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ABSTRACT
We describe the group structure of monomial Cremona transformations. It follows that every ele-
ment of this group is a product of quadratic monomial transformations, and geometric descriptions
in terms of fans.
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1. INTRODUCTION

The best known birational map Bf is maybe thatandard Cremona transformation S, : P" - P"

defined bysS, = (Xg1 ;-1 X7Y. Forr = 2 there is a geometric description in the classic
references on this subject; moreover a Max Noether’'s famous theorem shows that every birational
map ofP? is a composition of automorphisms afig and then that every Cremona transformation

is a composition ofjuadratic ones. Ifr > 2 there is no analogous to Noether’s theorem (Hudson
1927, Katz 1992, Pan 1999). In this note we consider birational maps generdlizidgr approach

is based in a toric point of view and the property thastabilizes the open séfy - - - X, = 0. We
consider birational maps @ with this property. In the second paragraph of (Russo and Simis
2001) the birationality of these maps is characterized in terms of certain syzygies as an application
of a more general criterion; see also (Simis and Villarreal 2002): compare their Proposition 1.1
with our Proposition 3.1.
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2. MONOMIAL CREMONA TRANSFORMATIONS

Let N be a rank freeZ-module,K an algebraically closed fieldK* := K\{0}. LetT = Ty :=

N ®z K* be the algebraic torus associatedNoover K. The action ofT on itself induces a
natural inclusion of the torus in the group A(T') of the algebraic variety’s automorphisms of
T; we consider the subgroupr of Aut(T) given by the algebraic group’s automorphismslof
Note that, with an appropriate choice of a basis\Mgfwe may identifyT to (K*)". SinceK is
algebraically closed an automorphism in Aif may be written in the fornF = (Fy, ..., F,)
with

Fyo= aix{t o (1)

wherer; € K*, q;; € Z,1 <i,j <r.

LemmMa 2.1. Thereisa split exact sequence of groups
1T AuT) 2 Gp — 1

where ¢ (F) := 1(F (1) Y o F, for F € Aut(T).

Proor. One hasp(F) € Gr, becausale,- is a character of the torus,4.i < r; itis easily seen
that the sequence is exact. The inclusiorGafin Aut(T) is a section ofp, hence the sequence
splits. O

In the following we consider the projective spd&eoverK as a toric varietye.g., a compact-
ification of the torudl' = Ty associated to a complete regular fam\af := N ®7 R with (» + 1)
cones of dimension 1. (One standard reference for toric varieties is (Oda 1988)).

DEFINITION 2.2. A monomial Cremona transformatidsa birational map F : P" —-» P defined
on T and such that F(T) c T.

We note Bir(P") the group of these transformations; there is a natural isomorphism
Birp(P") = Aut(T).

ProposITION 2.3. Fixing a basis of the lattice N, there exists an isomorphism

Birp(P") >~ T x GL,(Z).

Proor. It follows from Lemma 2.1. GivenF e Birp(P"), we associat€F (1r), (a;;)), where
(a;j) is ther x r-matrix corresponding t¢(F) € Gr via the equality (1) and the isomorphism
Gr = GL,(Z) induced by the choice of the basis/@f O

REMARK 2.4. The action of GL.(Z) on T corresponding to the semidirect product in the proposi-
tion is
(@) O,y eve s Ay) = (1_[)\;11’ ’]—[Az]z‘,,)
J j
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CoRroLLARY 2.5. The center of Birp(IP") istrivial. The center of the subgroup {F : F(1t) = 1}
is(S,).

As a consequence of Proposition 2.3 we obtain an analogous to the M. Noether’s theorem (on
the generators of the Cremona groug®8f in arbitrary dimension for the monomial case.

THEOREM 2.6. The group Birr(IP") is generated by a quadratic transformation and the linear
monomial automor phisms. Consequently, every birational map is a product of quadratic transfor-
mations.

Proor. It follows from Proposition 2.3 and the fact that QE) is generated by a transvection
and two permutations (Coxeter and Moser 1957, Trott 1962) which induce respectively a quadratic
transformation and two linear maps in B{®"). O

3. DEGREESAND MATRICES

Let X, ..., X, be homogeneous coordinate®inx; := X;/Xo,1 <i < r, the affine coordinates
corresponding to the canonical basisMf= Z". Every non-constant monomiaitional map
F . P" > P’ satisfyingF (1) = 1r may be written uniquely in the form

F = (Xgoo...xgo'- caa ngo - X;xw) 2
such that:
(i) a(ej) edCy, 0<j <,
(i) a(e) = degF)e, wherea = ar = (a;;), ¢;,0 < j < r, is the canonical basis o+t

e=) ;e;,Cyisthecone); R.oe; andd C; its boundary. The positive integer deg is
thedegree of F, eg. degF) = 3, a;;, Vi.

The mapF is birational if and only if there exists an integér + 1) x (r + 1)- matrix 3,
satisfying (i), (i), andv € Z"** such that:

(i) ap=1d+e-"v.
In the affine open seXg- - - X, # 0 one may writeF’ as
F=Q:xi™oxfeoixfte o xim), (3)
The matrixA := (a;;) is the matrix of exponents of (1).

