¥y ¥ ¥y

Anais da Academia Brasileira de Ciéncias
ISSN: 0001-3765

aabc@abc.org.br

Academia Brasileira de Ciéncias

Brasil

Fang, Fuquan
Positively curved 6-manifolds with simple symmetry groups
Anais da Academia Brasileira de Ciéncias, vol. 74, nim. 4, december, 2002, pp. 589-597
Academia Brasileira de Ciéncias
Rio de Janeiro, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=32774404

How to cite e

Complete issue - .
P Scientific Information System

Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal
Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative

More information about this article


http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org/articulo.oa?id=32774404
http://www.redalyc.org/comocitar.oa?id=32774404
http://www.redalyc.org/fasciculo.oa?id=327&numero=1947
http://www.redalyc.org/articulo.oa?id=32774404
http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org

Anais da Academia Brasileira de Ciéncias (2002) 74(4): 589-597
] Wé;\ (Annals of the Brazilian Academy of Sciences)

g1~ ) ISSN 0001-3765

<MW www.scielo.br/aabc

Positively curved 6-manifolds with ssimple symmetry groups

FUQUAN FANG

Nankai Institute of Mathematics, Nankai University, Tianjin 300071, P.R.C.
Instituto de Matematica, Universidade Federal Fluminense, Niteréi, RJ, Brasil

Manuscript received on July 16, 2002; accepted for publication on September 3, 2002;
presented by MANFREDO DO CARMO

ABSTRACT
Let M be a simply connected compact 6-manifold of positive sectional curvature. If the identity
component of the isometry group contains a simple Lie subgroup, we prov ikaiffeomorphic
to one of the five manifolds listed in Theorem A.
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0. INTRODUCTION

An interesting problem in Riemannian geometry is to classify positively curved manifolds whose
isometry groups are large. A typical example is the classification of homogeneous manifolds of
positive curvature (cf. Aloff and Wallach 1975, Berger 1961, Bergery 1976, Grove and Searle
1997).

Recently, there has been considerable progress on classification of positively curved manifolds
with largeabelian symmetry group actions (cf. Hsiang and Kleiner 1989, Fang and Rong 2001,
2002, Grove and Searle 1994, Rong 2002, Wilking 2002). The maximal rank theorem of Grove-
Searle asserts that if a compact positively curved maniMlcdmits an isometrid@*-action,
thenk < [”T“] and “="if and only if M is diffeomorphic to a sphere, a lens space or a complex
projective space (Grove and Searle 1994). The homeomorphism classification for positively curved
n-manifolds with almost maximal rank have been carried out:fet 4 by Hsiang and Kleiner
(1989), forn = 5 by Rong (2002) and fat > 8 completely solved by Fang and Rong (2001).
Very recently Wilking (2002) announced the following2tmaximal rank theorem: Far> 10, if
a closed simply connected positively curvednanifold M with symmetry rank (i.e. the rank of
its isometry group) at leagt+ 1, thenM is homeomorphic to a sphere or a quaternionic projective
space or homotopic to a complex projective space (Wilking 2002).
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590 FUQUAN FANG

In the geometry of positive sectional curvature, 6-dimensional manifolds play very interesting
roles. This is because, there are so called “flag” manifolds, the homogeneousSpé&Ry T2
and the biquotient spacgl/(3)// T2 on which there exist infinitely many circle bundles whose
total spaces (dimension 7) admit positive sectional curvature, the Aloff-Wallach spaces and the
Eschenberg spaces (cf. Aloff and Wallach 1975, Eschenberg 1982, 1992). Except the two flag
manifolds, so far onlys® andCPP® are known to admit positive curvature metrics. All of the four
examples admit a symmetry of a simple Lie group.

The purpose of this paper is to study the isomeftiactions on positively curved manifolds
of dimension 6 wheré& is a simple Lie group. We will prove almost a converse holds, except that
one more topology types? x S*, maybe occur.

In the below= will indicate manifolds of the same diffeomorphism type.

