¥y ¥ ¥y

Anais da Academia Brasileira de Ciéncias
ISSN: 0001-3765

aabc@abc.org.br

Academia Brasileira de Ciéncias

Brasil

Ostwald, Renata N.
On The Existence of Levi Foliations
Anais da Academia Brasileira de Ciéncias, vol. 73, nim. 1, marco, 2001, pp. 7-13
Academia Brasileira de Ciéncias
Rio de Janeiro, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=32773102

How to cite e

Complete issue - .
P Scientific Information System

Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal
Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative

More information about this article


http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org/articulo.oa?id=32773102
http://www.redalyc.org/comocitar.oa?id=32773102
http://www.redalyc.org/fasciculo.oa?id=327&numero=2015
http://www.redalyc.org/articulo.oa?id=32773102
http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org

On The Existence of Levi Foliations

RENATA N. OSTWALD

Instituto de Matematica Pura e Aplicada — IMPA, Est. Dona Castorina 110
22460-320 Rio de Janeiro, Brasil

Manuscript received on September 20, 2000; accepted for publication on December 6, 2000;
presented by CEsSAR CAMACHO

ABSTRACT
Let L c C? be a real 3 dimensional analytic variety. For each regular poiatL there exists a
unique complex liné, on the space tangent foat p. When the field of complex line

p=1p

is completely integrable, we say thatis Levi variety. More generally; leL. ¢ M be a real
subvariety in an holomorphic complex varigyy. If there exists a real 2 dimensional integrable
distribution onL which is invariant by the holomorphic structureénduced byM, we say that.

is a Levi variety. We shall prove:

Theorem. Let £ be a Levi foliation and let ‘F be the induced holomorphic foliation. Then, F
admits a Liouvillian first integral.

In other words, if£ is a 3 dimensional analytic foliation such that the induced complex distribution
defines an holomorphic foliatioff; that s, if £ is a Levi foliation; thenf admits a Liouvillian first
integral—a function which can be constructed by the composition of rational functions, exponen-
tiation, integration, and algebraic functions (Singer 1992). For exampfeisifan holomorphic
function and if9 is real a 1-form orR?; then the pull-back o8 by f defines a Levi foliation

L : f*60 = 0 which is tangent to the holomorphic foliatigh : df = 0.

This problem was proposed by D. Cerveau in a meeting (see Fernandez 1997).

Key words: Levi foliations, holomorphic foliations, singularities, Levi varieties.

ANNOUNCEMENT

Let £ be a Levi foliation and letF be the holomorphic foliation tangent 1 Note that ifs in an
holomorphic function such thgt is h-invariant ¢* F = F); thenZ is alsok-invariant ¢* £ = £).
We shall mainly use that property in order to prove

THEOREM. Let £ be a Levi foliation and let F be the induced holomorphic foliation. Then ‘F
admits a Liouvillian first integral.
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8 RENATA N. OSTWALD

We proceed as follows:

We first show that if£ is a Levi foliation, there exists analytic real functiofis g» such that:
if G = g1+ ig», then the Levi foliation is defined by

L£:Gw+ Gw =0,

wherew is an holomorphic 1-form so that = 0 defines the holomorphic foliatioff tangent to
the Levi foliation£. We then verify that; iff * is the holomorphic foliation obtained frorf after a
finite number of blow-ups, there exists a Levi foliati6htangent tgF*. Therefore, by Seidenberg
Theorem (Seindenberg 1968), we analyse the foliafiorior which all singularities are reduced.
Let D denote the divisor obtained on the process of reducing the singularity ab dietnote
the irreducible curves with normal crossings such that UD;. We consider the induced Levi
foliation on sections transversal to the holomorphic foliation through each compdnesftthe
divisor. We show that the holomorphic diffeomorfisms for which the Levi foliation is invariant
must satisfy an equation on one variable of the type

W(z) = t@; teR *)

We can then find an holomorphic coordinate sysieam the section such that

k+1
y

F(y) = ——.
O =1= e
We refer to such coordinate system as a normalizable coordinate system. We verify that it is unique
up to homographies.
If either A # 0 ork = 0, thensr = 1 for all solutionsh of the differential equation (*).
Furthermore, ik = 0, then the group of solutions of the differential equation is a linear group. On

both cases we have an abelian group for the group of solutions of (*). We can already conclude:

THEOREM A. Let p beasingularity of thefoliation
F :w=Axdy + ydx + {higher order terms} =0 A e R*—-Q.

Supposethere existsa Levi foliation £ tangent to F. Then the singularity isanalytically equivalent
to alinear singularity.

