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ABSTRACT

Given 0 < s <1 and 1) an s-convex function, s — 7/ -sequence spaces are introduced. Several quasi-Banach
sequence spaces are thus characterized as a particular case of s — 1)-spaces. For these spaces, new measures
of noncompactness are also defined, related to the Hausdorff measure of noncompactness. As an application,
compact sets in s — 1-interpolation spaces of a quasi-Banach couple are studied.

Key words: quasi-Banach spaces, quasi-convex functions, measures of noncompactness, interpolation theory.

INTRODUCTION

Lately many researchers have been interested about diverse issues related to quasi-Banach spaces. These
spaces arise in a natural way as a generalization of Banach spaces, where the triangular inequality of the
norm is changed by a weaker condition. From a geometrical point of view, the convex unitary ball of the
Banach space case is replaced in the quasi-Banach case by a nonconvex unitary ball. Besides the classical
works by (Aoki 1942), (Rolewicz 1957, 1985) and (Kalton et al. 1985), the study of geometrical aspects
is one of the main issues for these spaces, with several results obtained recently, as it may be seen in the
works by Albiac and Kalton (2009), Albiac and Lerandz (2010a, b) and Mastylo and Mleczko (2010).
Results on quasi-Banach spaces have been applied in related subjects, for example, to obtain important
characterizations on H” spaces, for 0 <p <1, as it may be seen in (Bownik 2005), (Bownik et al. 2010) and
(Gomez and Silva 2011).

Another example of quasi-Banach spaces cames from the interpolation theory. In the case of abstract
Banach spaces and operators, this theory began with the classical papers by Lions and Peetre (1964), and
Calder6n (1964), constituting a very active research field.

The study of geometrical aspects of interpolated spaces is one of the main issues. Besides the normed
case, the research about the behavior of quasi-Banach spaces under interpolation methods begun with papers
by Krée (1967), Holmsted (1970), Peetre (1970) and Sagher (1972). More recently, the subject has attracted
a lot of attention, since several properties and issues from the normed case like interpolation of bilinear
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operators, geometric aspects, maximal and minimal functors and compactness, have been generalized to the
quasi-Banach case. See, for instance, the works of Bergh and Cobos (2000), Cobos et al. (2007), Grafakos
and Mastylo (2006), Ghorbani and Modarres (2007), Molina (2009) and Cobos and Persson (1998).

Sequence Banach spaces are also another very active research subject, deeply connected with several
definitions, characterizations and properties in functional analysis. In a very interesting paper, Mitani and
Saito (2007) introduced a class of sequence spaces, called the £, sequence spaces, which presents in a
unified form, norm and geometric properties of several well-known Banach sequence spaces. Recent papers
by Nikolova and Zachariades (2009) and Zachariades (2011) presents an interpolation theory of couples of
Banach spaces modeled on {1 spaces and characterizes several geometric properties. These spaces possess
good generality and are very workable for a unified application, but the constructions of Mitani and Saito
(2007), Nikolova and Zachariades (2009) and Zachariades (2011) are not directly generalized to quasi-
Banach sequence spaces.

The notion of measure of noncompactness was introduced by K. Kuratowski. The Kuratowski measure,
as well as its variant, called by some authors the Haudorff measure, has a very important role in functional
analysis. It is applied to the theories of differential and integral equations as well as to the operator theory.
The relation between measures of noncompactness and interpolation theory of linear and non-linear
operators is a very active research topic. See, for example Banas and Goebel (1980) and Fernandez and
Silva (2010) and the references therein.

In current work, given 0 <s <1 and an s-convex function v, the s — ¢)-sequence spaces are introduced.
A necessary condition is given which guarantees the existence of these spaces and some properties are
proved, including that they are quasi-Banach spaces. This allow us to characterize some quasi-Banach
sequence spaces as a particular case of s — 1)-spaces.

New measures of noncompactness related to Hausdorff measure of noncompactness are also introduced
to obtain a quantitative version of a classical result by Phillips (1940, Thm. 3.7) [see also Dunford and
Schwartz (1967 Lemma 1V.5.4, p. 259)] and Brooks and Dinculeanu (1979, Thm. 1). These quantitative
results for the quasi-Banach case seems to be new in the literature.