THEOREM A. Let M be a simply connected compact 6-manifold of positive sectional curvature.
If the identity component of the isometry group of M contains a simple Lie subgroup. Then
M = S5, 5% x §4 CP3, SU(3)/T?or SU(3)//T>.

Note that any simple Lie group contains eittsér (2) or SO (3) as a subgroup. Therefore one
really needs only to study manifolds with symmetry graiip= SU(2) or G = SO(3). Thus
Theorem A follows immediately from the following two results.

THEOREM B. Let M be a simply connected compact 6-manifold of positive sectional curvature.
If M admits an effective isometric SU (2)-action, then M = %, 52 x §4 CP3, SU(3)/T? or
SU@3)//T2

THEOREM C. Let M be a simply connected compact 6-manifold of positive sectional curvature. If
M admits an isometric S O (3)-action (not necessarily effective) then M = S8, §2 x §*4, CP3.

The rest of the paper is organized as follows: In Section 1, we collect some necessary prelim-
inaries in the proof of Theorems B and C. In Section 2, we prove Theorems B and C.

1. PRELIMINARIES
A. PosiTiVE CURVATURE

For positively curved simply connected manifolds, few general results are known. In our proof of
Theorem A, the following results in this subsection are required.

THEOREM 1.1 (SYNGE 1936). Let M be an n-manifold of sec,, > 0.

(1.1.2)Ifn isevenand M isorientable, then any orientation preservingisometry ¢ hasa non-empty
fixed point set.

(1.1.2) If n isodd, then M isorientable and any orientation reversing isometry ¢ has a non-empty
fixed point set.
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THEOREM 1.2 (FRANKEL 1961). Let M be a compact manifold of positive sectional curvature. If
two totally geodesic submanifolds N; and N, satisfies

dim(Ny) + dim(N3) > dim(M),

then N1 and N, have a non-empty intersection.

The asymptotic index of an immersigh: N — M is defined by, = min.cyv/(x), where
vr(x) is the maximal dimension of a subspaceToiN on which the second fundamental form
vanishes. Clearlyf is a totally geodesic immersion if and onlyif = dim(N).

THEOREM 1.3 (FANG ET AL. 2002). Let M™ be a closed manifold of positive sectional curvature,
and let N; — M™ be a closed embedded submanifold of asymptoticindex v; (j = 1, 2). If either
N; (j =1, 2)isminimal or N; = N5, then the following natural homeomor phisms,

7;(N1, Ny N No) — m;(M™, N»), mi (N2, Ny N No) — m;(M™, N1),

areisomorphismfor i < vy + v, — m and are surjectionsfor i = vy + v, — m + 1.

Applying to totally geodesic submanifold, where the asymptotic index is exactly the dimension,
Theorem 1.3 implies immediately that

TueOREM 1.4 (WILKING 2002). If M™ has positive sectional curvatureand if N"~* isan embedded
totally geodesic submanifold then theinclusion map i : N"~* — M" isn-2k+1 connected, that is
i induces an isomor phism of the homotopy groups up to dimension n — 2k and it maps i, 2 11(N)
surjectively onto 7, _ o1 (M).

B. ALEXANDROV SPACES WITH POSITIVE CURVATURE

Recall that an Alexandrov spack, is a finite Hausdorff dimensional complete inner metric space
with a lower curvature bound in distance comparison sense (cf. Burago etal. 1992). In particular, a
Riemannian manifold of sectional curvature bounded from below is an Alexandrov space. Typical
examples of non-manifold type Alexandrov spaces are given by the following

LemMma 1.5 (Buraco ET AL. 1992). Let X be an Alexandrov space with curvature > —A. Let
G be a compact group of isometries. Then, the quotient space, X/ G, is also an Alexandrov space
with curvature > —A.

