Revista Integracion

ISSN: 0120-419X
integracion@matematicas.uis.edu.co
Universidad Industrial de Santander
Colombia

Casas-Sanchez, Oscar F.; Galeano-Pefialoza, Jeanneth; Rodriguez-Vega, John J.
The problem of the first return attached to a pseudodifferential operator in dimension 3
Revista Integracion, vol. 33, nim. 2, 2015, pp. 107-119
Universidad Industrial de Santander
Bucaramanga, Colombia

Available in: http://www.redalyc.org/articulo.oa?id=327042947002

How to cite I &\ /"
Complete issue Scientific Information System
More information about this article Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal

Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative


http://www.redalyc.org/revista.oa?id=3270
http://www.redalyc.org/revista.oa?id=3270
http://www.redalyc.org/articulo.oa?id=327042947002
http://www.redalyc.org/comocitar.oa?id=327042947002
http://www.redalyc.org/fasciculo.oa?id=3270&numero=42947
http://www.redalyc.org/articulo.oa?id=327042947002
http://www.redalyc.org/revista.oa?id=3270
http://www.redalyc.org

Revista Integracion
Escuela de Matemaéticas
Universidad Industrial de Santander
Vol. 33, No. 2, 2015, pag. 107-119

(06}

©

http://dx.doi.org/10.18273/revint.v33n2-2015002

The problem of the first return attached to a
pseudodifferential operator in dimension 3
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Abstract. In this article we study the problem of first return associated to
an elliptic pseudodifferential operator with non-radial symbol of dimension 3
over the p-adics.

Keywords: Random walks, ultradiffusion, p-adic numbers, non-archimedean
analysis.
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El problema del primer retorno asociado a un
operador seudodiferencial en dimensién 3

Resumen. En este articulo estudiamos el problema del primer retorno asocia-
do a un operador seudodiferencial eliptico con simbolo no radial de dimension
3 sobre el cuerpo de los ntimeros p-adicos.

Palabras clave: Caminatas aleatorias, ultradifusion, nimeros p-adicos, anéli-
sis no arquimediano.

1. Introduction

Avetisov et al. have constructed a wide variety of models of ultrametric diffusion cons-
trained by hierarchical energy landscapes (see [2[,[3]). From a mathematical point of
view, in these models the time-evolution of a complex system is described by a p-adic
master equation (a parabolic-type pseudodifferential equation) which controls the time-
evolution of a transition function of a random walk on an ultrametric space, and the
random walk describes the dynamics of the system in the space of configurational states
which is approximated by an ultrametric space (Qy).
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The problem of the first return in dimension 1 was studied in [4], and in arbitrary
dimension in [7]. In both articles, pseudodifferential operators with radial symbols were
considered. More recently, Chacon-Cortés [6] considers pseudodifferential operators over
Qé with non-radial symbol; he studies the problem of first return for a random walk
X (t,w) whose density distribution satisfies certain diffusion equation.

In [5], the authors study elliptic pseudodifferential operators in dimension 3 and find a
function, Z(z,t), x € Qg, t € Ry, that satisfies the following equation

Ju(x,t
Ql) [ K a)ute—y,0) — ue 0)d%y. 1)
ot @f:

where K_,(x) is the Riesz kernel associated to the elliptic quadratic form
fo(€) = p& + & — €83
Using the same techniques as in [6] we prove that the random walk X (¢, w) whose density
distribution satisfies the equation (1) is recurrent if o > % and transient when a < %
This result is analog to the one showed in [7], in the sense that 2« represent the degree of

the symbol, and in this case the process is recurrent if 2« is greater that the dimension,
3.

The article is organized as follows. In Section 2 we write some facts about p-adics.
In Section 3 we define the symbol for the pseudodifferential operator and its Fourier
transform. In Section 4 we study the Cauchy problem and give some properties of its
fundamental solution, and define a Markov process over Qg. In Section 5 we determine
the probability density function for a path of X (¢, w) goes back to Z;’,, and we show that
the process is recurrent when o > %, and otherwise is transient (see Theorem 5.7).

2. Preliminars

For the sake of completeness we include some preliminars. For more details the reader
may consult [1],[9],[10].
2.1. The field of p-adic numbers

Along this article p will denote a prime number different from 2. The field of p-adic
numbers Q,, is defined as the completion of the field of rational numbers Q with respect
to the p-adic norm | - |,, which is defined as

0  ifx=0,
|(L|p - p*"/ if x = p727
b
where a and b are integers coprime with p. The integer v := ord(z), with ord(0) := 400,

is called the p-adic order of x. We extend the p-adic norm to @} by taking

|| := 1??3Xn|xi|p’ for x = (21,...,2,) € Q.