Proor. For if there exists a Levi foliation, the holonomy associated to the singularity must satisfy
an equation as (*). If so, the order &f at O cannot be but 1; that is, k=0. The holonomy is
linearizable; as a result, so is the singularity (Mattei & Moussu 1980).

We still have to consider the case= 0. There are solutions for whieh# 1, (h'(0))* = 71 € R.
These solutions are necessarily linearizable, but not those for whietl. The latter, though,
also determine an abelian group. We shall then describe the abelian group of solutions of (*) for
t=1k>0.
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ON THE EXISTENCE OF LEVI FOLIATIONS 9

We can take an holomorphic coordinate systammy) such that the group of solutions of the
differential equation is in normalizable coordinate system on each transversal settiore.

For an holomorphic vector field, let expX denote its exponential application, that s, its flow
forr = 1:

9 1 1
eXIO(S(Z)a—Z)(Z) =z+ f1(2) + EfZ(Z) + gfa(z) +...

satisfying
fi=§,
fn = S.fy{—l'
If i is a diffeomorfism which satisfies
, hk+l 1— )Lyk
W@ =T e

then thek-th interate of hjz*, is tangent to the identity. There exigtsuch that:* is the exponential
of the vector field:

k+1 9
Y =2min —
1— vk oy’
that is
. ) yk+1 9
h(w) = exp(Zm,ul oy 5)(w).
Consequently
k+1
i My 0 Lk
h(w) = exp(2m; 1k 5)(@1), e =1
If

d d
X=x—+yf(xy)—
dx dy

is the vector field which defines the holomorphic foliation; then the holonomy application is defined
by
exp2riX.

We have found two linear independent vector field$¥ that defing:. Therefore; they commute:
[X,Y]=0.

We can describ& to be so as to satisfy the commutability condition. We then show the local
result:

THEOREM B. Let p bea singularity of the foliation

F o= Axdy + ydx + {higher order terms} = 0, 1 € C.
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10 RENATA N. OSTWALD

Suppose there exists a Levi foliation £ tangent to F. Then the singularity is normalizable in
the sense of Martinet and Ramis (1982), Martinet and Ramis (1983). In particular, » admits an
analytic integrating factor.

Proor. If & € C — R, the singularity is linerizable by Poincare’s Theorema € R — Q, we
have proved (Theorem A) that is also a linerizable singularity. Thus, we have to prove the result
for 1 € Q; since the singularity is a reduced ones Q, . Let

k+1 9
1= an(xo)yk dy
be the vector field whose exponential application determines the holonomy applicatign on
If there are two invariant curves through the singularity, then the vector field that defines the

holomorphic distribution can be written a%’—x + yf(x, y)%. By solving the commutability
condition[X, Y] =0:

—27iY (x0, y) = —2mip(xo)*

9 9 yk+1 9
0=[x— S S A
[xax +yf(x y)ay p(x) T Ak oy

9 k+1 9
d(u)y"). e, yf) —y f (x)ky—>—.

1
(y (1 — Ap(x)kyh)2 ay " TRt ) ay

Let f(x,y) = f(x,0) + g(x, y), thenf must be as to satisfy

W x)x
fx,0) =S5
5 . 1 9 y .
s |Ogg —_— ky(l—)»ukyk) - kx Iog((l_kﬂkyk)l%)’
which leads us to k
W (x)x y
flx,y) = T Tk
w(x) 1= ap(x)ky*

The foliation on the punctured neighborhood is defined by the following 1-form

W (x)x v
=xd —8(x)—— )d
=7 y+y< p(x) (x)l—/\u"y" g

or still by
k,  k
yu
B A
Wwx 1—)»[,kak) H
_ Mk+1yk+l 1— )‘-Mkyk d(Mkyk) (Sd
T 11— )\xkyk Mkyk (Mkyk)Z X :

%w: pudy + y(1—

Necessarilys has an holomorphic extension through 0 arfdhas either an holomorphic or a
meromorphic extension through 0. If it were meromorphic, the singularity would not be a reduced
one, contradicting our hypotheses. The extension is then an holomorphic one. We have then a
normal form for either cases:
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ON THE EXISTENCE OF LEVI FOLIATIONS 11

If u* e ©*, we have a saddle-node;if € © — O* and letp be the order of the zero of at
0, we have a ressonant singularity.

If there is only one invariant curve through the singularity; the singularity is a saddle-node and
the invariant curve iy = 0. Therefore the vector field that defines the holomorphic distribution
can be written a = (x + h(y)) = + yf (x, y)%, £(0) = 0. The holonomy is defined by the
exponential application of the vectorfieng’,;(—y)X = x%-ﬁ-%% The commutability condition
[——=X, Y] = 0 implies that

x+h(y)
X X
—[X,Y]=|d—7Y )X
x + h(y) (x-irh(y) )

By solving the equation just above, we obtain tlf}amust be an holomorphic function which
contradictsf (0) = 0. O

Following, we prove results that will allow us to relate the first integrals obtained on the
neighborhood of each componen.

