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L% estimates of functions in the kernel of
an elliptic operator and applications

GONZALO GARCIA CAMACHO, LILIANA POSADA VERA*

Universidad del Valle, Departamento de Matematicas, Cali, Colombia.

Abstract. In this work, we will find a family of small functions 7, in the
Kernel of an operator defined in the intersection of the Sobolev space H??(S™)
with the orthogonal complement in H12(S™) of the first eigenspace of the
laplacian on S, parameterized with a variable y belonging to a small ball
contained in B™"*!. We will find LY estimates of these functions and we
will use those estimates to find a subcritical solution to the scalar curvature
problem on S™, and a solution u,, = ap (1+ny,) = |F, 1"z (1 +ny, )0 Fy, of
a nonlinear elliptical problem related to that problem, where Fy, : S™ — S™
is a centered dilation.
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Estimativos L? de funciones en el nicleo de un
operador eliptico y aplicaciones

Resumen. En este trabajo, vamos a encontrar una familia de pequenas fun-
ciones 7, en el kernel de un operador definido en la interseccién del espacio
de Sébolev H%4(S™) con el complemento ortogonal en H':2(S™) del primer
espacio propio del laplaciano sobre S™, parametrizado con una variable y
que pertenece a una pequeiia bola contenida en B"*!. Encontraremos es-
timativos L? de estas funciones, las cuales utilizaremos para encontrar una
solucién subcritica al problemix gle curvatura escalar sobre S™ y una soluciéon
Uy, = apﬂl(l +n0y,) = |F, |77 (1 +my,) o Fy, de un problema eliptico no
lineal relacionado con este problema, donde F,, : S™ — S™ es una dilatacion
centrada.
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elipticas.
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2 G. GArcia CaMAcHO & L. PosapA VERA

1. Introduction

Let (S™,0;;) be the unitary sphere with the standard metric. A natural question in
Riemannian geometry is: given a function K : S™ — R, is there a metric g conformally
related to the standard metric 6;; such that K is the scalar curvature of S™ with respect
to the metric g7 This is equivalent to the problem of finding a positive smooth function
u : 8™ — R which satisfies the equation

n(n —2) n—2 nt2
Ku»—2 =0. 1
T “timopt (1)

Au —

If we set g = w2 0ij, where u is a solution of this problem, then the function K is the
scalar curvature of S™ with respect to the metric g.

The problem of conformal deformation of metrics in S™ have been extensively studied by
many authors (for example, see [1],[2],[3], [5], [6],[7]. 8], [9] and the references therein).
An important feature of this problem is that it is a conformal invariant one. More
precisely, if u is a solution of equation (1) then for any conformal map F': S™ — S™ the
function ap(u) = |(F~1)|"= uo F~! is a solution to problem (1) with scalar curvature
KolPF.

The problem of conformal deformation of metrics in ™ can be approached using the so
called Yamabe method, which consists in studying first the subcritical problem in the
equation (1):

n(n —2) n—2 Ku? =0, @)

A _
U Tttt

with p € (1, "‘*2), and then consider the limit of the solutions when p 1

n+2
n—2 —2"

n

Let E(u) be the energy norm associated with the linear part of (2), and let S be the set
of non-negative functions u € W4(S"), (¢ > %) such that E(u) = E(1). Let us consider
the open unit ball B"*! and the map ® : B"*! — S defined by

Oy) = ay = ap, (1) = [(F,)] "2,

where F, : S" — S™ is the restriction to S™ of a special conformal map F, : Bn+1 —
BnH1 that satisfies F,(0) = y and fix the points :t%; this function maps 0 to y and
commutes with rotations about the line joining the origin and the point y. This map is
referred to as a centered dilation.

For p € (1, ”—*2) and u € S, let J,(u) defined by J,(u) = [¢, KuPtdo. If u is a critical

n—2
point of .J,(-) on S, then a multiple of u satisfies problem (2). Let us define the function
Jp = Jp 0o ®. In this paper, we will consider the equation

n(n —2)

L
U+ 1

vol(5™)(T,(y)) " Ku? =0, 3)

where K : S™ — R is a nondegenerate function (Morse function) with AK # 0 in its

critical points, and Lu = Au — @u.
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L7 estimates of functions in the kernel of an elliptic operator and applications 3

Let F : " — S™ be a conformal transformation and v = az(u) : |(F~1) "2 uo F~1.