Interpolation spaces on s—-sequence spaces are also defined. Compact sets in this interpolation spaces
are investigated and a characterization of them is obtained.

s-CONVEX FUNCTIONS AND 1/)—SEQUENCE SPACES
Let us set
coo = {z=(z,)ne N € CN: z,# 0 for finite number of n € N} |
and let (e,),cn be the usual basis of ¢y. Denote |z| = (|z,)]),en-

DEFINITION 1. Given 0 <s < 1, an s-norm on ¢ is a functional ||.|| : coo — R .satisfying

(a) ||x|]| = 0 for all x € cyg and ||x|| = 0 if, and only if x = 0.
(®) [|Ax|| = |All|x]| for all 2 € R and x € cqy.
(©) lbe + I < lIxlP + [P for all x, y € cop-

An s-norm on ¢y is called absolute if ||z|| = || |z| || for every z € cyy and it is called normalized if
lledl = 1, for all i € N.
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GENERALIZED QUASI-BANACH SEQUENCE SPACES 445

DEFINITION 2. Given x = (x;)ien, ¥ = ()ien € o0, then |x| < |y| if, and only if |x;| < |y, V; € N.
An absolute norm on ¢ is monotone if |x| <|y| implies [|x|| < |[V]|.

DEFINITION 3. Given 0 <s <1, let AC; . be the set of all absolute and monotone s-norms on c such
that, for all e, there are positive constants ¢, and ¢, satisfying

0<ci<|lefl <ec.

Let AN, be the set of all absolute, normalized and monotone s-norms on ¢y We denote by A, the set

Aw:{p:(pn)neNecOO: z pnzlapnzo} .
neN
LEMMA 1. For all || . || € ACs, one has
all-lesll-I=eall s,

where ||.||s and ||. |, are the norms on ¢, and £, respectively.

PROOF. Given x = (x,,),en € Coo, let us suppose x, = 0 for n > m and ||x||,. = |x;|. Then,

1
Wl = bl = el L8l =1y 0,0, 0
* H€1H H€1H T

< Ll 0,0,

C1
_ 1
< Loyl bl sl - - )l

C1

1 [ixll
= X X X ot = .

o G bl e, ) = I

Now,
IGeerl® = llxil ert (0, ol sl - - )P

< [llxi] el + (0, ol bl P
< x5l el + O, [xal, [xl, -+ P
< | xlf e+ [xaleall+ (0, 0, x3], - - )|
< x5 o3+ ol lleall + 110, 0, sl - - IF
< [0 e3P el + (0, 0, ), - -
<
< 3 (PRl 4 )

c3 [IxlZ-

DEFINITION 4. Given 0 < s <1, a linear space V and a function f: V— R, then fis said to be s-convex

in the second sense if inequality

Slou+ pv) <a’f(u) + Ff () M
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holds for all u, v € Vand o, B > 0 with a + B = 1. The set of all these functions is denoted by K? (V).

If s = 1 the definition means just convexity. Another useful result is

PROPOSITION 1. If f€ K5 (V) and 0 <s <1, then fis non-negative on V.

Proof of this fact and several another results about s-convex functions appear in (Hudzik and
Maligranda 1994).

DEFINITION 5. Given 0 <s < 1, W, will be the set of all s-convex continuous functions 1) (in the
second sense) on A, for which ¥(e,) = 1 and condition (A) is fulfilled, namely

NPty e b1y iy Lty ey By ) 2
'll](/ll‘], ooy /ltl‘_l, (1 - }L) + ltl‘, }Ltﬁ_], ceey il‘n, ),

1
1=t

forall A, where 1 <A < ieNandt=t);cn €A, witht; # 1.

DEFINITION 6. Given ¢ € U, ,, the function 1, : R" — R, is defined by
VX1, oo s X)) = V(X1 e, X 0, 00, 0) (X)) e v
THEOREM 1. (i). For every || . || € AN, we define ¢ : A, — R+ by
() = lpl. )
Then € U,
(ii)For any 1 € Y, and x € ¢y we define

{ (X = ) (zg]“‘xi‘, . Zg:“xi‘, ) , lf (nen # 0
0, if (X)nen = 0.

||(xi)i€N||1/; =

Then, || . ||t € AN, and satisfies (2).