2. PROOFSOF THEOREMSBAND C

In this section we consider simply connected positively curved 6-manifolds @G4ymmetry
whereG = SO (3) or SU(2). Note that the connected symmetry grougof(3)/ T2 is PSU (3) =

SU (3)/7Z3, whereZsis the center of U (3) (cf. Shankar 2001a). It was pointed out to the author by
Shankar (2001b) that the identity component of the symmetry group of the biqusti€8)// T2
isU(2). In both cases§U (2) is a proper subgroup of the isometry groups.
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592 FUQUAN FANG

Lemma 2.1. Let M be a simply connected compact 6-manifold of positive sectional curvature. If
M admitsanisometric SU (2)-action such that the fixed point set Fix(M, SU (2)) isnot empty, then
M iséither diffeomorphic to S® or CP3.

Proor. Let X = Fix(M, SU(2)). Since an irreducible representation$if (2) has dimension
4, the fixed point set must be of dimension 2. Therefore the orbi#pld U (2) is an Alexandrov
space with boundar¥. Thus

M = E(@m) U (SU2) xy D)

whereE (n) is a 4-disk bundle oveX, andH C SU(2) is the isotropy group for some single orbit,
m + 3 = dimH + 6 (cf. Grove and Searle 1997). In particularjs connected, and sk = S?
(sinceX is totally geodesic with positive curvature). Note that the boundad®(gf is 5% x S°.

() If H is of dimension O;

Then the neighborhoo8iU (2) x ; D3 must beSU (2) x D3. This implies thatV is diffeo-
morphic toS®.

(ii) If H is of dimension 1;

Then the neighborhooSlU (2) x5 D* must beSU (2) x s D*, which is equivariant diffeo-
morphic toS? x D* with the product action ofU (2), i.e. on the second factor is given by the
irreducible representation 6T (2) on D* ¢ C?, on the first factor the action is given by the natural
action of SU (2) on CP! = 2. To match the two actions on the boundary, it is easy to see that the
gluing map

f:8?x 83> §2x S8
may be written asf(x, y) = (y - x, y), wherey € §% = SU(2) acts onx factoring through the
naturalS O (3)-action. It is an easy exercise to show that= CP3. O

LemMmA 2.2. Let M be a simply connected compact 6-manifold of positive sectional curvature. If
M admitsanisometric S O (3)-action such that the fixed point set Fix(M, S O (3)) isnot empty, then
M is diffeomorphic to SS.

Proor. First we claim that the fixed point s& = Fix(M, SO (3)) must have positive dimension.
In fact, if x € X is an isolated fixed point, the local isotropy representatiof@¢3) gives a
linear action ons®. But a linear action of O (3) must have all principal orbit dimension 2, and so
the action must have a 2-sphere as the fixed point set (cf. Bredon 1972 exercise in Chap. 5).
By the local isotropy representation we also know tkidtas dimension 3 and so the principal
orbits are of dimension 2. Thus the orbit space is 4-dimensional with bouxdardence

M =E®Ww) Uy, SOQR) xy D*
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whereE (v) is a disk bundle of dimension 3 over the fixed point¥eaindH is a circle subgroup

of SO(3) (cf. Grove and Searle 1994). Clearly, is a spherical form (cf. Hamilton 1982),
since it is totally geodesic. In order that the boundary of the disk bundle matches the boundary of
SO(3) xy D* the coreX must be simply connected. By a straightforward argument one knows
that M is a homotopy sphere and therefare= S°. g

Theg-extentxz,(X), ¢ > 2, of a compact metric spacé&, d) is, by definition, given by the
following formula:

—1
xty,(X) = (g) max{ Z d(xi, x;)  {xi}i_, C X}

l<i<j=q

Recall that the 3-extentrs(S%(3)) = % (Grove and Markvosen 1995).

LemMA 2.3. Inthe orhbit space M* there are at most threeisolated singular orbits.
Proor. We prove by contradiction.

Assume that there are at least 4 isolated singular orbitsALef,, - - - , A4 be the 4 isolated
singular orbits inv*.

For anyi # j, let

Cij ={y : 10,;;] = M|y is a minimizing normal geodesic fror; to A;}.

