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ABSTRACT
We briefly review the present status of nonextensive statistical mechanics. We focus on (i) the cen-
tral equations of the formalism, (ii) the most recent applications in physics and other sciences, (iii)
thea priori determination (from microscopic dynamics) of the entropic ingléor two important
classes of physical systems, namely low-dimensional maps (both dissipative and conservative)
and long-range interacting many-body hamiltonian classical systems.
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1 CENTRAL EQUATIONS OF NONEXTENSIVE STATISTICAL MECHANICS

Nonextensive statistical mechanics and thermodynamics were introduced in 1988 [1], and further
developed in 1991 [2] and 1998 [3], with the aim of extending the domain of applicability of
statistical mechanical procedures to systems where Boltzmann-Gibbs (BG) thermal statistics and
standard thermodynamics present serious mathematical difficulties or just plainly fail. Indeed, a
rapidly increasing number of systems are pointed out in the literature for which the usual functions
appearing in BG statistics appear to be violated. Some of these cases are satisfactorily handled
within the formalism we are here addressing (see [4] for reviews and [5] for a regularly updated
bibliography which includes crucial contributions and clarifications that many scientists have given
along the years). Let us start by just reminding the central equations.

First of all, the exponential functiosi’ is generalized into thg-exponential function

[1+ (1 —g)x]T7 (g € R). @)

X
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394 CONSTANTINO TSALLIS

We can trivially verify that this (honnegative and monotonically increasing) function (i) fer 1
yieldse; = ¢*(Vx), (i) for ¢ > 1, vanishes as a power-law when— —oo and diverges at
x = 1/(g — 1), and (iii) forg < 1, has a cutoff at = —1/(1 — ¢), below which it is defined to
be identically zero. It — 0 we haver; ~ 1+ x(¥q).

The inverse function of thg-exponential is the-logarithm, defined as follows:

GeR). 2)

Of course lnx =Inx(Vx). If x - Lwe have lpx ~ x — 1(Vq).
The nonextensive entropic form we postulate is

1YW p1 s Y

5=k 22l (30 =g e ), ®
9= i=1

whereW is the total number of microscopic configurations, whose probabilitiespafe Without

loss of generality we shall from now on assuime= 1. We can verify that, foy — 1, this

entropy reproduces the usual Boltzmann-Gibbs-Shannon one, ndmely- ZL pilnp;. The

continuous and the quantum expression$adire respectively given by

_1- [ dx[p(x))4

S 4
4 g—1 (4)
and
1—Trp?
= (%)
g—1

wherep is the matrix density. Unless specifically declared in what follows, we shall be using the
form of Eqg. (3). Itis easy to verify that all its generic properties can be straightforwardly adapted
to both the continuous and quantum cases.

S, can be written as

5, = < in, i>, (6)
Di

where thesxpectation value ((...)) = Z[“;l pi(...). It can also be written as

Sq = {(=1Ing pi)g. (7

where theunnormalized g-expectation value is defined to bé(...)), = ZL pl(...). Of course
((...))1={((...)). This is a good point for defining also thermalized g-expectation value

il i)

) 8
Zivil p:-] ®

(. =
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NONEXTENSIVE STATISTICAL MECHANICS 395

which naturally emerges in the formalism. We verify trivially that .. )))1 = ((...))1 = ((...)),

and also thaf((...)))y = ((...))q/(1)4-
A+B

If A andB are two independent systems (i.g.

50 = plp? V(. j)), then we have that

So(A+ B) = S,(A) + 5,(B) + (1 — q)S,(A)S,(B). ©)

It is from this property that the nanm®nextensive statistical mechanics was coined. The cases
g < landg > 1 respectively correspond soperextensivity andsubextensivity of S, since in all
casesS, > 0.

At equiprobability, i.e.,p; = 1/ W, we obtain

S, =In, W, (10)

which is the basis for the microcanonical ensemble.

For thethermal equilibriumcorresponding to the canonical ensemble of a Hamiltonian system,
we optimizeS, with the constraintif‘;1 pi = land((¢;)), = U,, wherelg;} are the eigenvalues
of the Hamiltonian of the system, aidg is the generalized internal energy. We obtain [3]

eq_/s(fi_uq) 1 l
pi = X — X

Zq [1+(q - DB — U™ [1+(q — D]

: (11)

wherep is the Lagrange parametef, = Zﬁvzq q_ﬁ(e"_Uq) andpg’ a well defined function op.

Forg = 1 we recover the celebrated BG weight. When- 0 and the energy; increases, the
probability decays like a power law fgr > 1 and exhibits a cutoff fog < 1.

Analogously, if we optimizes, as given by Eq. (4) with the constrainfsixp(x) = 1 and
((x2>)q = o?%(c > 0), we obtain they-generalization of the Gaussian distribution, namely [6]

)
eqﬂ)C 1

— (g <3, (12)

Pq x) = 5,2 X 1
[dye;”"  [1+ (g — DBx2)iT

wheref can be straightforward and explicitly relatedeato The variance of these distributions is
finite if ¢ < 5/3 and diverges if B3 < ¢ < 3. Forq = 2 we have the Lorentzian distribution.
For ¢ > 3 the function is not normalizable, and therefore is unacceptable as a distribution of
probabilities.

Let us now address typical time dependences. Let us assun§ésthata quantity characteriz-
ing an exponential behavior and satisfyg(@) = 1. Suchisthe typical case for the sensitivity to the
initial conditions of a one-dimensional chaotic system, whgre = lim a,g)—olAx (t)/ Ax(0)],
whereAx (¢) is the discrepancy at timeof two trajectories which, at= 0, started ak (0) and at
x'(0). Another example is a population which relaxes to zeraV (f) is the number of elements,
then we can definé(r) = N(¢)/N(0). The quantity(¢) monotonically increases in our first
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396 CONSTANTINO TSALLIS

example (sensitivity), whereas it decreases in the second one (relaxation). The basic equation that
& satisfies is generically

£ =Mk, (13)
hencet(t) = . In our example of the chaotic syste, is the Lyapunov exponent. In our
population example, we havg = —1/t;, wherer; is the relaxation time. What happens in the
marginal case.; = 0? Typically we have

é = )"ng > (14)
hence
Agt L 1
E=¢" =[1+A—r]™ = - - (15)
[1+ (g = D(=2)1] "
This quantity monotonically increasesif > 0 andg < 1, and decreasesif = —1/7, < 0 and

g > 1. In both cases it does so as a power law, instead of exponentially. In the kmi0, we
haveé ~ 1+ 1,1(Vq).