A straightforward calculation shows that u is solution of (3) if and only if the function
n =v — 1 is a solution of an equation of the form

(n—2)n
4

nt2
L(n) +Qn) = =3, (4)
where a = vl(S™)(T,(y)) " K o F-Y(F=1Y[**5(1 + n)=5, £(y) = An + ny, Q1) is
a term which is quadratically small in 7, and § = ng — p. The linear operator £ has
an (n + 1) dimensional kernel consisting of the first order spherical harmonics. This
obstruction to invert the linear operator £ may be removed by replacing equation (4) by

the projected equation T'(y,n) = 0, where

(I —a)(1+mn)

Tly.m) = £0) + P@) - P (20 - ), )

and P denotes the LL2-orthogonal projection onto the orthogonal complement W of the
first eigenspace of the laplacian on S™.

This work is motivated by the work of Schoen and Zhang in [8] on the prescribed scalar
curvature problem on the n-dimensional sphere, n > 3, and by the work of Escobar and
Garcia in [3] on the prescribed mean curvature on the n-dimensional unit ball, n > 3.
In fact our method parallels those of [8] and [3]. In this paper we will find in Section 3,
using the inverse function Theorem, small solutions 7, of equation (5), where y is close
to a critical point of J,. In Section 4, we will find L? and integral estimates of 1, and
its first two derivatives.

In the last section, setting u, = agp, (1 +7,), we perturb the function u, and consider
the function u, = Ayu, in order to achieve that E(u,) = E(1). Next we define the map
Jy(y) = J,(@,) and we show that the functions J,(y) and J,(y) are close in the C2 norm,
using the estimates of the functions 7. The fact that the functions J,(y) and Jy(y) are

close implies that .E(y) has a unique critical point y; close to the critical point yg of
Jp(y). This implies that w,, is a solution of the equation

(n—2)

Lu+ 2 Kol (S™)(Jy () T = 0. (6)

Multiplying the function u,, by suitable constants, we find a solution of problem (2) and
prove that uy, = ar, (1+1,,) is a solution of problem (3), respectively.

2. Preliminaries

Let y € B"*!. Up to a rotation we will assume that y = (0,...,0,%n11), Ynt1 > 0. In
this case the centered dilation function Fj, is given by F,(z) = £~ o D,, 0 X(), where
the function

2z
1+ Tnt+1
is the stereographic projection from the south pole of the sphere, the function

2,1@:( Az 4—|§\2>

@2+ 4" [22 +4

Y(z) =
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4 G. Garcia CamacHO & L. PosapA VERA

is the inverse of the stereographic projection, and the function D, : R" — R" is defined
1-ly|
T+[yl”

Since F, = ¥"'o D, 0%, then F,(z) = B~ (4pAz, (A% — 44*z|?) and F,(0) = y, where

by D, (T) = pT, where v = (T, xp41) € S™ with T = (x1,...,2,) and p =

A=2(1+zpy1) and B =4%7> +4(1 4 z,01)>
Note that F ! = F_,.
If y € Bg(i—|y,)(yo) for some 0 < § < 1, then we have

1 =B) = lyol) <1 —ly[ < (1 +B)(1 = [gol)- (7)
The number p satisfies the inequalities
1< C(1 = yol) (8)
and 1 o
- < — 9
# = 1= yol )

n

Consider the map ® : B"* — S defined by ®(y) = oy == avp, (1) = |(Fy*1)’\%27 where
F, : S™ — 5™ is the conformal map that satisfies F},(0) = y, and fix the points +:%. For

lyl
pE (1, Z—*_'g] and u € S, let Jy,(u) be defined by

Jp(u) = 8 KuPtldo.

' n—2

If u is a critical point of J,(-) on S, p € <1 "+2> , then a multiple of u satisfies problem

2). Let us define J, = J, o ®. The functions J, are eigenfunctions of the laplacian on
P P j2 g
B"*+! with the hyperbolic metric. In fact,

n —

_ _ 2\ 2
ANJp+ Ay =0; )\,,:( ) (p+1)0,

_ nt+2
where § = "5 — p.

Let us define the function v,(y) = [q.(ay (€)' do(€), so that vy(y) = vol(S™) for
p= % The function v, is positive and radially symmetric. Let us define the function

jp = UglJp. For n > 3 the functions jp are uniformly bounded in the CQ(B”“)
norm and they agree with K on S™. Using that all critical points of the function K are

non-degenerate and AK # 0 at each critical point, the following facts are proven in
Proposition 2.1 in [8]. Since Jp is C? in the closed ball, then aaif = 0 in the boundary of

the ball. From here it can be seen that the critical points of J, p near 0B"T! actually lie
on dB"T! and are the critical points of K. If yo is a critical point of the function J, near

OBt then |%(yo)| < Cup(yo)(1 — |yol). It is also proven that there exist constants
C4,C5 > 0 such that
C10 < (1= [yol)” < €5, (10)

and consequently,
C10 < p? < Cy9. (11)

The estimates of the following proposition (see [4]) are very useful in this work.