Therefore, AN, and V. are in a one-to-one correspondence under the equation 2.9(2).

i
PROOF. (i) Given ¢ = (t;);eny € A, With £; # 1 and A such that 1 <1 < — foralli € N, then 4 < -~

implies A4; > (1-1)+At; > 0. Since || . || € AN, the norm is monotone and one has

i

AL = 1Aty - o Ao, (1= A) + A, A+1, ..., A1,

and so the condition (A) holds.
(i1) From the definition of [|. ||, the properties (a) and (b) of Definition 2.1 are verified. Now, letx € ¢y
There exists some n € N with x; = 0 for all i > n. Then ||(x;) Z; /3 = "ll(x;) i£1l[3» where

"||(x)f’]|s-=(i|x~)xw( L L )
vt i=1 l ! 21l Y-

21
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GENERALIZED QUASI-BANACH SEQUENCE SPACES 447

To prove the “triangle” inequality we first show that ||.||,;, is monotone.

Given (p;);, (a;); € A, such that p; < a; for each n € N, there exists some n € N with p;, = a; = 0 for all
i > n. Let us suppose the condition (A) is fulfilled and 0 <p,; <a;. Wedenotea=a, +pr,+...p,,p=p1 +
p2+...pnand/l=%21. ,

Let t, =%, t,=2 i=2,..,nandt/ =§, i=1, ..., n, then —* = 1. Note that #/, = (1 — A) + A, and

a’ 1-1

Ml—t)=1—-¢t1<1.Then1<i< 1 and after condition (A), one has

— 1-1
)\‘Swn (ﬂ’& 9o 7&>
a a a

1/)11((1 _j‘) +/1t1’ j‘t29 AR j'ZL}’l) = ¢n(t,1’ t’27 sy t'n)

= ¢n (p_17 p—2 9. 7&>
p’p P

(a)* ¢y (ﬂ,&,--- fﬁ)z ®) Yu (&,&,.-. ,&),
a a p'pp

/lswn(tl, ey tn)

A%

1.€.

a

which means

n||(abp2’ ,pn)Hzi Z ! ||(pl,p27 7pn)||1j1

Next step is to prove
n”(a]’ a, p3, - apn)Hqi) =" ||(a19p27p37 ser an)”i)

Since a, > p, > 0, we just act similar to above. In this way, one can get

"lar, a2, as, ..., )il =" (@1, p2, p3s s DAl

when a; > p;.
Finally, for triangle inequality one has, by the s-convexity of ,

e+ Yl = 1Cers s x) + s s DI

= Gy e VI =" Bl s b DI

"Bt + ks e beal + aDIL

L ks ber| + bl xA+MI>)

(§“”+”D¢"<(zmuw+%’”’zgx»+m

e x| b, )

(;“”+”D¢”<(Zﬁu¢+%’“’Zﬁx»+M|+

+< ml il ))
XSkl X8 ]+

e+ i, (Bt (o s
=1

it el \NXZ e+l X ]+ il

IN
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+ﬁiiLiML<__lL__>”.__JL__>>
bl + o+l \ 22 ]+ 22 Xl +
n
_ i+ bl X
—(M+WW¢(| . .
; ' ' ! Zifl x| + il beyf+ - +‘xn" R 31 R P
+wn+w+wn< il ))
SaRI b\l T T+
S
z el -+, bl bl
(|ﬂ+yW[( K 1 . n +
,; ' ' 25 )+ il Al T e
S
+(mrw~+yn)1%( il v )}
-
>l + i il Dl

= ()Y (( o s ))+
RN N e T R

+wmv~+hwm( = L

IN

Y e s +
il + o+ il + - +|)’n|>
= |lxll + Il -

The proof of Theorem 1 shows that the condition (4) is really closed with monotonicity of the norm.
DEFINITION 7. Given ¢ € W, the space t, is defined by
fw = {(xn)noil €l lim ||(X1, T Xps 0,0, )sz) < OO},

and c is the closure of coy in (Ly, || - [|y)-

The next result may be proved following the proof of Proposition 2.4 in Mitani and Saito (2007).