A more general situation might occur when bathand, are different from zero. In such
case, many phenomena will be described by the following differential equation:

£ =&+ (g — MDEY, (16)
hence
1
A A 1q
gzb—ﬁ+ﬁﬁww]f (17)

If ¢ <1andO< A1 < < A, € increases linearly with for small times, ag™ for intermediate

times, and likee*"' for large times. lfy > 0 and 0> A, > > A,, & decreases linearly withfor
1 t .

small times, as Ar7-1 for intermediate times, and like 11" for large times.

2 APPLICATIONSINAND OUT FROM EQUILIBRIUM

A considerable amount of applications and connections have been advanced in the literature using,
in a variety of manners, the above formalism. They concern physics, astrophysics, geophysics,
chemistry, biology, mathematics, economics, linguistics, engineering, medicine, physiology, cog-
nitive psychology, sports and others [5]. It seems appropriate to say that the fact that the range
of applications is so wide probably is deeply related to and reflects the ubiquity of self-organized
criticality [7], fractal structures [8] and, ultimately, power laws in nature. In particular, a natural
arena for this statistical mechanics appears to be the so caltgalex systems [9].

We shall briefly review here four recent applications, namely fully developed turbulence [10-
12], hadronic jets produced by electron-positron annihilation [13], motiodyalfa viridissima
[14], and quantitative linguistics [15].

An Acad Bras Cienc (2002)74 (3)



NONEXTENSIVE STATISTICAL MECHANICS 397

Fully devel oped turbulence:

As early asin 1996 Boghosian made the first application of the present formalism to turbulence [16].
That was for plasma. What we shall instead focus on here is fully developed turbulence in normal
fluids. Ramos et al advanced in 1999 [10] the possibility of nonextensive statistical mechanics
being useful for such systems. The idea was since then further developed by Beck [11] and by the
Arimitsu’s [12], basically simultaneous and independently. They proposed theories within which
the probability distribution of the velocity differences and related quantities are deduced from basic
considerations. We present in Fig. 1 the comparison of Beck’s theoretical results with recent high
precision experimental data for Lagrangian and Eulerian turbulences [17]. In Fig. 2 we show an
analogous comparison between Arimitsu’s theoretical results and recent computer experimental
data.

1 T T T 7

4 'Swinney’ ——— -

| . , ’q=1.10: ”””” |

0.1t Bode e e ]

0.01 | ]

2 0001 F :
o1 DD“D } FD"DD

L ey H ]

0.0001 [ / e ]

16-05 |- | m ]

work lul i |

1 -5 0 5 10

Fig. 1 — The distributions of differences of velocity in two different experi-
ments of fluid turbulence. The solid lines correspond to Beck’s theory [17].

Hadronic jets:

High energy frontal collisions of electron and positron annihilate both and produce relativistic
hadronic jets. The distribution of the tranverse momenta of these jets admits, as advanced by
Fermi, Feynman, Hagedorn and others, a thermostatistical theoretical approach. Hagedorn’s 1965
theory was g-extended by Bediaga et al in 1999. Their results [13], as well as related ones by Beck
[13], compare quite well with the available CERN experimental data, as can be seen in Fig. 3. As
important as this is the fact that both Bediaga et al and Beck theories recover a crucial feature of
Hagedorn’s scenario, namely that the temperature to be associated with the distributions should
not depend on the collision energy.

An Acad Bras Cienc (2002)74 (3)



398 CONSTANTINO TSALLIS

30

Fig. 2 — The distributions of differences of velocity in numerical ex-
periments of fluid turbulence, for typical values9f;. The solid lines
correspond to the Arimitsu’s theory (see [18] for details). The entire set
of theoretical curves has been obtained with a single valye< 1.

Hydra viridissima:

The motion of cell aggregates Hfydra viridissima in physiological solution was studied by Upad-
hyaya et al [14]. The strongly nhonmaxwellian distribution of velocities is quite well fitted with

g ~ 1.5: See Fig. 4. They also carried diffusion measurements and verified that diffusion is
anomalous. Under the assumption that it is of the correlated type addressed in [19], they obtained
once agairy >~ 1.5: See Fig. 5. In other words, two different experiments of motion were fitted

by one and the same value fpr

An Acad Bras Cienc (2002)74 (3)



NONEXTENSIVE STATISTICAL MECHANICS 399
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Fig. 3 — Distributions of transverse momenta of hadronic jets produced in
electron-positron annihilation. The solid lines correspond to the Bediaga-
Curado-Miranda theory [13]. To each curve, a different valug @f the range

(1, 1.2)) is associated. The dashed line corresponds to Hagedorn’s theory using
BG statisticgg = 1).

Linguistics:

The frequencyp of words used in a text (say a book or a set of books of one or more authors)
as a function of their rank roughly follows the so calledipf law, namelyp « 1/r. This law

was improved by Mandelbrot in the form « 1/(a + r)?. This form fits better real data and

is sometimes called th&ipf-Mandelbrot law. This law precisely is Eg. (15) with the notation
(t,&) = (r, p) (or equivalently Eq. (11) where the energy plays the role of the word rank), as
first argued by Denisov in 1997 [20]. However, although quite faithful at low and intermediate
word ranks, the Zipf-Mandelbrot law fails at high ranks. This point has been addressed recently
by Montemurro [15]: See Fig. 6, where results are shown from well known texts in English,
Greek, Italian and Spanish, from authors of very different historical periods and literary styles (all
reasonably well fitted by using ~ 1.9 hencey = 1/(¢ — 1) >~ 1.1). Montemurro has shown

that the fittings are all sensibly improved by using the present Eq. (17) instead of Eq. (15). The
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Fig. 4 — Anomalous diffusion measurements of cellsHydra
viridissima [14]. The dot-dashed line corresponds to normal dif-
fusion (¢ = 1), whereas the solid line corresponds to anomalous
superdiffusion associated with= 1.5.
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Fig. 5— Distribution of velocities of cells diydra viridissima [14].
The solid line corresponds o= 1.5, thus coinciding with the value
of Fig. 4.
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NONEXTENSIVE STATISTICAL MECHANICS 401

agreement obtained is illustrated with a large set of books by Dickens as shown in Fig. 7. In other
words, at large values of the word rank a crossover occurs ffram1.9 tog ~ 1. The reason

for this interesting phenomenon is unknown. As a plausible hypothesis, we would like to advance
that it might be related to the fact that most authors possibly use the very rare words in a manner
which reflects their relatively poor knowledge of their exact meaning. This attitude could make
those words to be used slightly uncorrelated with the context within which they are placed. It is
however clear that this phenomenon is a very subtle one, and its full elucidation would presumably
require very sophisticated analysis.