ProposiTION 3.1. Let F € Birp(IP") besuchthat F(1r) = 11, ¢ = afr,d = deqg(F). There exists
a unique isomorphism & such that the following diagram is commutative and with exact lines.

0 7z — ¢ g+t 7Y% — 0
d o a
0 z — g+t 7Y% — 0.
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Onehasd = |det(a)| and Aisthe matrix of @ inthebasisey, ... , é,.

Proor. It follows from properties (ii) and (iii) ofx and the form in whiclx is written in the basis
e e1,...,e because (2) and (3) imply; = o;; —apj, 1 <i,j <r. O

REMARK 3.2.

(@) Z"+Y/a(Z'*Y) is cyclic of orderd.
(b) We obtainx from A as follows:

oagj =—min(0,a;;,1<i <r), forl<j<r;

ago =max(0, Y "ai;, 1 <i <r);
J

oij = a;j +ogj, forl<i,j<r;
oo = Qoo — Zaij’ forl<i<r.
j
ExamMpPLE 3.3. Let A be the matrix whose lines at, 0, 0), (a, 1, 0), (0,a, 1),a > 1. Then
Fa= (X0 X8X1: X$X2: X5X3)
and

Fpoa = (X$oHxaxs . xg-axotlys . x@ xoa+l. xo*+axy).

ExampLE 3.4. Finite subgroup of Bir(P") are obtained by this method. For example the Weyl's
group of typeW (D,), r > 3, and order 2°r!, as a Cremona subgroup may be represented as the
subgroup generated by an involution of degree 3

Fo = (XoX,_1X, : XaX,_1X, : -1 X, 2X, X, : X3X,_1: X3X,)

and the linear automorphisn#s, permutingX; with X;,1, 1 <i < r. In an analogous form one
obtains a representation of the grodiB,), r > 2, of order 2r!, generated by an involution of
degree 2

Fp, = (XoX, : X1X, :---: X, 1X, : X2)

and the preceding — 1 permutations.
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4. GEOMETRIC DESCRIPTION, EXAMPLES

Let F € Birp(P"); we denote byBr its base-scheme. By composifgwith an automorphism
induced by an element of the torus we may assume Altadt) = 1r. eg. F = (11, A) €
T x GL,(Z), we noteF, = F; the base-scheme is not changed.

The union of the fundamental hyperplaf§T contains the base-points set.

Letey, ..., e, the canonical basisfav = Z", e :=e1 + - - - + ¢,, A the fan associated to the
faces of the simpleX = [eq, ... ,e,, —¢] and A(A) the same with respect to the simplaxs).
We consideiP” defined byA; let X be a fan that is a common subdivision ferand A(A).

ProposiTION 4.1.  One has a commutative diagram

X5

T T2

where Xy isthetoric variety associated to ¥, 71 isequivariant and 7 is equivariant relatively to
the automor phism of the torus induced by A.

Proor. From (3), il follows thatF induce F* : K[T] — K[T] which corresponds, by duality, to
the lattice’s automorphism : N — N. O

ExampLE 4.2. LetA = (19) be, F4 = (X3, XoX1, X1X>). One obtains a (regular) fan that is
a subdivision ofA andA(A) by blowing-up the closed orbits associated to the cdags,) and
(e1, —e) and then—e,, —e).

ExampLE 4.3. LetA = —Id, thenF, = S,. One obtains a (regular) fai by the elementary
subdivisions ofA (resp. of—A), successively, of the cones of decreasing dimensions fran.
For example, it = 3, letXy (resp. X() be the fan obtained by the elementary subdivisions of the 4
maximal cones oA (resp.—A), andX; (resp.X;), and the following subdivisions corresponding
to the 6 cones of dimension 2 &f (resp. —A). One hast = X; = ¥;. The toric varietyVy,
(resp. Vi) is the blowing-up ofP? in 4 points andVs, (resp. Vs;) is the blowing-up of these in
the strict transforms of the 6 lines. The induced birational Mgp---» Vs, is composition of 6
flops, e.g., corresponding to small resolutions of singularities of type an affine cone over a smooth
quadric, associated to the 6 faces of the convex polyheBkon= Conv(A U (—A)).

On the other hand, the (normalized) blowing-up of the base-schirisethe toric variety
associated to the fan (B) defined by the faces of the polyhedrB8iiB) = Conv(Px U C), where
C is the set of sums of the vertices of a diagonal of each 2-fa@s off he toric varietyVyz) has
12 singular points of type an affine cone over a smooth quadric. Finally, thE fara regular
subdivision ofX (B) and the induced morphisis — Vyxg) is @ minimal resolution o¥x ).
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RESUMO

Descrevemos a estrutura do grupo das transformacdes de Cremona monomiais. Concluimos que todo
elemento deste grupo € um produto de aplicagées monomiais quadréaticas e damos descricdes geométricas
em termos de leques.

Palavras-chave: aplicag8es birracionais monomiais, variedades téricas.
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