PROPOSITION 2. The linear space t, and c are s-Banach spaces with the s-norm ||(x,)nenl|;, =
1imy, o (o1, =5 % 0, 0, )13

EXAMPLE 1. Let v, be the p-convex function obtained from the p-norm || . ||, of £,, 0 <p < 1.
Then v, € ¥, , and £, = ¢, = €,

PROPOSITION 3. Let ¢ € V.. Then, for each (x,),2) € cy holds
lim (0,0, - - -, 0, x,, x,+1, )|, = 0.

n—w

DEFINITION 8. 4 function + € Y, is called regular if c;, = €.
RELATIVE COMPACTNESS AND -DIRECT SUMS

We have considered spaces £, as spaces of complex numbers labeled in N. An analogous theory may be
also developed with labels in Ny = N U {0} and even in Z. Therefore, let 7 : CZ — C be defined by

T ((Zn)nGZ) = (én)neZ

An Acad Bras Cienc (2013) 85 (2)



GENERALIZED QUASI-BANACH SEQUENCE SPACES 449

with (Z,),+1 =z, and Zp,=z_,,, for n € N. For ¢) € U, , we define

Cy(Z) = {z = @ulnez : ©2) € Ly}

To emphasize which space we are considering, we shall use the notation £(N), £,(No) and £,(7Z).
The next result follows directly from Proposition 2.

PROPOSITION 4. Let i) € W, and (X,),cn be a sequence of Banach spaces.
Then,

Xl/J - ( z @Xn) = {x = (xn)nEN S H X : (HanXn)nGN € &/J}
¥

neN neN
is an s-Banach space when equipped with the norm ||x|| = |(|[x,|)enlly-

In a similar way, let (X,),c7 be a family of Banach spaces. We define

neN

( > @Xn) = {@nen : ([l Xdnez € €4(Z)}
v

and [lx|| = [z (|x[Dnezlle» for every x € <Z EBXn> -
neN )

Examples of 1)-direct sums are €, direct sums for ¢ =1,, 0 <p <1.
Now, the more general situation of ¥-direct sum of quasi-Banach spaces is considered.

THEOREM 2. If (X,)),cn is a sequence of quasi-Banach spaces with quasi-Banach constants C,, with

sup C, < oo, then their Y-direct sum is also a quasi-Banach space.

PROOF. Let C = sup C,. Then,

e+l = 1R+ yalle)lly = TRCn(( beallx, + 1yl L)}l
< ClPeallx, + allx DIk = € CyllIxallx, [y + IValle))
= CCyllxll + IvID,

where Cy, is the quasi-Banach constant of £.

Using Lemma 1, the completness may be proved as in the Banach case, considered in Proposition 2.4
of Mitani and Saito (2007).

DEFINITION 9. For a bounded set B in X, the Hausdorff measure of noncompactness of B, y(B), is
defined by

Xx(B) = inf{e > 0, there exists a finite set F C X, such that B C F + €Uy}, where Uy is the closed unit
ball of X, with center in the origin.

An Acad Bras Cienc (2013) 85 (2)
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Now some operators are introduced who will assist in the attainment of the next result.

Let 0 <s <1, (X,)en a sequence of quasi-Banach spaces as in Theorem 2 and Oy :( X ,en B X,), —
L DX,y the operator given by Oy(x1, . .., x,, ... ) = (x1, . .., xp). Then, for ¢ € ¥, we define

$ |, el L
OO e = 1Ce1s v s XD = Qb o (S s e s S :
1 21 il [l

if (xp, ..., x0) #(0, ..., 0),and 0 if (xy, ..., x) = (0, ..., 0), where £y, is the s—space defined on R,
It is clear that [|Q(x)[ly, < [|OQk+1(X)ly,,, Tor every k=2, 3, ... and |x]|, = supil| Ou(x)|ly, -
For a sequence x = (x,) € (Z/il DX,)y, we also define Pi((x,)) = (x1, ..., X, 0,0,...) and m({x,}) = xs.
It is clear that Q,(P,(x)) = (X1, ... , X,,), OQp1(Py(x)) = (xy, ..., x,,, 0) and since ||(||x;]x, » .- » [[Xallx,
OMlegr = NPerllxy s - - - o [ally)lly, » then