0.1
0.01 -
1E-3 -
1E-4 -
p(r) 1E-5 3
1E-6 -
] La Divina Comedia (in Italian, N=101911, V=12865)
1 E_7 - Decameron (english translation, N=341661, V=14297)
E — William Shakespeare (36 plays, N=890611, V=23182) ‘-.,’L
E Don Quijote (in Spanish, N=384590, V=23231)
4 ——— Ulysses (N=140860, V=19495) \"LLL
1 E_8 . Dickens (56 books, N=5624548, V=44703)
3 lliad (in Greek, N=127393, V=20067) j_
3 Large Corpus: 2750 books in English
] (N=187832312, V=507369)
1E-9 e ———
I I I I I I

1 10 100 1000 10000 100000 1000000

08/03/01 18:30:24 r

Fig. 6 — Zipf plot (frequency of words with rank associated with various books as indicated
on the figure §V is the total number of wordg; is the vocabulary, i.e., the number of different
words). See details in [15].

3 A PRIORI DETERMINATION OF THE ENTROPIC INDEX q

Physical bounds to the admissible valueg @fere first discussed as early as 1993 by Plastino and
Plastino [21] (for self-gravitating systems), and since then by many others. However, the strict aim
of the present Section is how is to be determined the valugtofbe associated with a specific
system whose microscopic (or mesoscopic) dynamics is exactly known. This is to say, how the
knowledge of the rules that provide the (continuous or discrete) time evolution of the system can

An Acad Bras Cienc (2002)74 (3)
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E Dickens, 56 complete books
] Number of words: 5624548
0.1 -3 Vocabulary suze: 44703
3 ——— fit (full range)
0.01 =
1E-3 -
1E-4 4
p(n) E
1E-5 4 Data: DICKENSFREQS_number
3 Model: Tsallis_2
b Chir2 = 9.9171E-11
1E-6 4 R = 0.99986
3 A 0.07124 +0.00003
1 A 0.40584 +0.00043
1E-7 < n 0.0001 +7.3195E-6
3 q 1.9 +0.00036
1E-8 llllll L) L) lllllll L) L) lllllll L) L) lllllll L) L) lllllll L) L) lllllll
1 10 100 1000 10000 100000

Fig. 7 — Zipf plot associated with 56 books by Charles Dickens. The solid line corresponds
tog = 1.9, and the crossover to tlge= 1 regime at high rank is visible on the figure. See
details in [15].

be used in order to determine without ambiguity the appropriate valueqdpothat system. This

crucial question must be answered for the present proposal to be a complete theory, in the sense
that it is in principle able to predict the results to be expected in all types of experiments with
well defined systems. This question has by now been answered in several important classes of
systems. We shall briefly review here two of them, namely low-dimensional maps and long-range
many-body classical Hamiltonian systems.

A. LOW-DIMENSIONAL MAPS

We shall focus on one- and two-dimensional maps. The one-dimensional maps necessarily are dis-
sipative. The two-dimensional ones can be either dissipative or conservative, but we shall primarily
address the latter. Indeed, on one hand the dissipative two-dimensional maps are dynamically not
so different from the one-dimensional ones. On the other hand, two-dimensional conservative maps
provide us aravant premiere of Hamiltonian systems.

An Acad Bras Cienc (2002)74 (3)



NONEXTENSIVE STATISTICAL MECHANICS 403

One-dimensional maps:

We consider here one-dimensional dissipative maps of the type
Xi41 = f(-xt; a, Z) (t = Oa l, 27 .o X € [-xmim Xmax]) s (18)

wherea € R is a control parameter such that when it increases for fixattmakes the map
to become chaotic (we note the smallest value ai above which the system can be chaotic;
z € R is another control parameter which differs essentially feoin the sense that controls
the universality class of the chaotic attractor emerging &t a.(z); the function f is such that
chaotic and nonchaotic behaviors are possible for the varialllepending on the values @f, z).

A paradigmatic such map is the so calletbgistic map, defined as

xp1=1l—alx*t=012...;x, €[-11], (29)

witha € (0, 2]andz > 1. The critical value:. (z) (chaosthreshold or edge of chaos) monotonically
increases from 1 to 2 whenincreases from 1 to infinityg.(2) = 1.401155.. . Forz = 2 this

map is, as well known, isomorphic t8§,,; o« X,(1 — X,). The z-logistic maps and several
others have already been studied [22] within the nonextensive scenario. We briefly review here
their main properties. Most of these properties have been found heuristically, and no theorems or
rigorous results are available. Consequently, we are unable to precisely specify how generic are
the properties we are going to describe. We know, however, that wide classes of maps do satisfy
them.

Let us first address the sensitivity to the initial conditions. For all valuesfof which the
Lyapunov exponent; is nonzero we verify thay = 1, i.e.,£(t) = ', with 1; < 0 for most
values ofz < a., andi, > 0 for most values of > a.. However, for the infinite number of values
of a for whichA; = 0 we verify thaty # 1. More precisely, for values afsuch as those for which
bifurcations occur between finite cycle attractors of sayzthagistic map, we verify the validity
of Eq. (15) withg > 1 andx, < O (this has been very recently proved [23]). FoE a.(z)
we verify that&(r) exhibits a complex behavior which has, nevertheless, a simple upper bound
which satisfies Eq. (15) with < 1 (from now on noted;., (z), where the subindesen stands for
sensitivity) andi, (z) > 0 (also this has been very recently proved [24]) . For the universality class
of the z-logistic map we verify that;.,, monotonically increases from minus infinity to a value
slightly below unity, whery increases from 1 to infinityg.,(2) = 0.2445...). For thez-cercle
and other maps we verify similar behaviors.

