¥y ¥ ¥y

Anais da Academia Brasileira de Ciéncias
ISSN: 0001-3765

aabc@abc.org.br

Academia Brasileira de Ciéncias

Brasil

Shi, Shuguo
New examples of surfaces in H3 with conformal normal gauss map
Anais da Academia Brasileira de Ciéncias, vol. 78, nim. 1, marco, 2006, pp. 7-16
Academia Brasileira de Ciéncias
Rio de Janeiro, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=32778102

How to cite e

Complete issue - .
P Scientific Information System

Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal
Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative

More information about this article


http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org/articulo.oa?id=32778102
http://www.redalyc.org/comocitar.oa?id=32778102
http://www.redalyc.org/fasciculo.oa?id=327&numero=7128
http://www.redalyc.org/articulo.oa?id=32778102
http://www.redalyc.org/revista.oa?id=327
http://www.redalyc.org

> Anais da Academia Brasileira de Ciéncias (2006) 78(1): 7-16
P M;\‘ (Annals of the Brazilian Academy of Sciences)

) ISSN 0001-3765
www.scielo.br/aabc

New examples of surfacesin H3 with conformal normal Gauss map

SHUGUO SHI

School of Mathematics and System Sciences, Shandong University,
Jinan 250100, P.R. China

Manuscript received on June 17, 2005; accepted for publication on October 26, 2005;
presented by MANFREDO DO CARMO

ABSTRACT
In this paper we give some examples of surfacel fiwith conformal normal Gauss map with
respect to the second conformal structure and prove some global properties.

Key words: hyperbolic space, conformal normal Gauss map, ruled surface, translational surface.

Itis well known that the Weierstrass representation formula has played an important role in studying
minimal surfaces irR®. To find a Weierstrass-type representation formula for simply connected
immersed minimal surfaces in hyperbatiespace, Kokubu (Kokubu 1997) considered the hyper-
bolic space as a Lie group with a left invariant metric. Given a two-dimensional doman

and a map(p) into the above Lie group, he considered the pullbagh of the Maurer-Cartan
forms toD. Using the standard harmonic map equation for such maps, and by pulling back the
Maurer-Cartan structure equations, he derived a complete integrability condition for the 1-forms
(¢"). Also, to assure that the associated harmonic map is a minimal surface, a conformality condi-
tion is imposed. The normal Gauss map into the hyperquadric is written down, which is the usual
tangential Gauss map translated to the Lie algeb@.ddn the other hand, Galvez and Martinez
(Galvez and Martinez 2000) studied the properties of the Gauss map of a shrfau@ersed

into the Euclidean 3-spad®®, particularly those related to the geometry of the immersion and the
so-called second conformal structure of the surface, that is, the conformal structtirmdaced

by the second fundamental form. Motivated by their work, the author (Shi 2004) gave a Weierstrass
representation formula for surfaces with prescribed normal Gauss map and Gauss cuntture in
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8 SHUGUO SHI

by using the second conformal structure on surfaces (see section 1 for the definition). From this,
surfaces whose normal Gauss map are conformal maps have been found(see Theorem 1).

The propose of this paper is to classify locally the ruled surfaces with conformal normal Gauss
map inH?3 and also give some new examples of complete properly embedded ruled surfaces. The
rest of the paper is divided into three sections. The first one describes the definitions of the normal
Gauss map in context of this paper and the second conformal structure on surfaces and states
Theorem 1. The second section gets two local examples within the Euclidean ruled surface and in
the last section some global properties of the ruled surfaces and translational surfaces are proven.

1 PRELIMINARIES

Take the upper half-space model of the hyperbolic 3-sphte: {(X1, X2, X3) € R® : X3 > 0} with
the Riemannian metrids? = X—lg(dxf + dxZ + dx3) and constant sectional curvaturé..
Let X be a connected 2-dimensional smooth surfacexan® — H?2 be an immersion of
into H?3 with local coordinates, v. The first and the second fundamental forms of the immersion
are written, respectively, as# Edu? + 2Fdudv + Gdv? and Il = Ldu? 4+ 2Mdudv + Ndv?.
The unit normal vector field oft(X) in H? is written as