We define ord(z) = minj<;<,{ord(z;)}; then ||z||, = p~°4®). Any p-adic number z # 0
has a unique expansion z = p°d(®) Z?‘;O xjp’, where z; € {0,1,2,...,p—1} and z¢ # 0.

[Revista Integracién



The problem of the first return attached to a pseudodifferential operator in dimension 3 109

By using this expansion, we define the fractional part of x € Q,, denoted by {z},, as
the rational number

(2} 0 if x =0 or ord(z) > 0,
x}hp = )
P pord(@) Zj;oéd(x)*l xjp?  if ord(z) < 0.

For v € Z, denote by Bl(a) = {z € Qp : ||z — all, < p?} the ball of radius p™ with
center at a = (ai,...,a,) € Qp, and take BY(0) := BZ. Note that B} (a) = B,(ar) x
-+ X By(ay), where By (a;) := {x € Qp : |x; — ai|, < p7} is the one-dimensional ball of
radius p? with center at a; € Q,. The ball B (0) is equal to the product of n copies of
By(0) := Zy, the ring of p-adic integers.

2.2. The Bruhat-Schwartz space

i

A complex-valued function ¢ defined on Qj

there exists an integer [(z) € Z such that

is called locally constant if for any x € Q)

¢z +2') = p(x) for 2’ € By, (2)

A function ¢ : Q) — C is called a Bruhat-Schwartz function (or a test function) if it is
locally constant with compact support. The C-vector space of Bruhat-Schwartz functions
is denoted by S(Q}). For ¢ € S(Q}), the largest of such numbers I = I(p) satisfying (2)
is called the exponent of local constancy of .

Let S'(Q}) denote the set of all functionals (distributions) on S(Qj). All functionals on
S(Qp) are continuous.

Set x(y) = exp(2mi{y},) for y € Q,. The map x(-) is an additive character on Q,, i.e.
a continuos map from @, into S (the unit circle) satisfying x(yo + v1) = x(¥o)x(y1),
Yo, Y1 € Qp'

2.3. Fourier transform

Given § = (&1,...,6) and @ = (21,...,2,) € Qp, weset £z := Z;’:l &z ;. The Fourier
transform of ¢ € S(Q}) is defined as

F©) = [ xe-ae@as torsea),

where d"z is the Haar measure on Q) normalized by the condition vol(Bf) = 1. The

Fourier transform is a linear isomorphism from S(Q}) onto itself satisfying (F(F¢))(§) =
©(—¢€). We will also use the notation F,_,¢¢ and ¢ for the Fourier transform of ¢.

The Fourier transform F [f] of a distribution f € 8’ (Qp) is defined by

(F[f],9) = (f, Fl¢]) forall p € S(Qp).

The Fourier transform f — F[f] is a linear isomorphism from S’ (QZ) onto S’ (QZ)
Furthermore, f = F [F [f] (=€)].

Vol. 33, No. 2, 2015]
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2.4. The space M)

We denote by My, A > 0, the C-vector space of locally constant functions ¢(z) on Qp
such that [o(z)| < C(1+]|z|[}), where C'is a positive constant. If the function ¢ depends
also on a parameter t, we shall say that ¢ € My uniformly with respect to t, if its constant
C and its exponent of local constancy do not depend on ¢.

3. Pseudodifferential operators

We take f(£) = &2 + pe€3 — p&2 and f°(€) = p€? + €2 — e£2, with € € Z a quadratic non-
residue module p. Given a > 0, we define the pseudodifferential operator with symbol

£ @I by
$(@) — C(@)ni ()

P = (FO.)) @) =T, (I Ol Fooer) -

In [5] the authors show that the Fourier transform of the symbol is given by
_ 1—p™@ _ _3, 9 5 _3
Fllf@), ] = Ty (1 +p* Dlvuv, (2) +p* 2 (P> +1)va($)] |fo(@)]" 2,
3)

where

1 ifzeAd
Ia(z) = ’
Alw) {0 ifed A,

and for § = 1,¢,p,pe put Vs := {z € Q3 | f°(x) € 6[Q)]*}. Observe that V,c = 0,

otherwise the elliptic form pz? + 22 — ex2 — pex? = 0 would have non-trivial solution in

Q4

o

If we consider

—

1-p
Kq(x):= 7

- a—3 —a o a—2
T s (2 v () " 0 4 DIy, @)] 1@

then equation (3) can be written as

Kaole) = [f@)] ™, a#

Sy ly, (4)

Inp

and as a distribution on o(Q}), Ka(z) possesses a meromorphic continuation to all

o # § + 3412 (e [5, Lewma 5).