Let us now address the attractonispace: = a.(z). Its anomalous geometry can be usefully
characterized by the so callediltifractal function f («, z) which typically is defined in the interval
min(2) < o <par (), and whose maximal value is tfractal or Hausdorff dimensiond(z). For
the z-logistic map universality class we hax¥g(z) < 1, whereas for the-circle map universality
class we havé,(z) = 1(Vz). In all the cases we have checked, we verify a remarkable scaling
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law, namely [25]

1 1 1
1= @ tn@ @ (20)
This relation has purely geometrical quantities at its right hand member, and a dynamical quantity
at its left hand member. It can also be shown that
T G- DI () (21)
wherew - is one of the two well known Feigenbaum constants,/aistthe attractor scaling(= 2
for period-doubling bifurcationg; = 2/(~/5 — 1) for cercle maps).

Let us now address the entropy productitf (r) /dt. We first make a partition of the interval
[Xmin» Xmax] iNto W nonoverlaping little windows. We place (randomly or not) inside one of those
W windows a large numbeéy of initial conditions, and run the magimes for each of these points.
We generically verify that th&v points spread into the windows, in such a way that we have the
set{N;}(t) (with Zi‘il N;(¢t) = N, Vt). With these numbers we can define the set of probabilities
{pi(t)} wherep;(t) = N;(t)/N (Vi). We then choose a value fgiand calculate, (r) by using Eq.

(3). We then make an averag@®;)(r) over a few or many initial windows (see [22,26] for details),
and finally evaluate numerically lim o limy_ o limy_ . (S,)(¢)/t. We verify a very interesting
result [26], namely that this limit ifinite only for g = ¢,.,(z); it diverges for ally < ¢,..(z) and
vanishes for ally > g,.,(z). We shall note this limi, and constitutes a natur@igeneralization
of the Kolmogorov-Sinai entropy. Summarizing,

— lim fim  lim See)® 22)

t—>00 W—o00 N—00 t

K

Gsen

It is easy to verify, whenevex; > 0, thatg,..(z) = 1 and that the Pesin identity holds, i.e.,
K1 = A;. Afascinating open question constitutes to find, whengyet 0 (more specifically for
a = a.(z)), under what circumstances the conjectiig, = A,,,, could be truep, ,, being the
coefficient appearing in Eq. (15) fgr= ¢,.,. We would then have the generalization of the Pesin
identity.

Let us next address another aspect [27] concerning the edge ofligodNe spread now, at
t = 0, theN points uniformly within the entiréx,,;,,, x...] interval, i.e., oveall the W windows,
and follow, as function of time, the shrinking of the numbéWV (¢) of windows which contain
at least one point (disappearence of the Lebesgue measure oraitig); W(0) = W. It can
be verified that, for the sequence lim , lim y_.~, we asymptotically havéV () « 1/tW11H,
whereg,,(z) > 1 (the subindexel stands forelaxation). The entropic indexy,., monotonically
increases when increases from 1 to infinity; also, within some range it is verified [27] that
1/[gre(z) — 1] o [1— df(z)]z. We shall now advance a recently established [28] relation between
Gret ANAGyey .

Let us go back to the procedure when; at 0, only one among th#& windows is populated.
That single window is chosen to be that which makgs, (¢) to achieve the highest value as
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NONEXTENSIVE STATISTICAL MECHANICS 405

increases. To be more precisg,, (0) = 0 and 0< S, (c0) < In,,, W. While ¢ increases,
there are many windows for whic),,, (r) overshoots abov§, , (c0). We choose the window

for which the overshooting is the most pronounced. ASgr, (r) achieves this peak, it relaxes

sen

1
slowly towardsS,,,, (c0). It does so as It "1, whereg,.;(z, W) approaches its limiting value
gre1(z, 00) while W diverges. The remarkable fact is tlgt; (z, 00) = g,;(z)! More than this, the
approach is asymptotically as follows:
(23)

Qrel(z) - Qrel(zv W) S W 4sen(2) ’

This relation is a remarkable connection between the mixing properties, the equilibration (or re-
laxing) ones, and the degree of graining (from coarse to fine graining whilacreases). We

may also say that in some sense Eq. (23) provides a connection between the Boltzmannian and the
Gibbsian approaches to statistical mechanics. Indeed, the conegpt isfkind of natural within

a typical Boltzmann scenario where individual trajectories in phase space are the “protagonists of
the game”, whereas, ., is kind of natural within a typical Gibbs scenario where the entire phase
space is to be in principle occupied. Before taking into Eq. (23ythe= ¢, = 1 particular

case (i.e., the BG-like case), some adaptation is obviously needed; as written in Eq. (23), itis valid
only for g;., < 1 andg,., > 1.

Two-dimensional maps:

We consider here two-dimensional conservative maps of the type

X1 = fx Gy yisa, 2) (24)

Yerr = fy(xe, yisa, 2)
wherex; € [Xpin, Xmax] ANA Y; € [Ymin, Ymax] With £ = 0,1, 2, ...; the control parameter
characterizes, as for the one-dimensional maps we considered above, the universality class; the
control parametes > 0 and we assume that, whileincreases from zero to its maximum value,
the nonnegative Lyapunov exponentmonotonically increases from zero to its maximum value.
Since the map is conservative (i.@.(x; 11, ¥.11)/9(x;, ;)| = 1), the other Lyapunov exponent is
—A1. A paradigmatic such map is the so calkahdard map, defined as follows

a .
Vi1 = Y + = Sin(2m x;) (mod 1)
2
a (25)
X1 = Ve X =yt o Sin(2rx,) +x;  (mod 1)
as well as itg-generalization [29], defined as follows
Vi1 = Y1+ o Sin(2rx,)| sinrx) [ (mod 1)

a . .
Xi41 = Yey1 + X1 =y + o sin2rx,)| sinrx) [t +x,  (mod 1),
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wherez € R.

Some (not clearly characterized yet) classes of such maps exhibit for the entropy production
dS,(t)/dt a behavior which closely follows the crossover behavior associated with Eq. (17). Let
us be more precise. We first partition the accesdible) phase inW nonoverlaping little areas
(for exampleW little squares), and put a large numbérof initial conditions inside one of those
areas. As before, we follow along time the set of probabilitjg$, with which we calculates, (1)
for an arbitrarily chosen value @f. We then average over the entire accessible phase space and
obtain(S,)(t). Finally we numerically approach the quant8y(¢) = limy_ o limy_, oo (S) (¢).