THEOREM C. Let p beasingularity of the foliation F : « = 0 and
o = fdF isan holomorphic 1-form

where F isa Liouvillian function and f is an holomorphic integrating factor of w. There exists a
Levi foliation defined by

L:f(fdF)+ f(fdF).

Furthermore, if p isnot a linearizable ressonant singularity, then any other Levi foliation must be
of the type:
L, A f(fdF)+xf(fdF).

Note thati (A F) is a first integral of the Levi foliatior ;. We can then show:

CoroLLARY. Let p beasingularity of the holomorphicfoliation F : w = 0. Let F; beLiouvillian
functionsand let f; be holomor phic functions such that

w = fdej.

Suppose there exists a Levi foliation £ tangent to F and suppose that 9i(F1), R(F,) are first
integrals of £. Then:

Proor. Follows fromd F; = %dF_,- andd(F; + F;) Ad(F; + F;) = 0.

We are then able to show:
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12 RENATA N. OSTWALD

THEOREM D. Let F be an holomorphic foliation and £ be a Levi foliation tangent to /F. Suppose
all singularitieslie on anirredutible curve S; which is F-invariant. Then F admits a Liouvillian
first integral I defined on a neighborhood of S. Furthermore, d(I + 1) defines a Levi foliation
tangent to F.

Proor. To show the existence of a Liouvillian first integral #fit is enough to show the existence
of a Liouvillian first integral of the reduced foliatigfi*. Let D = UD); be the divisor obtained on
the process of reducing the singularities. Let us fix a transversal sectiphtbfoughD;. Since
there exists a Levi foliation tangent 6*, there exists a normal coordinate system on the section
so that the holonomy applications determined by the singularitie3 jasatisfy (*).

For eachD;, we then find an holomorphic vector fiek; that defines the foliatiorf* in a
neighborhood of the divisor. L&t be the holomorphic vector on each transversal section which
defines the holonomies. To firid;, all we have to do is solve the equation

[Z;,Y]=0.

The vector fieldZ; allows us to describe a Liouvillian first integral of the holomorphic foliation
on a neighborhood of each irreduceble compor@nof the divisorD = UD; obtained on the
resolution of the singularity. Le; be a Liouvillian first integral of the holomorphic foliatigfi*
on a neighborhood of thB; such thati(F;) is a first integral ofL*. By Theorem b, for each

p e DN Dj
we have
dFy _dF,
Fi B
Therefore JF
g0
w* ={ F }

is a well defined closed 1-form. Thus

I:exp/w*

is a Liouvillian firstintegral of the holomorphic foliatiofi* and there is a Levi foliatiod (1 +1) =
0; The Theorem is thereby proved.

RESUMO

Sejal ¢ C? uma variedade real de dimens&o 3. Para todo ponto regutarL. existe uma Gnica reta
complexal, no espago tangentelaem p. Quando o campo de linhas complexas

pr—)lp

é completamente integravel, dizemos que& uma variedade de Levi. Mais geralmente, deja M
uma subvariedade real em uma variedade analitica complexa. Se existe uma distribuigcdo real integravel de
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ON THE EXISTENCE OF LEVI FOLIATIONS 13

dimensao 2 enk que é invariante pela estrutura holomarfanduzida pela variedade complexs dizemos

queL é uma variedade de Levi. Vamos provar:

Teorema. Sgja £ uma folheacéo de Levi e sgja F a folheagdo holomorfa induzida. Entdo ‘F temintegral
primeira Liouvilliana.

Em outras palavras, 9&é uma folheacao real de dimenséo 3 tal que a folheag&o holomorfa induzida define
uma folheac&o holomorf#'; isto é, seL é uma folheacdo de Levi; entdo admite uma integral primeira
Liouvilliana — uma funcéo que pode ser construida por composigéo de fungdes rationais, exponenciagdes,
integracdes e fungdes racionais (Singer 1992). Por exemplp.ésema funcéo holomorfa e ¥eé uma
1-forma real enR?; ent&o o pull-back dé por f define uma folheacdo de Levf : f*¢ = 0 a qual é
tangente a folheag&o holomorfa: df = 0.

Este problema foi proposto por D. Cerveau em uma reunido (Fernandez 1997).

Palavras-chave: folheagOes de Levi, folheagdes holomorfas, singularidades, variedades de Levi.
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