Since F1 (|f|g) = K_o we have |f (€)[5 Foosep € L' (Q)) NL? (Q}) , and the operator
is well-defined. Therefore it is possible to write the operator as a convolution

FO,0)p=K_oxp= . K_o)(p(@ —y) — p(x)d*y, (5)

[Revista Integracion



The problem of the first return attached to a pseudodifferential operator in dimension 3 111

for p € S (Qg) Actually, the domain of the operator can be extended to the locally
constant functions u(x) such that

/H . K_o(2)|u(z)|d®z < co. (6)

There exists an important inequality for elliptic polynomials, which is essential to do all
the calculations (see [11]). In our case, for f and f°, the inequalities are given in the
next lemma.

Lemma 3.1 ([6, Lemma 3]). Let f, f° be as above. Then
(i) p~" llzlly < £ (@)l < llelly,  for every @ € Q)

.. _ 2 2
(it) p~Hlzll, < [f°@)lp < llzll,,  for every x € Q.

4. The Cauchy problem

The Cauchy problem

8u(8mt, t) _ —f(0,)u(x,t), z€Q, 0<t<T, .
U(I’O):: W(I%

where o > 0, T > 0, ¢ € Moy, 0 < A < « has a solution w : @f, x [0, T] — C satisfying
u(z,t) € Moy and

e )= 2o ) wpte) = [ 2= ptmd'n )
where the heat kernel Z(x,t) attached to f(z) is

2o t) = 2wt f0) = [ X(g-m)e VOl

for €@}, t>0and a> 0 (see [5]).

Theorem 4.1. The function Z(x,t) has the following properties:
(i) Z(z,t) >0 for any t > 0.
(i) / Z(x,t)d®z =1 for any t > 0.
Q)

—3—2«
(i) Z(xz,t) < Ct (Hpr + ti> , where C' is a positive constant, for anyt > 0 and
any x© € QF.

(v) Z(x,t) x Z(z,t') = Z(z,t +t') for any t, ' > 0.

Vol. 33, No. 2, 2015]
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() Jim Z(r,1) = 6(x) in §'(Q2).
(vi) Z(x,t) € C(Q3,R)NLY(Q3) N L*(Q3) for any t > 0.

Proof. See Theorems 1, 2, Proposition 2 and Corollary 1 of [11]. ]

4.1. Markov processes over Qg

The space (Qg, ||Hp) is a complete non-Archimedean metric space. Let B be the Borel

o-algebra of Qg; thus (Qg, B, dsx) is a measure space. By using the terminology and
results of [8, Chapters 2, 3], we set

plt,,y) = Z(x —y,t) for t > 0,2,y € Qy,

and
[ppt,y,x)d®y fort>0, zeQ) BebB,
15(x) for t = 0.

P(t,z,B) = {
Lemma 4.2. With the above notation the following assertions hold:
(i) p(t,z,y) is a normal transition density.
(i) P(t,z, B) is a normal transition function.
Proof. The result follows from Theorem 4.1 (see [8, Section 2.1] for further details).

Lemma 4.3. The transition function P(t,x, B) satisfies the following two conditions:

L(B) For each uw >0 and compact B,

lim sup P(t,z, B) = 0.

T—r00 t<u

M(B) For each € > 0 and compact B,

li P(t,z,Q3\ B? =0.
B S P G\ B

Proof. (i) By Theorem 4.1 (iii) and the fact that ||-|, is an ultranorm, we have

1\ —3—2a
P(t,z,B) SCt/ (Haz—pr—i-tﬁ) d®y
B

1 —3—2«
:t(||x||p+t%) vol (B) for z € Q%\ B.

Therefore, lim sup P(¢,x, B) = 0.

I—>OOt<u

[Revista Integracion
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(ii) By using Theorem 4.1 (iii), o > 0, and the fact that |||, is an ultranorm, we have

—3—2«
Pl @\ B <Ct [ (lo-ul,+e8)
lz—yll,>e
1\ 32«
_ ot / (el +13) " a2
llzll,>e€
<ct / Bl
2], >e
=C"(a,e)t.
Therefore,
lim sup P(¢,x, Q?’\B3( )) < lim sup C’ (o, €)t = 0. v
t—0t zeB t—0t zcB

Theorem 4.4. Z(x,t) is the transition density of a time and space homogeneous Markov
process which is bounded, right-continuous and has no discontinuities other than jumps.