For large values ofi, we verify [30] thatS,(¢r) asymptotically increases linearly with as
expected from the fact that (a) > 0, in agreement with Pesin identity. However, an interesting
phenomenon occurs for increasingly smglhence increasingly smalh. For smallz (say 0<
t << ti(a, z), S;(¢) is linear witht for ¢ = 0, and acquires an infinite slope for apy< 0. For
intermediater (sayri(a, z) < < t(a, 2), S;(¢) is linear withz for ¢ = g,..(z) < 1, acquires an
infinite slope forq < ¢,.,(z) and acquires a vanishing slope #r> ¢..,(z). For larger (say
t >> ta, 2)), S;() is linear withr for ¢ = 1, acquires an infinite slope fgr < 1 and acquires
a vanishing slope fo§ > 1. The characteristic times(a, z) andz,(a, z) respectively correspond
tothe[g = 0] — [g¢ = ¢uen(z)] and[g = ¢sn(z)] — [g = 1] crossovers. The remarkable
feature is that, in the limitt — O, #1(a, z) remains finite whereas(a, z) diverges. In other
words, for asymptotically small values @f the time evolution o, (7) is, excepting for an initial
transient, basically characterized §y,,(z) < 1. This fact opens the possibility for something
similar to occur for Hamiltonian classical systems for which the Lyapunov spectrum tends to zero.
This is precisely what occurs when the size of the system increases in the presence of long-range
interactions, as we shall see in the next Subsection. Before closing this subsection, let us mention
that studies focusing of)..; for conservative maps are in progress.

B. LONG-RANGE MANY-BODY CLASSICAL HAMILTONIAN SYSTEMS

From the thermodynamical viewpoint it is interesting to classify the two-body interactions (and
analogously, of course, the many-body interactions). According to their behavior near the origin,
i.e., forr — 0, potentials could be classified edllapsing and noncollapsing. Collapsing are

those which exhibit a minimum at= 0. This minimum can be infinitely deep, i.e., the potential
can be singular at = 0; such is the case of attractive potentials which asymptotically behave
as—1/r" with v > 0 (e.g., Newtonian gravitation, henece= 1). Alternatively, the potential at

this » = 0 minimum can be finite, as it is the case of those which behavedas br~" with

a > 0,b > 0andv < 0. Collapsing potentials, especially those of the singular type, are known to
exhibit a variety of thermodynamical anomali®oncollapsing potentials are those which exhibit

a minimum either at a finite distance (e.g., the Lennard-Jones one, or the hard spheres model or
any other model having a cutoff at a finite distamglor at infinity (e.g., Coulombian repulsion).
Potentials can be also classified according to their behavier-at co. We can divide them
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into short- andlong-range interactions. Short-range interactions are those whose associated force
quickly decreases with distance, for example potentials which exponentially decrease with distance,
or classical potentials of the typel/r* with« > d, d being the space dimension where the system

is defined. For classical systems, thermodynamically speadtiag;range interactions correspond

to the potentials which are integrable at infinity [33], dodg-range interactions correspond to
those which ar@ot integrable in that limit, such as those increasing like“lwith @ < 0 (which

belong to theconfining class of potentials, i.e., those which make escape impossible), or those
like —1/r* with 0 < a/d < 1 (which belong to theonconfining class of potentials, i.e., those
which make escape possible). Long-range interactions, especially those of the nonconfining type,
are also known to induce a variety of thermodynamical anomalies. From the present standpoint
a particularly complex potential is Newtonian gravitation (corresponding to 1 andd = 3).

Indeed, it is both singular at the origin, and long-ranged sineedyd = 1/3 < 1.

In this Section we address an important case, namely that of nonsingular attractive long-range
two-body interactions in@-dimensionalV-body classical hamiltonian system with>> 1. Such
systems are being actively addressed in the literature by many authors (see [31,32] and references
therein). As an illustration of the thermodynamical anomalies that long-range interactions produce,
we shall focus on thé-dimensional simple hypercubic lattice with periodic boundary conditions,
each site of which is occupied by a classical planar rotator. All rotators are coupled two by two as
indicated in the following Hamiltonian:

2
H = ZL +3 &(Qie[o,zn];azoy (27)

i#] ij

The distance (in crystal units) between any two sites is the shortest one taking into account the
periodicity of the lattice. Forl = 1, itisr;; = 1,2,3,...; ford = 2, itisr;1,4/2,2,...; for

d =3,itisr;; = 1,+/2,4/3,2,...;and so on for higher dimensions. We have written the potential
term in such a way that it vanishes in all cases for the fundamental state, &e6,( Vi), where,
without loss of generality, we shall considigr= 0 for simplicity. Also without loss of generality

we have considered unit moment of inertia and unit first-neighbor coupling constant. Itis clear that,
excepting for the inertial term, the present model is nothing but the clagsicé&rromagnet. The
casesx = 0 ande — oo respectively correspond to the so called HMF model [31] (all two-body
couplings have the same strength), and to the first-neighbor model. For BG statistical mechanics
to be applicable without further considerations, it is necessary that the potential be integrable, i.e.,
fl°° drri~1r=% < oco. This impliesa > d. In this case, the energy of the system is extensive, i.e.,
the energy per particle is finite in the thermodynamic liMit— oco. But the situation becomes
more delicate for O< «/d < 1, since then that integral diverges. However, strictly speaking, the
system being finite, the integral that is to be analyzed is not the one already mentioned but the
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following one instead:

N

/; drré=tro, (28)

which, intheN — oo limit, converges fore/d > 1 and diverges otherwise. Itis in fact convenient
to introduce the quantity

N 1-a/d
~ N —a/d
N=1+d drri=tpr = — 29
+ /1 rréTrr T (29)

N equalsN for o« = 0, and, forN — oo, diverges likeN1/4 for 0 < «/d, diverges like InV for
a/d = 1, and is finite fore/d > 1, being unity in the limitx/d — oo. In general, the energy per
particle scales withV; in other words, the energy is nonextensive for @ /d < 1. To make the
problem artificially extensive even far/d < 1, the Hamiltonian can be written as follows:

o
r..
N i ] ij

N 2
, L: 1 1—co96; —6;)
H = E 7+— E - " (30)
—

The rescaling of the potential of this model is more properly taken into accoupt,byr,;* [34]

rather than by, but since theitv. — oo asymptotic behaviors coincide, we can as well i¥se

as introduced here. The original (Eq. (27)) and rescaled (Eq. (30)) versions of this model are

completely equivalent (see [32]) and lead to results that can be easily transformed from one to the
other version. To make easier the comparison of results existing in the literature, we shall from

now on refer to the rescaled version (30).