IOu(PuCNly, = 101 (Pl ., = [|Qne2(PuCly, , = ----

On the other hand since [|Ox (V))lly, < [|Qk+1() |y, ,, » one has

||Qn(Pn(x))||wn 2 HQn*l(Pn(x))Hw E

n—1

and
sup QPRI = 1Qu(PuCly, »
ie.
PR X = [[(Petlleys - 5 [Peall x )y, -
Hence
1Pux, P lLis oo [all 6w,
XLy, supg (il xs - [beall x|y, — 7

e [Py, - x, < 1. IEx = (x1, oo, %y, 0, ..., 0), then P,(x) = x and thus [Pl _ v, = 1.

THEOREM 3. For a bounded subset B C Xy, =} ,cn DX, we define

vy (B) = lim sup [sup [|[Py(x) = x[[x, Xx (PdB))] .

k—ox x€B

Then if, Xy, is the Hausdorff measure of noncompactness on Xy, one has
Xx,(B) Svy(B) < 2% Xx,(B).
for all bounded subset B in X, .
PROOF. For simplicity, let us denote Xy, (B) by X(B). For each bounded subset B C X, and n € N,

BC (Id—P,)B + P,B.

An Acad Bras Cienc (2013) 85 (2)
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Since X, is s-sub-additive, taking in account the inequality

Xw((Pn —1d)B) < sup||P,x — x|

)('1;‘7 s
neN
we get
Xy(B) < Xy((P,—1d)B) + X°(P,B)
= sup [|((Pyx = 0)lx,+ X3 (PuB),

xXeB

for all n € N. Therefore, X(B) < v(B).

451

Conversely, since operators P, are uniformly bounded, let us define M := lim sup,_, ||P,||. Then,

since ||P,|| = 1, it follows M = 1. .

Given a bounded subset B in X, and & > 0 arbitrary, let » = X, (B) and r, := r* +¢. Thus, there is a finite

set By in Xy, such that
B C BO + rgU Xy -
And, since B, is finite, there exist N € N, such that

(P, = 1d)xol| x, <&,

for all > N and x, € By. Now, let x be an arbitrary element in B and x, € B, chosen such that ||[x — x|

/s
Xy < Te

. Since
1Py = Ld)x][y, = [[(Py = 1d)xo |Ix, < [|(Py = 1d)(x = Xo)l| X < 7
it holds
1Py = 1d)x]ly, < || (P, = Id)xo[[x, + 7,
and, for allx € Band n> N,
|(Ppx = x|y, L e+ 7, = 11 + 2e.

Therefore, taking ¢ — 0, one has

lim sup sup [|P,x — x|[x, < Xy(B).

koo xcB
Finally, since X, (P,B) <||P,|[Xy (B) <M X, (B) < X, (B), one has

Vi(B) < Xy (B) + Xy(B) = 2X; (B).
The proof is thus complete.

For a characterization of the compact sets in X, we need of the following auxiliary result.

LEMMA 2. Let m, : X, — X,, be the natural projection on X,,. Then, for any bounded subset B C X, one has

Xy, (m,(B)) < Xy, (B).

An Acad Bras Cienc (2013) 85 (2)
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PROOF. It will be proved that Uy, = (n,(Uy,). First we prove ||, (x)|lx, < [|x]| x, . For any x = (xy, ...,
Xpy )y, Weputy=(0, ..., x,0,..,0,..). Then

Xy, = IWllx, = sup 10l = Ou)y, = 11 (0, ..., 0, [l L II€,
= |beally, €0, ..., O, D€y, = [lxally, = |z, (0], -
Hence, if x € Uy, , then m,(x) € Uy, .

Foragivenz € Uy, letx=(0, ..., 2,0, ..., 0, ...), with z in the n-th position. Then =, (x) = z and ||x||x, =
llzll, < 1. Hence x € Uy, which implies that Uy, € m,(Uy,).

Now, given & > X, (B), there exist balls By, ..., By; € X, which B; = B(x;, ¢), such that

M
BC U |B(x;e).
i=1

Thus

M M
71',,(8) C my, (U B()C[, 8)) C Uﬂn (B(xis 8))
i=1 i=1

And, since
7B (5, 2) = 7,(x) + e, (Uy,) = m,(x) + eUy,

for each i, there are elements y, ..., yy,, such that
M
m(B) C U i +eUx)}.
=1

Therefore, Xy, (7,(B)) < ¢ and the result follows.