Proof. The result follows from [8, Theorem 3.6] by using that (Q3, lz]l,) is a semi-
compact space, i.e., a locally compact Hausdorff space with a countable base, and
P(t,z, B) is a normal transition function satisfying conditions L(B) and M (B) (cf. Lem-
mas 4.2 and 4.3). v

5. The first passage time

The solution of the Cauchy problem

du(z,t) =— K_ou(z —y) —u(z, t)dy, =€ Q), 0<t<T,
* e )
u(z,0) = Q|[z]]p),

is given by

u(et) = [ x(=€- )l Je N v (10)

P

Among other properties, the solution (10) is infinitely differentiable with respect to ¢ > 0,
and for m € N,

8’{17,

G @0 = 0 [ IO X il e Ohate (1)

P
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114 O.F. CASAS-SANCHEZ, J. GALEANO-PENALOZA & J.J. RODRIGUEZ-VEGA

Lemma 5.1 ([5, Lemma 6]). For Re(a) > 0 we have

—a(] — -1 feY —1 —2
_ Ko@) da| =" (I—p )" +p  +p )Sl.
1*[)72&73

[z][p>1
Definition 5.2. The random variable 773 () :==7(w) : Q3 — R defined by
inf{t > 0; X (t,w) € ZB | there exists ¢’ such that 0 < #' < t and X (¢, w) ¢ Z3 o)

is called the first passage time of a path of the random process X (f,w) entering the
domain Z3.

Note that the initial condition in (9) implies that

Pr({we@ (0,w) 625})

Definition 5.3. We say that X (t,w) is recurrent with respect to Zj if

Pr({we Qggr(w) <oo})=1. (12

Otherwise we say that X (f,w) is transient with respect to Z3.

The meaning of (12) is that every path of X (t,w) is sure to return to Z3. If (12) does

not hold, then there exist paths of X (¢,w) that abandon Zg and never go back.
By using the same arguments given by Chacon in [6] we define the survival probability
as

S(t) = 5530 = [ola.tid’z,

73

which is the probability that a path of X (¢, w) remains in Zg at the time ¢. Because there
are no external forces acting on the random walk, we have

S(t) = Probability that a path of X (¢,w) \ [ Probability that a path of X (t,w)
~ \ goes back to Zf) at the time ¢ exits Zg at the time ¢
(13

’

—g(t)— C-S(t) with 0 < C < 1.

In order to determine the probability density function g(¢) we compute S’(¢).
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S'(t) = /‘9“” .t 4 / /K D —y,t) — ula, O] d>yds

z z3 Q3

_ / / K_aly)lu(z — y,t) — ula, )] d*yd’a
z3 |lyllp>1

_ / / K_o(y)ulz -y, )dydiz + / / K_o(y)ulz, )dyd*e

Z3 |lyilp>1 z3 |lyllp>1

—— [ Kawuodyr [ Kl [ ue e
||?/Hp>1 Hpr>1 Zf’)

_ 3 p A —p Hp*+pt+p?)
llyilp>1

Therefore,
o) = [ Kaul.ody
[lyllp>1

and the constant C := piﬂ(l*pil)(pa+pgil+p72) satisfies 0 < C' < 1.

1,p—2a—

115

(14)

Proposition 5.4. The probability density function f(t) of the random variable T(w) sa-

tisfies the non-homogeneous Volterra equation of second kind

olt) = / gt — D@+ 1),

(15)

Proof. The result follows from (14) by using the argument given in the proof of Theorem

1in [4].

v

Lemma 5.5. For f(z) = ex? + pex — px2 and Re(s) > 0 the following formulas hold:

1 1-p'  pl1-p2
(Z) / — ad3y= D +p ( p_)_
Il

oll,=1 5 tP 2y |f(y)‘p s+p2re | g4 p2a—a

(i) If ||€llp = p, then there exist constants Cy and Cy such that

Ch Co

Xy -§) 3 —27a ~2ya—
/ ey = ST s e
lo]lp=1 5+ P Lf I,

€l

0 i el > p.

Proof. By using the same technique as in [6, Lemma 15| we write U := ;U | where

U@ =" x U x U§” and

U(i) .: piij Zf ij:1,
Tz ifi;j=0,
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for (i) = (i1,12,43) € {0,1}3\{(1,1,1)}. Since |f(v)|, € {1,p~ '}, it is enough to compute
the volume p(U®). The result follows from the following table.