Thea = 0 model (HMF) clearly igi-independent and is paradigmatic of what happens for any
a suchthatO< o/d < 1. When isolated (microcanonical ensemble)dlié = 0 model exhibits a
second-order phase transitioruat U/N = 0.75, wherel is its total energy and/ — oo. This
critical valuex,. smoothly increases witl/d approaching unity. Dynamical and thermodynamical
anomalies exist in both ordered and disordered phases, respectivelyxfor andu > u.. Let us
discuss some anomalies for> u., then some for < u., and finally show that these anomalies
on both sides of;. are in fact connected.

The Lyapunov spectrum is made by couples of real quantities that are equal in absolute value
and opposite in sign, whose sum vanishes in accordance with the Liouville theorem. The sum of
the positive values equals the Kolmogorov-Sinai entropy, in accordance with the Pesin theorem.
If the maximal Lyapunov exponent vanishes, the entire spectrum vanishes, and no exponentially
quick sensitivity to the initial conditions is possible.

We address first the case> u.. For the Hamiltonian of rotors we are interested in (Eq. (30)),
the maximal Lyapunov exponeit®* scales, for largeV, like

l(u,a,d)
NK(a/d)

Xmax ~

: (1)
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wherel(u, a, d) is some smooth function of its variables, an@/d) decreases from 1/3 to zero
whena /d increases from zero to unity;remains zero for all values af/d above unity, consistently
with the fact that\#* is positive in that region. In other words, above the critical energy, the
sensitivity to the initial conditions is exponential #®@fd > 1, and subexponential (possibly power
like) for0 < «/d < 1.

We address now the case<Qu < u., and focus especially on the region slightly below the
critical valueu, (e.g.,u = 0.69 for theaw = 0 model). For O< «/d < 1, at least two (and possibly
only two with nonzero measure) important basins exist in the space of the initial conditions: one
of them contains the Maxwellian distribution of velocities, the other one contains the water-bag
(as well as the double water-bag) distibution of velocities. When the initial conditions belong to
the Maxwellian basin, the system relaxes quickly onto the BG equilibrium distribution (strictly
speaking, we do not have this numerical evidence but a weaker one, namely that the marginal
probability of one-rotator velocities tends to the Maxwellian one whern> oc). When the
initial conditions belong to the other basin, it first relaxes quickly to an anomalous, metastable
(quasi-stationary) state, and only later, at a crossover tinstarts slowly approaching the BG
equilibrium. The crossover time diverges withfor « = 0 [36]. It has been conjectured [35]
that it might in general diverge like ~ N. It has been recently established [37] that,doe 1
and fixedN, t exponentially vanishes witla approaching unity. All these features are consistent
with the conjecture ~ N, which might well be true. During the metastable state, the one-particle
distribution of velocities is clearly non Gaussian, and in fact it seems to approach the distribution
of velocities typical of nonextensive statistical mechanicsgfos 1. This anomalous behavior
reflects on the sensitivity to the initial conditions. The maximal Lyapunov exporighiremains
during long time, in fact untit ~ z, at a low value and then starts approaching a finite value. This
low value scales like AN*©/4) The remarkable feature which has been observed [38,39] for the
d = 1 model is thak’ = « /3 for all values ofx. The anomalies above and below the critical point
become thus intimately related.

The whole scenario is expected to hold for large classes of models, including the classical
n-vector ferromagnetic-like two-body coupled inertial rotots=£ 2 being the present one,= 3
the Heisenberg one, — oo the spherical one, etc). For all of them, in the isolated situation,
we expect (i) at the disordered phase, that the maximal Lyapunov decreaseN wiithn the
exponentx («/d, n) (it is yet unclear whether this exponent dependsnoor not); (ii) at the
ordered phase, and starting from initial conditions within a finite basin including the water-bag,
that a metastable state exists with non BG (possiktype) distribution associated with a maximal
Lyapunov exponent which decreases witlwith the exponent («/d)/3. In these circumstances,
fora/d < 1(nonextensive systems), the jm, lim,_, o, ordering is expected to yield the usual BG
equilibrium, whereas the lim ., lim y_, , ordering yields a non BG (meta)equilibrium, possibly of
the type predicted by nonextensive statistical mechanics. This interesting phenomenon disappears
fora/d > 1 (extensive systems); indeed, both orderings lead then to the same equilibrium, namely
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the BG one, as known since long.

4 CONCLUSIONS

We have presented some of the main peculiarities associated with nonextensive systems. Most of
the paradigmatic behaviors are expected to become (or have been shown to become) power laws
instead of the usual exponentials:

(i) the sensitivity to the initial conditions is given gy = e,’}"t (typically ¢ < 1 at the edge of
chaos);

(i) the finite entropy production (Kolmogorov-Sinai entropy like) occurs onlySip(with ¢ < 1,
the same as above);

(i) the relaxation towards quasi-stationary or (metaequilibrium) states, or perhaps from these to
the terminal equilibrium states, may occur throw@H”’ (typically g > 1);

(iv) the stationary, (meta)equilibrium distribution for thermodynamically large Hamiltonian sys-
tems may be given by, « ¢, Fei (typically ¢ > 1, possibly the same as just above, at least

for some cases).

The two-dimensional conservative maps exhibit, in the vicinity of integrability and at inter-
mediate times, features very similar to those observed in one-dimensional dissipative maps at the
edge of chaos. The intermediate stage has a duration which diverges when the control parameters
approach values where the system is close to integrability. Isolated classical Hamiltonian sys-
tems behave similarly to low-dimensional conservative maps, dlaying a role analogous to the
distance of the control parameters to their values where integrability starts.

The scenario which emerges is that sensitivity and entropy production properties are related to
one and the same value @f,, < 1 (also related te,,;, anda,,., of some multifractal function),
whereas the relaxation and (meta)equilibrium properties are related to (possibly one and the same)
value ofg,.,, > 1 (also related to the Hausdorff dimension of the same multifractal function).
These two sets of properties are quite distinct and generically correspond to distinct vajues of
(namelyg,., andg,.;). It happens that for the usual, extensive, BG systems they coincide providing
gsen = gre = 1, which might sometimes be at the basis of some confusion. In all cases, once the
microscopic dynamics of the systems is known, it is in principle possible to deteapinari both
gsen @Ndg,.; (as well as the connection among them and with the chosen graining, as illustrated in
Eqg. (23)). We have here shown how this is done for simple systems. This type of calculation of
g from first principles has also been illustrated for a variety of other systems [40]. The quest for
such calculations for more complex systems is in progress.
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RESUMO

Revisamos sumariamente o estado presente da mecanica estatistica ndo-extensiva. Focalizamos em (i) as
equacdes centrais do formalismo; (ii) as aplicacdes mais recentes na fisica e em outras ciéncias, (iii)) a
determinacaa priori (da dinamica microscépica) do indice entropicpara duas classes importantes de
sistemas fisicos, a saber, mapas de baixa dimenséo (tanto dissipativos quanto conservativos) e sistemas
classicos hamiltonianos de muitos corpos com interag8es de longo alcance.