- 0 0 0
N = X3€31— + X3€32— + X3€33—,
0X1 0Xo 0X3

whereeZ, + €2, + €2, = 1. The Gauss equation is

k=14 KN
B EG - F2’
Identifying H® with the Lie group
1 0 0 logxs
H3 = 0 X3 0 X1 : (X1, X2, X3) € H3 s
0 O X3 X2
0O 0 O 1

the multiplication is defined as matrix multiplication and the unit elements(0, 0, 1). The Rie-
mannian metric is leftinvariant andX; = X3aixl, X, = Xgﬁ, X3 = Xgﬁ are the left-invariant
unit orthonormal vector fields. Now, the unit normal vector fieldx¢®) can be written as
A = e31X1 + 32X, + e33X3. Left translatingi to To(H?3), we obtain

= 0 0 0
A=L,1(R) = ey— — — S(1) C Te(H3).
N = Ly-1,(n) %18)(1(6) +6328X2(e) +6338X3(e) € S(D) C Te(H?)
By the stereographic projection, we get the ntap> C [ {co},
€31 +ies

Q00 = = A e Uy = SAD\ (N},
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NEW EXAMPLES OF SURFACES INH3 9

€31 — |e32 2 2
X)=— AeU,=S(D\{S}.
92(X) 17 e 2 D\ {S}
Call g;(or g2) the normal Gauss map of surfax€x) (Kokubu 1997). OrJ; (U2, 0102 = 1. In
this paper, we only considex and write the normal Gauss map@s ¥ — C | J{oo}. Then we

have

9+9 . _ ;9-0  _lgf-1
1+191% 1+ 1912
Consider an immersior : ¥ — H?2 with Gauss curvatur& > —1. By the Gauss equation,
we can choose a suitable orientationdx) such that the second fundamental form Il becomes a
positive definite metric ort and induces a conformal structure Bnwhich is called the second
conformal structure like (Klotz 1963)X will be considered as a Riemannian surface with the
second conformal structure.

THEOREM 1 (Shi 2004). Let = be a connected Riemannian surface and x : ¥ — H® be an
immersion with Gauss curvature K > —1. Assume that the set of umbilics has no interior point.
Then normal Gaussmap g : ¥ — C | J{oo} of x(2) is conformal map if and only if the Gauss

curvature K and the normal Gauss map g satisfy K = —% > —1

The Weierstrass representation formulas for these surfaces can be found in (Shi 2004).
REMARK. For the Bryant's hyperbolic Gauss map of surfaceHif(see (Bryant 1987) for the

definition), Galvez, Martinez and Milan (Géalvez et al. 2000) proven that the hyperbolic Gauss map
is conformal if and only if the surface is either flat or totally umbilic.

Locally, the graphu, v, f (u, v)) satisfyingK = —(11‘%;)2 > —1 must satisfy the following
fully nonlinear PDE of second order (Shi 2004),
f(fuu fvv - fqu) + [(1 + fvz) fuu - 2fu fv fuv + (1 + fuz) fvv] = 0 (1)

2 EXAMPLES

We consider the surfaces id?® as those ones ilR®. The simplest examples of surfaces with
conformal normal Gauss map are the equidistant surfaces and horosphereonst > 0, i.e.
ordinary Euclidean planes. They are totally umbilics with constant Gauss curvature and constant
normal Gauss map.

The following theorem gives all the ruled surfaces with conformal normal Gauss niép in

THEOREM 2. Up to an isometric transfor mation
(X1, X2, X3) — (X1 €0SH — X2 SiNH + @, X1 SiN6 + X, cosh + b, X3) 2)

of H3, every ruled surface with conformal normal Gauss map in H2 islocally a part of one of the
following,

(1) equidistant surface with respect to a vertical hyperbolic plane,
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10 SHUGUO SHI

(2) Horosphere x3 = constant > 0,
(3) (ucosv, c-sinv, usinv), for a constant ¢ £ 0,

(4) (—cysinv 4+ ucosw, ¢; - Sinwv, ¢, cosv + usinu), for constantsc; = 0 and ¢, # 0.

REMARK. We may check that, among all isometric transformationd #{Korevaar et al. 1992),
the horizontal Euclidean translations and rotations (2), the hyperbolic reflections with respect to a
vertical hyperplane and the vertical hyperbolic translations

(X1, X2, X3) = (A(X1 — @), A(X2 — D), AX3), (A > 0),
preserve the concept of the ruled surfaces and the conformality of the normal Gauss map of any
surface with conformal normal Gauss map and the hyperbolic reflections
A(X1 —a, Xo — b, X3)
(X1 — @)%+ (X2 — b)2 + X3’
preserve the conformality of the normal Gauss map of all totally umbilics but totally geodesics.

