(a, b) —rtoc

where the last expression comes from equation (12). For real non-integer ¢ > 0, we obtain from equa-
tion (16)

Fa) —w— t'T(r/c+ 1D)(=1)
~ B(a, b) ZOJZO MT(a — j)(b+ j)y/etirj1’ 20)

and for integer a > 0 using (17),

1 & T e+ ) fa—1) (=1
MO = By 2 e ;( J )W

The expression for the mgf obtained by Choudhury (2005) is a particular case of equation (20) correspond-
ingtoa =60,A=1/adand b = 1. When ¢ = 1, we have

e¢]

M(t)zz—’\_rﬂ Syt = /ooefx—b“(l—e—“)”—ldx
& ¢ B(a, b)r! T B, b) '

Setting y = exp(—Ax) in the above integral yields

M) =

1
b—t/r—1 1 — a—ld 21
s Ly, e

and using the definition of the beta function in equation (21) yields

M) = B(b —t/x,a)
" B(a,b)

which is precisely the expression (3.1) obtained by Nadarajah and Kotz (2006).

RENYI ENTROPY

The entropy of a random variable X is a measure of uncertainty variation. The Rényi entropy is defined
as Ig(8) = (1 — &) 'log{ [ f*(x)dx}, where § > 0 and § # 1. We have

Y ACY

—xy(cfl)efby(kx)f{l _ e—(xx)C}y(a—l)
BY(a, b)

fre) =
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and, if y (@ — 1) + 1 > 0 is a real non-integer, we expand {1 — e~*""}7@=D a5 in (5) to obtain

R - (—l)jr(y(a—1)+1)xy(c_1)e_(by+j)(,\x)c'

ST = ) T+ 1 !

j=0

If y(a — 1) + 1 > 0 is an integer, the sum stops at y(a¢ — 1). Thus, if (y — 1)(c — 1) > 0, an expression
for Rényi entropy is given by

1
Ir(®) = m{(y — Dlog(cr) + y log B(a, b) +1logI'((y — D(c — D/c+ 1)

(—1)-i(b)/ + j)()/—l)(c—l)/CH i| }

+logl'(y(a—1)+1) +log |:Z Fo@—1)r1— )

Jj=0

It is important to derive an expression for Rényi entropy because it serves as a measure of shape of a
distribution and can be used to compare the tails and shapes of various frequently used densities, whereas
the traditional kurtosis measure is not applicable; for further details, see Song (2001).

ESTIMATION AND INFORMATION MATRIX

Let Y be a random variable with the BW distribution (3). The log-likelihood for a single observation y of
Y is given by

L(X,c,a,b) = log(c) + clog(r) + (¢ — Dlog(y) —log{B(a, b)} — b(Ay)*
+ (a — 1)log[1 — exp{ — (Ay)c}].

The corresponding components of the score vector are:

% =—{¥ (@ -y @+b)}+log{l —e "} (22)
L .
== WO =y @+b) -0y, (23)
_ c - y)
% L togGy) — b Gy log ) + L D2 g G (24)
dc ¢ I —e 0y
and 5 O
BZ_E__C . cla=1My)fe
= At A= etor] (25)

The maximum likelihood estimates (MLEs) can be calculated by making equations (22)-(25) equal to
zero. These equations can be solved numerically for a, b, ¢ and A. We can use iterative techniques such
as a Newton-Raphson type algorithm to obtain the estimates of these parameters. From E(d¢/9b) = 0,
equation (23) yields

E(YC) — w (a +i)c_ Ip‘ (b)’

which agrees with the previous calculations.
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For interval estimation of (a, b, ¢, 1) and hypothesis tests, the expected information matrix is
required. For expressing the elements of this matrix, it is convenient to introduce an extension of
the integral (11)

o0
Typae = f xlem (1 - e—)‘)”’1 (logx)¢dx, (26)
0
so that we have

Tapa,0 = Saba-

As before, let W = —log(U), where U is a random variable following the Beta(b, a) distribution. Then,

£ g0y = [ < egrdry

0]

1 o a—
— B(a,b)/o x7le (1 —e™) '(log x)°dx

T4b.a.e
B(a,b)’

Hence, the equation
Ty pae = Bla, E[W' Hlog(W)}],

relates the integral 7 5 , . to expected values.
To simplify the expressions for some elements of the expected information matrix, the following
identities are useful:
St.b+2.0a — 281 p+1,0 + Si,pa = Bla+ 2, b)
and
bSrpa—(@+2b+1)Sp11a+@+b+ 1)S2p424 = Bla+2,b),

which can be easily proved.