@) | Wl u(U®)
1 1-p 'y
,0,1) 1 (1- ’1)2 !
1
1

A—p )"

1

1 (1 fp‘l)p‘Q
70’0) p71 (1 — )2p71
0

1

,0,1) | pt (1—1)‘1)17‘2
0) [ p ! (1-—p p? v

Proposition 5.6. The Laplace transform G(s) of g(t) is given by G(s) = G1(s) + Ga(s),
where

G = POy

[ee]
N e T o |
2va 3y
X ZP Z <3 +p—2wa + s+p_2'70‘_°‘ ?

y=v

and

pfuz l_pZa 1— —1 p71+ 72_~_pa
Ga) = LU0 O

S
C C
—2va, —3(v—1) 1 o 2
X Zp p (S + p72(z/71)a s+ p72(1/71)a7a> )

v=1

Proof. We first note that, if Re (s) > 0, then
K_o(z)e e MOl (ngp) € L' ((0,00) x Q3 x Q3\ Z3, dtd*¢d®z) . (16)

Therefore, by using (16) and Fubini’s Theorem we have

Gls) = /OO e~ g(t)dt

)

/ h K_o(2) / X(—€ - )| [€]lp)e 1O g vt
0 [|z][p>1 Q)

P

/MHMK /ng(f-x)/ooo HHIOI) gt ez
. /

K_o(2)u(z, t)d®zdt

8
:\
i

llellp>1 z s+ (©)y

[Revista Integracion
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After the change of variables x = p~"y and £ = p?y’, and due to the fact that
K _o(p7vy) = p~ >3 K__(y), we obtain

- —2ra - —3 X( p71/+'yy y/) ‘3 /33
- / K_aly)) » ”/ S APy dPy
= ly'llp=1 $ + P27 f ()5

[lyllp=1 ~=0

In order to calculate the interior integral we split the set ||y/||, = 1 into two parts, when
llp~" ™y -v'||, <1, and when ||[p~* "7y -y/||, > 1. The first case occurs when v > v, and
then x(—p~"*Vy-y') = 1. The second case occurs when v =0, ...,v— 1. By Lemma 5.5
G(s) takes the form G(s) = G1(s) + Ga(s), where

1
Gi(s) :== — 72""‘/ K o))y p 37/ —— A’y d’y
v=1 ‘pr,1 ZV |y|\p*18+p 2a'y|f( )‘
_ op A=) =p Dl +p %)
B 1—p2a-3
T A ey N € et ) e
2va 3y
X Zp Zp (S +p—270¢ + 5+p—2'ya—a ’
v=1 y=v

and

v—1

- XY Y) s
Gafs):===> p 2”“/ K_o)> p / d*y'd®y
= llyllp=1 = yll,=1 8 + P72 f(y))|5

oA =p*) (1 —p Hp +p 2 +p%)
n 1—p20-3

% i —2va, —3(r—1) Gy o Cy 7
— p p s+p72(ufl)a s+p72(ufl)a7u .

Theorem 5.7. (i) If a > %, then X (t,w; W) is recurrent with respect to Zg,

(i) If oo < 3, then X (t,w; W) is transient with respect to Z3.

Proof. By Proposition 5.4, the Laplace transform F(s) of f(t) equals %, where
G(s) is the Laplace transform of g(t), and thus

F(U):/Ooof(t)dtzl—%G(o).

Hence, in order to prove that X (¢,w; W) is recurrent is sufficient to show that G(0) =
lim,_,o G(s) = oo, and to prove that it is transient, that G(0) = lim,_,o G(s) < 0.

(i) Take s € R, s > 0 and set s = p~2¥* = p~27%: note that s — 07 & v — o0 (v = 7).
Now, taking only the first term of G1(s) we have

Vol. 33, No. 2, 2015]
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p (A —p**)A—p Nt +p2+p?)
- 1 7p72a73

. 21737 ( 1-p? (@ _p72)p71) + Gafs).

s _‘_p—Q'ya s _‘_p—Q'ya—a

G(s) >

We get Go(p~2/%) < oo, but the first sum diverges if o > % Then,

lim G(s) = oco.

s—0+

(ii) Now

p—a 1*]?20‘ 1*])_1 p—l +p—2+pa
) < 20PN )

= —2rva - —3y 1 _p71 (1 _p72)p71 Go(0
X Zp Zp —2ya + —2va—a + 2( )
v=1 y=v p P

One sees easily that G2(0) converges, and that the double series converges if o > %
Therefore lim, o+ G(s) < co. v
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