(X1, X2, X3) — (@, b, 0) + A>0

PrROOF. Generally, considered as surfacedi) the ruled surfaces inl 3 can be represented as
x(u, v) = a(v) + uB(v) : D — H3,

whereD(cC R?) is a parameter domain andv) andg(v) are two vector value functions inte®
corresponding to two curves iR°.
First, we assume tha is locally nonconstant and without loss of generality assume that

(B), ) =1, (B'(v), B'(v)) =1, {&'(v), B'(v)) =0, 3)
where(-, -) is the inner product irR3. Write ase = (0, 0, 1). We havexz = (x, €) andg” # 0.
The unit normal vector of the surfacgu, v) : D — H?2 is given by
XXy AXy  X3(B A (¢ +UB)
O XeAX]  IBA@ U]
whereX A'Y is the exterior product of the vecto¥sandY in R® and| - | is the Euclidean normin
R3. So

(BA (' +Up’), €

= . 4
= A @ B @
By a straight computation, we have,
1 o 2
E - Y p_l@h o lead)+u
(X, €)? (X, €)? (x,€)?
L (BA(a'+Up), e
1B A (@' + Up)I(x, €)2
M (B', B A (& +UB)) " (BA (@ +up), e, B)

1B A (o +uB)[{X, €) 1B A (@ +up)l(x,e)2
(" +up”, B A (' +Up")) n (B A @ +up),e)(e, o) +u?)
1B A (o' +uB)[{X, €) |B A (a + UB)I(x, €) '

An Acad Rrac Cienc (2006Y78 (1)



NEW EXAMPLES OF SURFACES INH3 11

By the Gauss equatioli = —1 + LE“(‘;:"F"ZZ and (4), we know that
4gl* >
= =-1 5
(1+191%?2 "% ©

is equivalent to
(BA (@' +up),e (" +up”, B A (e +up))

—(a@+up,e - (B, pAd)?
=2(B A +up), e (o, p)- (B, BA). (6)

Expanding the above formula and noting the linearly independencauofiz andu3, we get

(BAB. &) - (B, BAB)=0, (7)
(Bra',e)-(B".BABY+(BAB (", BAB)Y+(B".BA)) =0, (8)
(BAB &) (", prd)+(BAd, )", BB )+ (B, BAA))
—2(a, B)- (B BAC)-(BAB &) —(B.8)-(B.BAna) =0, ©)
(o, €) - (B, B AV +2(, B)- (B, BAC) - (BAd, €
—(BAra,e) - (@, Bra)y=0 (10)

By (7), if (8 A B/, €) # 0 at a pointpg, then(8”, B8 A B’ = 0 in a neighbourhoot) of pg
and the curvep(v) is a geodesic 08?. Hence,(8 A B, €) is locally constant and so is globally
constant.

Casel. If (B ApB,e) =0, then(B A B”,€) = 0. Henceg, g’, 8” ande lie on same plane. We
get(B, B A B") = 0. So the curves(v) is a plane curve irR®, i.e. a unit circle, and the plane
7 on which g lies passes through the origin Bf. By (8 A g/, e) = 0, we knowr is a vertical
plane on whichxz-axis lies. Revolvingr aroundxsz-axis, i.e. making an isometric transformation
(X1, X2, X3) — (X1€080 — X28iN@, X1 SiN6 + X, C0SH, X3), we may assume that is the plane
X10X3. S0B(v) = (cosv, 0, sinv). Assumex(v) = (X1(v), X2(v), X3(v)), then equation systems
(3) and (7)—(10) may be written as

X1 Sinv — Xz cosv = 0, (11)

AV

—X5X5 COSU = (X5)? sinw, (12)

X3(X5)? 4 2(X] COSv + X5 Sinv)(x5)? cosv
I\ I\, ",/

= X5 COSU(X5Xg COSV + X)Xy SiNv — X' X5 SiNv — X5 X5 COSV). (13)

Solving (11)(12)(13), we get

a(v) = (—CpSinv + Cz, C1 SINV + C4, Co COSV),

An Acad Rrac Cienc (2006Y78 (1)



12 SHUGUO SHI

wherec; # 0, cp,c3 andc, are constants. Making a translatioq, Xz, X3) — (X1+Cz, X2+ Cs, X3),
we get (3) and (4) of Theorem 2.