Let o = min{£(y;(0), y(0)|y; € Cji, i € Cji}. Since the curvature a¥f* is positive (cf.
Lemma 1.5), by the Toponogov’s comparison theorem it follows that, for each {fiplek) of
distinct integers i1, 4],

Qjji + Qjik + igj > T
Summing over all possible choices of the trigle;, k) we know that

4

Z Qjjk > 4

i=1  1<j<k<4,jk#i

On the other hand, for eact; the isotropy grougH; = S, note that the space of directions/t
Y4, (X) = Sji/Hi, WhereSji is the unit sphere in the normal slice of the isolated circle otbin
M, which isS3(1). Therefore 4, (X) is the quotient of?(3). Therefore

4
Z Z Uijk = 4

i=1  1<j<k<4,jk#i

A contradiction. O

ProoF oF THEOREM B. By Lemma 2.1 we may assume that &ix, SU(2)) is empty.
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By the Synge theorem the cent&s C SU(2) must act onM with non empty fixed point
(since it preserves the orientation). Consider the fixed poinusétc M. ClearlySU (2) acts on
M?%2_ If it has dimension 4, it must b8P? or $* (cf. Hsiang and Kleiner 1989). But any action of
SU(2) on $* or CP? must have fixed point. A contradiction. Therefd#2 has dimension 2 and
consists of the union of some isolated singular orbits of dimension 2. Around every singular orbit,
there is a regular neighborhood of the foft/ (2) x ; D* whereH is the isotropy group of the
singular orbit (a 1-dimensional subgroupsiy (2)). In the Alexandrov spackf* = M /SU (2), it
gives a neighborhood of the singular orbit and homeomorphiz*aH, a cone oves®/H. Note
that the diameter o§3/H is at most3. By Lemma 2.3 above we know that there are at most three
such isolated singular orbits.

Observe that the orbit spadé™ must be a simply connected 3-manifold (therefafé is
a homotopy 3-sphere) with at most three marked singular points. This showafthaty be
re-constructed by gluing at most three hand§és(2) x 5. D* (with H; the isotropy groups of
the singular orbits) t&U (2) x (S® — y;int D?), whereD?, i = 1,2, 3 are disjoint small disks
neighborhood around the singular orbitsiifi. It is easy to check that the third Betti number
b3(M) = 0 and, the Euler characterist\d M) = 2, 4 or 6, according to 1, 2 or 3 singular orbits.

If x(M) = 2 thenM is homotopy equivalent t§° and soM = S° (cf. Wall 1966).

If x(M) = 4thenM = SU(2) xyu, D* U, SU(2) xpu, D* whereH;, i = 1,2 are circle
subgroups ofU (2). SinceSU (2) xy, dD* = 5% x S° we getM = §2 x S*.

If x(M) = 6, we now prove thaMl = SU(3)/T? or M = SU(3)//T?.

Let X = 5% — U2, int D}. By the aboveM = SU(2) x X |J, U ,;SU(2) xp, D* where
f = fiufoU fzisthe gluing diffeomorphism af?_, SU (2) x 5, d D*. Sincef is SU (2)-equivariant,
each componenft; may be identified with the diffeomorphism

fi:87x 83— 52x 8% (x,y) > 6:;(y) - x,y)

whereo; € m3(S0O(3)) = Z is a generator andindicates the standard action §©(3) on S2.
Observe that the topology @f depends only on the isotopy class of the diffeomorphfsm

Fix a generatot € 73(S0O(3)). Clearlyd; = +t. For simplicity we let(+, +, +) denote
the manifoldM (as well as the mag) with f = (7, t, r). Similarly, (—, —, —) denotesV with
f=(-1,—1,—1),etc.

Leth : §? x § — §? x S3 be a diffeomorphism given b¥(x, y) = (x,y™1), where
§% = SU(2) is considered as a Lie group. Note that the compositiorf efz will reverse the
signs, e.g.f oh = (—, —, —) if f = (+, +, +) and so the manifoldét, +, +) and(—, —, —) are
the same up to diffeomorphism. Therefore there are at most two different diffeomorphism types
(+, +, +) and(+, —, —-).