COROLLARY 1. 4 set K C X, is relatively compact if, and only if:

() |Pix — x||x,— O uniformly on K, for k — .
(i1) The set K(m) = n,,(K) = {m,,,(x) : x € K} is relatively compact in the norm of X, for each m € N.

PROOF. If K C X, is relatively compact, then Xy, (K) = 0 and from Theorem 3.4 we obtain v(K) <
Xx, (K)= 0. Hence

0 < lim sup [sup [|Px(x) — x||x, ] =0.

k—w xekK

This means that lim sup is the only one point of condensation of supye & ||[Pi(x) — x| x, , hence the lim sup
is just a lim. This implies that

lim sup [sup [|Pi(x) = x||x, ] =0,

k—w xek

which means that ||Pi(x) — x||x,— 0 uniformly on K. Hence (i) is fulfilled.
To prove (ii), using Lemma 3.5, one has

Xx,, (y (K)) < Xx,(K)
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hence Xx, (m,, (K))=0.

Now, assuming (i) and (ii), the former means that

lim sup [sup [|Py(x) — x[|x, 1=0.

k—o x€B

It follows from (ii) that X y (m(K)) = 0 and hence X x (P«(K)) = 0. Then we get vy, (K) = 0 and thus X x (K)
=0, i.e. K is relatively compact.
In particular, if X is a fixed quasi-Banach space and X, = X, for each n € N, we have

XP =P DX, = £,(X).
n=1

Thus, we obtain from Corollary 1 a similar result to that stated by Brooks and Dinculeanu (1979
Thm.1), now for s-Banach spaces.

COROLLARY 2. 4 set K C £,(X), 0 <p <1, is relatively compact if, and only if:
(1) z [[x,llP — 0, k — oo, uniformly for x € K, for k — .

m>k

(1) for each m € N, the set K(m) = {x,(x) : x € K} is relatively compact in the quasi-norm of X.
s — ¢»-DIRECT SUMS AND INTERPOLATION SPACES

In Nilsson (1982), the K-interpolation space is defined for a pair of quasi-Banach spaces (£, £,) and an
Z-lattice A (a quasi-Banach space of real valued sequences with Z as index set and with a monotonicity
property: M exists such that |a,|, < M||b,||, whenever |a,| < |b,| for each n € Z).

The K-space consists of all a € Eq+E; such that {K(2", a, Ey, E;)} € A. One more condition has been
put on 4, namely to be K-nontrivial, which equivalently may be written as the condition {min(1, 2" ")}, € 4.
It will be considered the K interpolation space when Z-lattice is the space

€ = {@anez € UT) : Q"2 )nez € LWL}

with ||(z,)nezll = ||(279"|zn|)n€ZH¢. Due to Lemma 2.4, it is not difficult to see that f,(z is K-nontrivial, i.e.
(min(1, 2n)),ez € €7

Let E = (E,, E;) be a Banach couple, 0 € (0, 1) and X,, =2 %E, + 27®")"E, The K-interpolation space
(Ey, E1)g, may be defined as the subspace of all constant sequences in (3,7 Dy,
27K (2", a, Ey, E,), this is the space of all € E, + E}, such that llallg, < oo, where

)w =X, . Since ||a|ly, =

lallg. = llallx, = 12""K(2", a, Eo, E)uez |I¢!, -
Now, the following characterization may be proved.