Case2. If (B AB,e) #0,then(B”, B A B') = 0. We also get that the curygis a plane curve
in R® and the planer on which the curves lies passes through the origin Bf but is not totally
geodesic. Similar to case 1, making a rotation transformation anoiagis, we may assume that
X1-axis lies onr. Now, B(v)is a unit circle onr. B(v) = (cosv, Sinv cosd, sinv sind), where
constan® is the angle between plamxgox, andz. By (8), we get{a”, 8 A ') = 0. Multiplying
(10) by (B A B, €) and using (9), we get

(@, € - (BAB, &) - (B, Bra)2=(Bra € (B e (B,BA)

Then, according to whethég’, 8 A «’) = 0 or not, we again get two cases from equation systems
(3) and (7)-(10),

CAsE (i),
(@, B)=0(BAp.e#0, (" BAB)=0,
(B,Bnra)=0,{",BAra)=0,
and
CAsE (ii),

(@,B)=0,(BAB, & #0, (" BAB)=0,(8,Bra)#0,
(@, 8- (BAB € = (B (Brde),
(BAB.€ (@ Bra)—2a B)- (B, BAC)-(BAB.E)
= (. e - (B, B

Inthe case (i), taking derivative @a”, BAB") = 0, we getia”’, BAB') = 0.So{a'Aa”, o) =
0, i.e. the torsion of the curve(v) is zero. We infer that the curue(v) is a plane curve and the
plane on which the curue lies parallels tor. Hencex satisfies either (1) or (2) of Theorem 2. As
for the case (ii), similar to the proof in the case 1, we know that this is a contradictory system of
equations.

Next, wheng is constant, we havg A e # 0. Or else, by proposition 34 in chapter 7 of
(Spivak 1979), we havK = —1. A contradiction. We may assume

(', B) =0. (14)
Thusa(v) is a plane curve and (6) becomes

(BAd',e) - (", BAra’)=0. (15)

An Acad Rrac Cienc (2006Y78 (1)



NEW EXAMPLES OF SURFACES INH3 13

We have(B A o/, €) # 0. Or elsex(v) is a plane curve and lies on a plane parallel to the one
spanned by ande. Thenx : D — H?3 is totally geodesic planél? andK = —1. This is
contradictory toKk > —1. So{(a”, 8 A «’) = 0. By (14) , we know thatx(v) is a straight line in
R3andx : D — H?3is either a equidistant surface or a horosphere- constant > 0. We have
proved Theorem 2.

Locally, the ruled surfaces (3) and (4) in Theorem 2 can be represented as a graph
(u, v, f(u, ).

C1C2 + Uv

COROLLARY 1. f(u,v) = £ is a solution of equation (1), where c; # 0 and ¢, are

c2 — 2
constants.

3 GLOBAL PROPERTIES

The equidistant surfaces and horosphere- const > 0 are simply connected, complete, totally
umbilics and properly embedded surfaces. Generally, we have the following global properties for
the ruled surfaces obtained in theorem 2.

THEOREM 3. The following are simply connected, complete and properly embedded surfacesin
H3,

1) X(u, v) = (Uucosv, ¢ - sinv, usinv) : D; = {(U, v)|0 < U < +00,0 < v < 7} — H?3, and
(

(2) x(u, v) = (—Cysinv + Ucosv, ¢; Sinv, C, COSv + U SiNY) :
u u 3
D, =1{(U,v)]— 00 < U< 400,arctan— — — <v < arctan— + —; - H”>,
Co 2 Co 2

wherec > 0, ¢; > 0and ¢, > 0 are constants.

ProoOFE

(1) The mapx : D; — H?3is one-to-one. For any compact subSéh H?3, it is easy to know that
the relative closed sat 1(S)(cc D,), as the subset d#?, is bounded and closed setRf. Hence
x~1(S) is a compact set. Sa,: D; — H?3is a proper map anxi(D,) is a complete surface iH 3.
On the basis of this, we can infer that D; — r(D;) is closed. S mapsD; homeomorphically
onto its image with the induced topology axd D; — H?® is embedded.