On the other hand, as we noted in the beginning of the se&id(8) /72 andSU (3)// T? both
have effective isometric actions U/ (2). The induced actions U (2) on the manifolds must
have only isolated singular orbits (if not, the manifold mussber C P2 by the above argument).
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POSITIVELY CURVED 6-MANIFOLDS 595

Recall thatSU (3)/ T? andSU (3)// T? have different homotopy types (cf. Eschenberg 1992).
Therefore(+, +, +) and(+, —, —) cannot be diffeomorphic. This proves the desired resulil

Proor oF THEOREM C. By Lemma 2.2 we may assume that the fixed point set is empty.

If the principal orbit has dimension 2, since principal orbits are open dengdinthe principal
orbit theorem (cf. Bredon 1972), for the principal isotropy gréitpor O (2), the fixed point set
of this isotropy group must be of dimension 4. Therefdfe= S® or CP? (cf. Grove and Searle
1994). If SO (3)/H is a principal orbit type, wher& c SO (3) is a non-trivial finite group. Then
the fixed point sep” is of dimension at least 3 for the same reason as above. Note that the fixed
point set must have even codimension sildt@reserves the orientation (cf. Kobayashi 1972).
ThereforeM " has dimension 4. By Theorem 1.5 we may concludethat S® or CPP? (cf. Fang
and Rong 2001).

Now we assume that the principal orbit typeSi® (3).

If there is a circle subgroug® c SO (3) with fixed point setS" of positive dimension, (of
course it is not empty by the Synge theorem), then MM = 2. OtherwiseM = S or CP3 (cf.
Grove and Searle 1994). This is impossible, since any effe§ti) action ons® or CP2 cannot
have circle (010 (2)) isotropy group with 4-dimensional fixed point set.

Consider the minima$ O (3)-invariant submanifold containing[sl. It must have dimension
4 since the orbits starting from points M5 are all of dimension 2. In the orbit spagé* =
M/S0(3), the quotientS O (3) - MS"/SO(3) = MS" is a boundary component. Let: M — M*
be the quotient map. By Grove and Searle (1994) agiis homeomorphic t@2 and it contains
at most one additional singular (or exceptional) orbit outsiffe (cf. Grove and Searle 1997).
Moreover,

M = D(v) Uy SO(3) xy D3FdmH

whereD(v) is a disk bundle of dimension 2 over the minimal submanifzoid(MSl), andH is
the isotropy group of the unique orbit (it may be principal orbit).

Note thatr ~1(M5") = 52 x 2. TheSO(3) action on thiss? x S2 is equivalent to the product
action of a trivialS O (3) action onS? and the standarflO (3) on S? (with just one orbit).

If H is a finite group, therH = {1} and soM = CP®. Indeed, in this case the action is
equivalent to the one defined by: - [zo, z1, 22, z3] = [A(z0, 21), A(z2, z3)], Where[zo, z1, 22, 23]
is the homogeneous coordinate ah@& SU (2)/Z, = SO(3).

We now prove that dinif = 0. In fact, since is aS O (3)-equivariant oriented 2-bundle over
§? x §2. Using standard algebraic topology we know that the Euler elagshas to be even. I
has positive dimension, it must I$& or O(2). Since all other orbits are principal] must bes?
and saS0(3) xy D* = §? x D*. Thisis impossible since(v) = 0(mod 2 implies that boundary
SO(3) xy dD* has fundamental group at le&t.

Finally we consider the case 815" is zero dimensional for all circle subgroup S0 (3). In
otherwords, singular orbits are isolated. By Lemma 2.3 once again we know that there are at most 3
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isolated singular orbits. As inthe proof of Theorem B, the possible value&) = 2, 4, 6. Inthe
casey (M) = 4onehas¥ = SO(3) xpy, D*Uy SO(3) xy, D* = 52 x §4, up to diffeomorphism.
We claim thaty (M) = 2 and 6 are impossible. This will complete the proof.