Palavras-chave: mecénica estatistica ndo extensiva, entropia, sistemas complexos.

REFERENCES

[1] TsarLis C. 1988. Possible generalization of Boltzmann-Gibbs Statistics. J Stat Phys 52: 479-487.

[2] CuraDpo EMF aND TsaLLis C. 1991. Generalized statistical-mechanics — connection with thermody-
namics. J Phys A-Math Gen 24: L69-L72. 1991. Correction 24: 3187-3187. 1992. Correction 25:
1019-1019.

[3] TsaLLis C, MENDES RS AND PLASTINO AR. 1998. The role of constraints within generalized nonextensive
statistics. Physica A 261: 534-553.

[4] SaLiNnas SRA anD Tsarris C. 1999. Non extensive Statistical Mechanics and Thermodynamics,
Braz J Phys 29U4-U4ABE S AND OkaMoTO Y. 2001. Nonextensive Statistical Mechanics and Its
Applications, Series Lectures Notes in Physics. Springer, Be@ingoLInI P, TsaLLIS C AND WEST
BJ. 2002. Classical and Quantum Complexity and Nonextensive Thermodynamics, Chaos Soliton Fract
13: 367-370. KaNIADAKIS G, Lissia M AND RAPISARDA A. 2002. Nonextensive Thermodynamics
and Physical Applications. Physica A 30%ELL-MANN M aND TsaLLis C. 2002. Nonextensive
Entropy-Interdisciplinary Applications. Oxford University Press, Oxford. In preparation.

[B]http://tsallis.cat.cbpf.br/biblio.htm

[6] TsaLris C, LEvY SVF, Souza AMC aND MAYNARD R. 1995. Statistical-mechanical foundation of the
ubiquity of Levy distributions in nature; Phys Rev Lett 75: 3589-35B3\LL1s C, LEvy SVF, Souza
AMC AND MAYNARD R. 1996. Statistical-mechanical foundation of the ubiquity of Levy distributions
in nature (vol. 75 p 3589, 1995). Erratum 77 5442-54ZANETTE DH AND ALEMANY PA. 1995.
Thermodynamics of anomalous diffusion. Phys Rev Lett 75: 366-388:EREs MO AND BUDDE
CE. 1996. Thermodynamics of anomalous diffusion — Comment. Phys Rev Lett 77: 2589-2589.

An Acad Bras Cienc (2002)74 (3)



412 CONSTANTINO TSALLIS

ZANETTE DH AND ALEMANY PA. 1996. Thermodynamics of anomalous diffusion — Reply. Phys Rev
Lett 77: 2590-2590BuUIATTI M, GRIGOLINI P AND MONTAGNINI A. 1999. Dynamic approach to the
thermodynamics of superdiffusion. Phys Rev Lett 82: 3383-338AT0 D AND TsaLLis C. 1999.
Nonextensive foundation of Levy distributions. Phys Rev E 60:2398-2401 Part B.

[7]1 Bak P. 1996. How Nature Works: The Science of self-organized criticality. Springer-Verlag, New York,
212 pp.

[8] MaNDELBROT BM. 1982. The Fractal Geometry of Nature. W.E. Freeman, New York, 468 pp.

[9] GELL-MANN M. 1999. The Quark and the Jaguar: Adventures in the Simple and the Complex. W.H.
Freeman, New York, 392 pp.

[10] Ramos FM, Rosa RR AND RODRIGUES-NETO C. 1999. Cond-mat 990734&amos FM, RODRIGUES-
NETO C AND Rosa RR. 2000. cond-mat/001043Ramos FT, Rosa RR, NETo CR, BoLzAN MJA, SA
LDA anp Campros-VELHO HFC. 2001. Non-extensive statistics and three-dimensional fully developted
turbulence. Physica A 295: 250-25R0DRIGUES-NETO C, ZANANDREA A, Ramos FM, Rosa RR,
BorLzaNMIJA AND SA LDA. 2001. Multiscale analysis from turbulenttime series with wavelet transform.
Physica A 295: 215-218Campos-VELHO HF, Rosa RR, RaMos FM, PIELKE RA, DEGRAZIA GA,
RODRIGUES-NETO C AND ZANANDREA Z. 2001. Multifractal model for eddy diffusivity and counter-
gradient term in atmospheric turbulence Physica A 295: 219-223.

[11] BEck C. 2000. Application of generalized thermostatistics to fully developed turbulence. Physica A
277: 115-123BEeck C. 2001. On the small-scale statistics of Lagrangian turbulence. Phys Lett A 287:
240-244. Suivamocai BK anDp Beck C. 2001. A note on the application of non-extensive statistical
mechanics to fully developed turbulence. J Phys A — Math Gen 34: 4003-8X¥k C, LEwis GS
AND SwINNEY HL. 2001. Measuring nonextensitivity parameters in a turbulent Couette-Taylor flow.
Phys Rev E 63: 035303.

[12] ArimiTsu T AND ArimMITSU N. 2000. Analysis of fully developed turbulence in terms of Tsallis statistics.
Phys Rev E 61: 3237-324@AriMiTsU T AND ARIMITSU N. 2000. Tsallis statistics and fully developed
turbulence. J Phys A-Math 33: L235-L24ArmMiTsU T AND ARIMITSU N. 2001. Tsallis statistics
and fully developed turbulence. Corrigenda (Mol 33: L235-L241, 2000.) J Phys A-Math 34: 673-674.
ArmmiTsu T AND ARiMITSU N. 2001. Analysis of turbulence by statistics based on generalized entropies.
Physica A 295: 177-194.

[13] BepiaGa I, CuraDO EMF AND MIRANDA J. 2000. A non-extensive thermodynamical equilibrium
approach in e(+) e(5> hadrons. Physica A 286: 156-16Beck C. 2000. Non-extensive statistical
mechanics and particle spectra in elementary interactions. Physica A 286: 164-180.