(2) By a parameter transformatian= G andv = v + arctancﬂ2 — %, D2 is diffeomorphic to
D, ={(l,0)] —oco <l <+4+00,0<v <m}.Thenx: D; — H3 become : D, — H 3 with

o _ _ cy(dsinv — cpcosv) /- .
x(0, v) = | /02 + C5 cosv, .4/ U2+ c5sino

J 2+ c3

Similar to the proof of (1), we can prove (2).

An Acad Rrac Cienc (2006Y78 (1)



14 SHUGUO SHI

We have obtained the translational surfaces with conformal normal Gauss map in nonparameter
form (Shi 2004),

fu,v) =va2—u2+y/h? — 2

satisfying (1). Now, the parameter form of these translational surfaces is locally givgn ay) =
(acosu, bcosv, asinu + bsinv).

THEOREMA4.

(1) The map x(u, v) = (cosu, cosv, sinu + sinv) : D; — H?3 isa simply connected, complete
and properly embedded surface, where D, is a simply connected open domain of R? enclosed by
four straight linesv =u+m, v=—-u+ 27 andv = —u.

(2) For 0 < a < b, theimage of the map x(u, v) = (acosu, bcosv, asinu+bsinv) : D, — H®
isa complete and properly embedded surface diffeomorphic to St x R, where

f(a . _[(a .
D, = {(u, V)| — 00 < U < 400, —arcsm(B smu) <v<m+ arcsm(E smu)} )

PROOF

(1) By a parameter transformatian= 0 + v andv = 0 — v, D; is diffeomorphic toD]; =

{(@,0<l<m —% <v <%} CR2Thenx: Dy - H?3becomes : D; — H?3with

x(0, v) = (cogU + v), cogU — v), 2sindcosv) : D] — H3.

Similar to the proof of (1) in Theorem 3, we can prove (1).

(2) It is easy to know that image(D,) is diffeomorphic toS' x R. For any divergent curve
a :[0,1) — D, whent — 1—, a(t) tends to either the boundary curve= — arcsin(2 sinu)
andv = + arcsin(%‘ sinu) or oco. For the former, if the length af(«(t)) is finite, then there
exist a compact sed in H3 containing completely the curvea(t)). However, when restricting
Xx(Dy) on S, there exists a positive constafgtsuch thatasinu + bsinv > g9. We may assume
go < min{a, b—aj}. Soa(t) must satisfy— arcsin(g sinu — 2) < v < 7 +arcsin(g sinu — £2).
So«(t) does not tend to the boundary$, which is contradictory thai(t) tends to the boundary
of D,. So the length ok(«x(t)) is infinite. For the latter, as — 1—, u(t) — oo. The first
fundamental form ok : D, — H?3 satisfies

d4s? — a?du? + 2ab cosu cosvdudv + b?dv? - a2 sin® udu?
h (asinu + bsinv)?2 ~ (asinu + b)2’

So the length ok («(t))
1

L > / al Sihu(t)llu’(t)ldt
asinu(t) +b

An Acad Rrac Cienc (2006Y78 (1)



NEW EXAMPLES OF SURFACES INH3 15

Notingthatf alsinul_qy ~ 0, we havel = +o0. Inaword, the length of (« (1)) is always infinite.

asinu+b
Hence the image;(Dz) is complete.

Next, we prove that the image(D-) is a proper surface. When restrictingD2) on any
compact sesS in H3 mentioned above, the first fundamental formxof D, — H?2 satisfies
ds? < & (du2 + dv?), whereC is constant and depend only enandb. So, we infer that the
restrlctlon ofSto x(D,) is bounded closed subsetxafD,) and hence is compact subsetkdD,).
We complete the proof.

REMARK. The curvesin Theorem 3, corresponding respectivelyto% onx(D;) andtov = 7

onx(D,) and the curves in Theorem 4, corresponding t6 0,. u = 7, v = 0 andv = 7 onx(D;)
andx(D,) are all geodesics dfi 2 follow which K = —1 and accordingly the second fundamental
forms are degenerate. Furthermore, every such a geodesic is mapped to a point by the norma
Gauss map.
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RESUMO

Neste trabalho, damos alguns exemplos de superficies no espaco hiperbdélico de dimensao trés com aplicaca
de Gauss conforme relativamente & segunda estrutura conforme e provamos algumas propriedades globais

Palavras-chave: espaco hiperbdlico, aplicacdo normal de Gauss conforme, superficie regrada, superficie
de translacéo.
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