LetX = M*—U!_ int D with the number of singular orbits (here= 1 or 3), whereD?is as
in Theorem A. Note thad/* is again a homotopy 3-sphere. Since all orbitXiis of typeSO(3),
the principalS O (3)-action onz ~1(X) corresponds to a unique classifying mgp X — BSO(3)
for the action. Note thaf restricts on each piece of the boundary (a 2-spherey gfves the
classifying map of the fre60 (3) action onS O (3) x y, S* = 52 x §2, which is not null homotopic
in T2(BSO(3)) = Z,. Clearly, the sum of theboundary pieces must be zero homologous (since
the mapy is a cycle with boundary the sum). Therefémaust be even. This proves that there are
only 2 singular orbits. This proves the desired result. O
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RESUMO

SejaM uma 6-variedade compacta, simplesmente conexa de curvatura sectional positiva. Se a identidade
componente do grupo de isometria contém um subgrupo de Lie simples, provamiségdieomarfico
de uma das 5-variedades listadas no Teorema A.

Palavras-chave: 6-variedades, curvatura positiva, grupos de simetria.

REFERENCES

ALOFF S AND WALLACH NR. 1975. An infinite family of 7-manifolds admitting positive curved Riemannian
structures. Bull Amer Math Soc 81: 93-97.

BERGER M. 1961. Les Variétés Riemanniennes homogénes normales simplement connexes a courbure
strictement positive. Ann Scuola Norm Sup Pisa 15: 179-246.

BERGERY LB. 1976. Les variétés Riemanniennes homogénes simplement connexes de dimension impair a
courture strictement positive J Math Pures App 155: 47-68.

BRrREDON G. 1972. Introduction to compact transformation groups, vol 48. Academic Press.

Buraco Y, GRomov M AND PEREL’'MAN AD. 1992. Alexandrov spaces with curvature bounded below.
Uspekhi Mat Nauk 47(2): 3-51.

EscHENBERG J-H. 1982. New examples of manifolds with strictly positive curvature. Invent Math 66:
469-480.

EscHENBERG J-H. 1992. Inhomogeneous spaces of positive curvature, Differential Geom Appl 2: 123-132.

An Acad Bras Cienc (2002)74 (4)



POSITIVELY CURVED 6-MANIFOLDS 597

Fanc F AnND RonG X. 2001. Positively curved manifolds of maximal discrete symmetry rank. Preprint
(revised version).

FANG F AND RonG X. 2002. Topology of positively curved manifolds of almost maximal symmetry rank.
To appear.

FANG F, MENDONCA S AND RoNG X. 2002. Connectedness principles in the geometry of positive curvature.
Preprint (revised version).

GRrOVE K AND MARKVOSEN S. 1995. New extremal problems for the Riemannian recognition program via
Alexandrov geometry. J Amer Math Soc 8: 1-28.

GroVE K AND SEARLE C. 1994. Positively curved manifolds with maximal symmetry-rank. J Pure Appl
Alg 91: 137-142.

GroVvE K AND SEARLE C. 1997. Differential topological restrictions curvature and symmetry. J Diff Geom
47: 530-559.

HawmiLToN R. 1982. Three-manifolds with positive Ricci curvature. J Diff Geom 17: 255-306.

Hsiang W. 1975. Cohomology theory of topological transformation groups. Ergebnisse der Mathematik
und inere Grenzgebiete, Springer-Verlag.

Hsianc W anD KLEINER B. 1989. On the topology of positively curved 4-manifolds with symmetry. J Diff
Geom 30: 615-621.

KoBavasHi S. 1972. Transformation groups in differential geometry. Springer-Verlag Berlin Heidelberg
New York.

RonNG X. 2002. Positively curved manifolds with almost maximal symmetry rank. Geometriae Dedicata.
To appear.

SHANKAR K. 2001a. Isometry groups of homogeneous spaces with positive sectional curvature. Diff Geom
Appl 14: 57-78.

SHANKAR K. 2001b. Private communication.

WaLL CTC. 1966. Classification problems in differential topology. V. On certain 6-manifolds. Invent Math
1: 355-374.

WILKING B. 2002. In preparation.

An Acad Bras Cienc (2002)74 (4)