Explicit expressions for the elements of the information matrix K, obtained using Maple and Mathe-
matica algebraic manipulation software (we have used both for double checking the obtained expressions),
are given below in terms of the integrals (11) and (26):

Kaa =V (@) =¥ (a+b),

T3 bt1,a-1,1 ¢ 82bt1,a-1
/ 5 3 3 N 5

ab — — b y Kae = — s Kag o — — )
Ka,b Viatb), ko ¢B (a,b) Kan AB (a, b)
Dpan ¢ Sba

— / b _ / b, . ,b,a, , e ,b, ’

kpp =Y (b) =¥ (a+b), kpe= cBa.b Kpy = A Ba.b

1

-+ 5= — DT _ b1y
02 + CZB (a’ b) {((l ) 3,b+1,a-2,2 + 2,b,a—2,2

Kee =

Doptta—22+@+b—1)Trpir4-22},

An Acad Bras Cienc (2011) 83 (2)



MOMENTS OF THE BETA WEIBULL DISTRIBUTION 369

Kep = {@= 1D Bpsra—21+bTopa2i

AB(a,b)

—(@+2b—D)Topp1a21+@+b—1) T4 21}
and
2 Fa-1)
J— + -
22 A2B(a,b)
The integrals S; ; x and T; ; x; in the expected information matrix are easily determined numerically using
MAPLE and MATHEMATICA for any parameter values.
The observed information matrix could also replace the expected information matrix. The latter would

Ky = S3,b41,a-2-

possibly not depend on complicated integral computations and could be used in interval and testing imple-
mentation. Second derivatives for the log-likelihood could also be numerically computed.

Under the conditions that are fulfilled for parameters in the interior of the parameter space, but not
on the boundary, the asymptotic distribution of the MLEs a, b, ¢ and X is multivariate normal N4(0, K~1).
The estimated multivariate normal N,4(0, K ') distribution can be used to construct approximate confi-
dence intervals and confidence regions for the individual parameters and for the hazard rate and survival
functions. The likelihood ratio (LR) statistic is useful for comparing the BW distribution with some of its
special sub-models.

We can compute the maximum values of the unrestricted and restricted log-likelihoods to construct
the LR statistics for testing some sub-models of the BW distribution. For example, we may use the LR
statistic to check if the fit using the BW distribution is statistically “superior” to a fit using the exponentiated
Weibull (EW) or Weibull distributions for a given data set. Mudholkar et al. (1995), in their discussion of
the classical bus-motor-failure data, noted the curious aspect in which the larger EW distribution provides

an inferior fit as compared to the smaller Weibull distribution.

APPLICATION TO REAL DATA

In this section we compare the results of fitting the BW and Weibull distributions to the data set studied
by Meeker and Escobar (1998, p. 383), who give the times of failure and running for a sample of devices
from a field-tracking study of a larger system. At a certain point in time, 30 units were installed in normal
service conditions. Two causes of failure were observed for each unit that failed: the failure caused by an
accumulation of randomly occurring damage from power-line voltage spikes during electric storms, and
the failure caused by normal product wear. The times are: 275, 13, 147, 23, 181, 30, 65, 10, 300, 173, 106,
300, 300, 212, 300, 300, 300, 2, 261, 293, 88, 247, 28, 143, 300, 23, 300, 80, 245, and 266.
The MLEs and the maximized log-likelihood } gw for the BW distribution are:

a=0.0785, bh=0.0659, ¢=79355 A =0.004987 and [zy =—169.919,
whereas the MLEs and the maximized log-likelihood 7 for the Weibull distribution are:
¢=12650, % =0.005318 and [ = —184.3138.
The LR statistic for testing the hypothesis a = b = 1 (namely, Weibull versus BW distribution) is

then w = 28.7896, which indicates that the Weibull distribution should be rejected. As an alternative test,
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we can use the Wald statistic. The asymptotic covariance matrix of the MLEs for the BW distribution,

which comes from the inverse of the expected information matrix, is given by

8699.35364  4743.69977 —488130.870  87.9136383
4743.69977  13079.4394 —4009.69885 —135.603333
—488130.870 —4009.69885  58517447.8 —16222.8149
87.9136383 —135.603333 —16222.8149  6.19530131

K '=10"7x

The value of the Wald statistic is W = 38.4498, again signalizing that the BW distribution conforms to
these data. In Figure 7 we display the density of both Weibull and BW distributions fitted and the histogram
of the data, where it is seen that the BW model captures the apparent bi-modality of the data.

0.010

O Data points
.............. Weibull
Beta Weibull

Y
5 0.005

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

y
Fig. 7 — The probability density function (3) of the fitted BW and Weibull distributions.