[14] UraDHYAYA A, RIEU J-P, GLAZIER JA AND SAwADA Y. 2001. Anomalous diffusion and non-Gaussian
velocity distribution of Hydra cells in cellular aggregates. Physica A 293: 549-558.

[15] MonTEMURRO MA. 2001. Beyond the Zipf-Mandelbrot law in quantitative linguistics. Physica A 300:
567-578.

[16] BogHOsIAN BM. 1996. Thermodynamic description of the relaxation of two-dimensional turbulence
using Tsallis statistics. Phys Rev E 53: 4754-4753 Part A.

An Acad Bras Cienc (2002)74 (3)



NONEXTENSIVE STATISTICAL MECHANICS 413

[17] BEck C. 2001. Dynamical foundations of nonextensive statistical mechanics. Phys Rev Lett 87:
180601.

[18] ArimiTsu T AND ArimITSU N. 2002. PDF of velocity fluctuation in turbulence by a statistics based on
generalized entropy. Physica A 305: 218-226.

[19] TsaLLis C AND BukMAaN DJ. 1996. Anomalous diffusion in the presence of external forces: Exact
time-dependent solutions and their thermostatistical basis. Phys Rev E 54: R2197-R2200.

[20] Denisov S. 1997. Fractal binary sequences: Tsallis thermodynamics and the Zipf law. Phys Lett A
235: 447-451.

[21] PLasTINO AR AND PrLasTINO A. 1993. Stellar polytropes and Tsallis entropy. Phys Lett A 174:
384-386.

[22] TsaLLis C, PLASTINO AR AND ZHENG W-M. 1997. Power-law sensitivity to initial conditions —
New entropic representation. Chaos Soliton Fract 8: 885-8%ista UMS, LYRA ML, PLASTINO
AR AND TsaLris C. 1997. Power-law sensitivity to initial conditions within a logisticlike family of
maps: Fractality and nonextensivity. Phys Rev E 56: 245-25@a ML. 1998. Weak chaos: Power-
law sensitivity to initial conditions and nonextensive thermostatistics. Ann Rev Com Phys. 6: 31-58,
StaurreR D. (Ed) World Scientific, Singapore. 31 pflirRNAKLI U, TsaLLIs C AND LYRA ML. 1999.
Circular-like maps: sensitivity to the initial conditions, multifractality and nonextensivity. Eur Phys
J B 11: 309-315.TirNAKLI U. 2000. Asymmetric unimodal maps: Some results from g-generalized
bit cumulants. Phys Rev E 62: 7857-7860 ParDASiLva CR, bACrRUuz HR AND Lyra ML. 1999.
Low-dimensional, non-linear dynamical systems and generalized entropy. Braz J Phys 29: 144-152.
TIRNAKLI U, ANANOS GFJ anD TsaLLis C. 2001. Generalization of the Kolmogorov-Sinai entropy:
logistic-like and generalized cosine maps at the chaos threshold. Phys Lett A 289: BAxG8I AND
GriGoLINI P. 1999. On the time evolution of the entropic index. Phys Lett A 263: 323-330.

[23] BaLDOVIN F AND ROBLEDO A. cond-mat/0205356.
[24] BaLDOVIN F AND ROBLEDO A. cond-mat/0205371.

[25] Lyra ML anD TsaLLis C. 1998. Nonextensivity and multifractality in low-dimensional dissipative
systems. Phys Rev Lett 80: 53-56.

[26] LaTORA V, BARANGER M, RAPISARDA A. AND TsaLLis C. 2000. The rate of entropy increase at the
edge of chaos. Phys Lett A 273: 97-103.

[27] pE-Moura FABF, TirRNaKLI U AND LYRA ML. 2000. Convergence to the critical attractor of dissipative
maps: Log-periodic oscillations, fractality and nonextensivity. Phys Rev E 62: 6361-6365 Part A.

[28] BoraGEs EP, TsaLLis C, ANANOs GFJ AND OLIVEIRA PMC. cond-mat/0203348.
[29] BALDOVIN F AND TsaLL1s C. 2001. Unpublished.
[30] BALDOVIN F, TsaLLis C AND ScHULZE B. 2001. cond-mat/0108501.

[31] ANTONI M AND RUFFO S. 1995. Clustering and relaxation in Hamiltonian long-range dynamics. Phys
Rev E 52: 2361-2374 Part A.

An Acad Bras Cienc (2002)74 (3)



414 CONSTANTINO TSALLIS

[32] ANTENEODO C AND TsaLLIs C. 1998. Breakdown of exponential sensitivity to initial conditions: Role
of the range of interactions. Phys Rev Lett 80: 5313-5316.

[33] FisHer ME. 1964. The free energy of a macroscopic system. Arch Rat Mech Anal 17: 377-410.
FisHEr ME. 1965. Bounds for derivatives of free energy and pressure of a hard-core system near close
packing.J Chem Phys 42: 3852HsHErR ME. 1965. Correlation functions and coexistence of phases.

J Math Phys 6: 1643-&1sHER ME AND RUELLE D. 1966. Stability of many-particle systems. J Math
Phys 7: 260-&1sHErR ME aND LEBowITZ JL. 1970. Asymptotic free energy of a system with periodic
boundary conditions. Commun Math Phys 19: 251-&

[34] TamariT FA AND ANTENEODO C. 2000. Rotators with long-range interactions: Connection with the
mean-field approximation. Phys Rev Lett 84: 208-211.

[35] TsaLLis C. 2000. Communicated at the HMF Meeting. Universita di Catania 6-8 September.

[36] LaTORA V, RAPISARDA A AND TsALLIS C. 2001. Non-Gaussian equilibrium in along-range Hamiltonian
system. Phys Rev E 64: 056134.

[37] Campa A, GIANSANTI A AND MoronI D. 2002. Metastable states in a class of long-range Hamiltonian
systems. Physica A 305: 137-143.

[38] LaTORA V, RaPISARDA A AND TsaLLIs C. 2002. Fingerprints of nonextensive thermodynamics in a
long-range Hamiltonian system. Physica A 305: 129-136.

[39] CaBrAL BJC aND TsaLLis C. cond-mat/0204029.

[40] ANTENEODO C AND TsaLLis C. cond-mat/0205314.

An Acad Bras Cienc (2002)74 (3)