THEOREM 4. Let E; be quasi-Banach spaces with quasi-Banach constants C,, i =0, 1, and let M be
the quasi-Banach constant of c,. Then, the interpolation space (Ey, E})gy is a quasi-Banach space and
its quasi-Banach constant does not exceed M max(Cy,C,). If the norm || . ||, is translation invariant, this
constant may be estimated by M2° C}~% C{ .
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PROOF. To prove the first part we will use Lemma 3.11.1 from Bergh and Lofstron (1976). Let E; be
quasi-normed with constants C;, i =0, 1. Then

K(t, a + b, Ey, Ey) < Co(K(C1#/Cy, a, Eqy, Ey) + K(C1t/Co, b, Ey, E)) . 3)
From the inequality K(¢, ) < max(1, #/s)K(s, a) we get

Co(K(C1t/Cy, a, Ey, E1) < Comax(1, C\/Co)K(t, a, Ey, E))
maX(CO, CI)K(t, a, EO: El) 5

and the same for b in the place of a. Thus,

la+bllgy = I2""KQ2" a+b, Eo, E) |,

max(Cy, C1)|[2""(K(2", a, Ey, Ey) + K(2", b, Eg, EY)) |lg,
M max(Co, C)(| 2™"K(2", a, Eq, E)) ||,

HI27"K(2", b, Ey, E1)) l¢,)

M max(Co, Ci)(llallg.y + [16l]g4) -

INIA

In the case of the second part of the theorem, from (3)

la+bllgy = 7"KQ2", a+b,Eg, E) e,

1(27C, (K(2" C1/Cy, a, Eq, Ey) + K(2"C1/Cy, b, Eg, E))) |le,
M Col[27" K(2" C\/Cy, a, Eo, Ey) ||g,

HIRK(2" C1/Cy, b, Ey, E1) le,) -

INIA

Now, choose m € Z, such that 2" < C;/Cy < 2"*!. Then, since || . llg, is translation invariant, we have

||2*”9K(2"C1/C0, a, Eo, E)l¢,

AN

||2*n9K(2n+m+l’ a, EOa El)”[w
= || 27O DO KoL g, Eo, By,
= 20" Ya]lg,,

0
Ci\ 0
<Co) 2%all,y, -
The same is obtained to |[2 "’K(2"C,/Cy, b, Ey, E))||¢, , - Therefore,

lla + bllg, < M2°Cq " (llallo, + 1B1lo.) -

Now, we may get a result about relative compactness and s — ¢-interpolation spaces using a modification of
results from the previous section.
For a sequence x = (x,)n € Z, let us consider the 7 operator from Section 3,

T (X) =T ((xn)) = (XOa X5 X15 X2y X2y e 5 Xy Xy )a
and
T (x) - P2k+IT (x) = (0, 0, x_(n+1), X(n+1), X_(,H.z), X(n+2), c. ) .

Then, it is appropriate to consider a modification of the measure of noncompactness v, namely

vy (B) = lim sup [sup||Py17(x) = 7(x)lly, + X, (P (B))] -

k—ow xe€B
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The results for this measure are analogous to those given in Theorem 3 for the measure v,(5). Thus
the following theorem for the compactness of bounded sets in the ¢-interpolation spaces may be obtained:

THEOREM 5. Given quasi-Banach spaces Ey and E,, a bounded set K is relatively compact in (Ey, E1)g,,
for 0 <0 <1 and v regular if, and only if,

(i) lim,, _, |[{c(k, n)K(2F, a, Ey, E))} le, = O uniformly in x € K, where c(k, n) equals 2% if |k| > n and
0,ifk=-n—n+1,...,n—1,n.
(i1) The set K is relatively compact in Ey + E.

Here we use the fact that if K is relatively compact in £, + E; then, it is also relatively compact in
X,=2""E,+ 20" g,

When v = 1), is obtained for the quasi-Banach case the Theorem 3.2 from Fernandez and Silva (2006),
which for the Banach case is a result originally given in Peetre (1968) and also proved in Fernandez-Cabrera
(2002). Similar results for general real interpolation methods appear in Cobos, et al. (2005).
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RESUMO

Dado 0 <s <1 e uma fungdo s-convexa 1), os espagos de sequencias s — 1) sdo introduzidos. Véarios espagos quase-
Banach de sequencias sdo assim caracterizados como um caso particular dos espagos s — 1. Para esses espagos novas
medidas de ndo compacidade sdo também definidas, relacionadas a medida de ndo compacidade de Hausdorff. Como

uma aplica¢do, conjuntos compactos nos espa,cos de interpolagdo s — 1), de um par quase-Banach sio estudados.
Palavras-chave: espagos quase-Banach, fun¢des quase-convexas, medidas de ndo compacidade, teoria de interpolagao.
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