THE LOG-BETA WEIBULL DISTRIBUTION

Let X be a random variable having the BW density function (3). The random variable ¥ = log(X) has
a log-beta Weibull (LBW) distribution whose density function, say f(yv) = f(y;a,b, o, n), which is
parameterized in terms of 0 = ¢! and u = — log(X), is given by

1= st ol ) v (S 1 n e (S|

where —oo < y, u < oo and o > 0. The corresponding survival function is

1 I—epl-ep(5E] o
SO =1- 5o /0 W = W) = 1 g (@ ).
We can define the standardized random variable Z = (Y — wu)/o with the density function
1
n(z;a,b) = ——— explz — exp(z)] {1 — exp[— exp(z)]}*~", 27
o B(a, b)
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for —oo < z < oo. The standard extreme-value distribution corresponds to the particular choice of
a = b =1. A LBW regression model can be constructed from (27), and the parameters can be estimated

by maximum likelihood. However, this will be conducted in a future research.

CONCLUSION

The Weibull distribution, having exponential and Rayleigh distributions as special cases, is a very popular
distribution for modeling lifetime data and the phenomenon with monotone failure rates. We study the beta
Weibull (BW) distribution, which represents a generalization of several distributions previously considered
in the literature, such as the exponentiated Weibull (EW) distribution (Mudholkar et al. 1995, Mudholkar
and Hutson 1996, Nassar and Fissa 2003, Nadarajah and Gupta 2005, Choudhury 2005) obtained for
b = 1. The Weibull distribution (with parameters ¢ and A) is also another particular case for ¢ = 1 and
b = 1. When a = 1, the BW distribution reduces to a Weibull distribution with parameters A b'/¢ and c.
The beta exponential distribution is also an important special case for ¢ = 1.

The BW distribution provides a rather general and flexible framework for statistical analysis. It unifies
several previously proposed families of distributions, therefore yielding a general overview of these fami-
lies for theoretical studies, and it also provides a rather flexible mechanism for fitting a wide spectrum of
real world data sets.

We derive explicit expressions for the moments of the BW distribution and an expansion for the
moment generating function. We also derive the Rényi entropy. These expressions are manageable and,
with the use of modern computer resources with analytic and numerical capabilities, may turn into adequate
tools comprising the arsenal of applied statisticians. We discuss the estimation procedure by maximum
likelihood and derive the information matrix. We demonstrate an application to real data.

We note that our analysis is related only to uncensored lifetime data and the censored case is not
dealt with. We could try to extend some parts of the article to the censored situations in a future research.
However, we will not obtain closed form expressions for the moments, and the integral forms will depend
on numerical software. Maximum likelihood estimation and the observed information matrix using numer-
ical methods would be a possibility.

Finally, a Bayesian analysis as developed by Cancho et al. (1999) for the EW model could possibly
be extended to the more general situation of the BW distribution.
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RESUMO

A distribuicdo beta Weibull (BW) foi primeiramente introduzida por Famoye et al. (2005), e estudada por estes
autores ¢ Lee et al. (2007). No entanto, eles ndo fornecem expressdes explicitas para os momentos. Neste artigo, nos

obtemos expressoes explicitas, em forma fechada, para os momentos desta distribui¢do, o que generaliza resultados
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disponiveis na literatura para alguns sub-modelos. Nos obtemos expansdes para a fungdo de distribui¢cdo acumulada
e entropia de Rényi. Além disso, discutimos sobre estimagao por maxima verossimilhanga e fornecemos formulas
para os elementos da matriz de informacao de Fisher. Nos também mostramos a utilidade desta distribuicdo em um

conjunto de dados reais.

Palavras-chave: distribui¢do Beta Weibull, matriz de informagdo de Fisher, maxima verossimilhan¢a, momento,
distribuicdo Weibull.
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APPENDIX
In what follows, we derive the identities (16) and (17). We start from
f(x) = exp(—bx)(1 —e )",
which yields
o0 o
f x4 f(x)dx = / xIexp(—bx)(1 — e ™) ldx,
0 0

and setting z = e™* gives

[e'e) 1
f x4 f(x)dx :/ llogz|9~ 12071 (1 — z)*~dz. (28)
0 0

For real non-integer a, we have

o _ - (=1 ! y/e—1_b+j—1
[0 x f(x)dx_F(a),Z:(;m/O llogz|"/<~ 24/ "1dz.

Also, forreal p > —1 and real ¢, we have

I'd+gq)

REWSL Dy (29)

1
f xP|logx|?dx =
0
Hence,

00 3 > (_1)]F(d)
d—1 dx =T ;
[t @ L TGt

and, finally, we arrive at

(=1
F(a—Njlb+ H*

/ooxd_lexp(—bx)(l —e ™) ldx =T(@T (d) Z
0 =0

which represents the identity (16).
Now, let @ > 0 be an integer; then, from equation (28), we have

a—1

> _ 1
/ 7 f(dx = Z (‘1 . 1)(_1)'j[ [logz|4~ 1204/ =14z,
0 j A

J=0

Using (29) we obtain
a—1 i
* a . a—1\(=1)T(d)
[ xra = () G

=0~/

and therefore we arrive at

fooxd—lexp(—bx)(l — e ) ldx = T (d) i (" - 1)(__1)j
; A VAU,

which represents the identity (17).
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