[Revista Integracion



LY estimates of functions in the kernel of an elliptic operator and applications 5

Proposition 2.1. Let yo be a point near OB™ ! which is the critical point of the function

Jp and let y € Bgi—|yo)) (o). Then,
‘VK ( Tvo |) ‘< Cp'=", where w is any small positive number less than one.

2 If f = P(K K(Ul)) £ 0 Fyllo.g < Cp?=, with 0 < w < 1.

S If L <qg<n, [[Vy(KoF,)loq<Cu'™, where 0 <w < 1.

4. Forg<q<nand1—2”—q<r<%, |V, V(K o Fy) -

log < 1
The following propositions, which are useful to find a solution of problem (2), are respec-
tively the Corollary 2.2 and Lemma 2.3 in [8].

Proposition 2.2. There is a number 8 < 1 such that, if we denote by yo one of the critical
points of J, near 9B" T, then the following bound holds for y € Ba1—1yo|(¥0):

1=l THIVIl + VYT, < e, [ det(Hess(Jy)| > ¢
Fory € Bg—jy,))(yo) we have VTl = ™11 — |yol).
Proposition 2.3. Suppose f,g are C? functions in the closed unit ball B in RO
Suppose there is a positive constant ¢ such that

IVAI+IVVEl <e,  [det(Hess(f)| > e™  and  inf [Vf]| >

Assume f has a unique critical point yo in B"TY, and g is close to f in the sense that
IV(f =+ IVV(f =9l <€

If € is sufficiently small, then g has a unique critical point 1y, in B"+1.

3. The projected equation

To begin with, we will do several transformations of equation (2). One of those transfor-
mations involves the definition of an operator

T : B9 — B, where B = C*(Bg—|yo))(¥0), H(S")NW), j=0,2,

by setting T (n)(y) = T'(y,n); this operator and the inverse function Theorem allow us
to find a solution to problem (5).

After multiplying a solution u of equation (2) by a suitable constant, we can rewrite that
equation as

n(n

Lu+ T_Q)KUOZ(S")(JP(U))_lu’) =0, (12)

where Lu = Au — @u. Let yo be a critical point of J, which is one of the critical
points of J, near 9B" ! given by Proposition 2.1 in [8]. Let y € Bg(1_|y,))(¥0), with
0 < 8 < 1. To find a solution of equation (12), we will consider first the equation

L+ " o5 (7, ) K =0, (13)
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6 G. Garcia CamacHO & L. PosApA VERA

where we have replaced .J,(u) by J,(y).

A straightforward calculation shows that if u is solution of (13), F' : S™ — S™ is a
conformal transformation and v = ap(u) : [(F~1)|"Z uo F~!, then v is a solution of
the problem

Lo+ 215 (T, ) K o P (P < 0, (14)

Setting v = 147, and defining £(n) = An+nn, Q(n) = w ((1 + 7]):%g —1- Z—f?)),
and a = vol(S™)(T,(y)) " K o F~Y|(F~1)|*2°9(1 + 1)~ if v is a solution of equation
(14), then 7 is a solution of problem

ﬁﬁi@ﬁuf@u+nﬁ3. (15)

L(n) +Q(n) =

Let {&1,&2, ... &n+1} a generator set of the first eigenfunctions of the laplacian of S™, that
is,

L(E)=A&+n& =0, i=1,2...,n+1.

This obstruction to invert the linear operator £ may be removed by replacing equation
(15) by the projected equation T'(y,n) = 0, where

T = £+ P - P (U2 - n). a9

and P denotes the L2-orthogonal projection onto the orthogonal complement W of the
first eigenspace of S™, where we have used that (£(n),&;) = 0 implies P(L(n)) = L(n).

In order to keep track of the dependence on y, as in [8], we define a map
T B> — B, where B> = C?*(Bgi_|y))(y0), H(S")NW) j=0,2,

by setting 7 (n)(y) = T'(y,n), where 7 is the map n(y) = n,. We choose a norm on B%4
which reflects the scales which appear in the problem:

ljg + (1 — |yO|)2|‘vyvynij,q}’ j=0,2

[nllss.a = sup{[nyllj.q + (1 = [y )I[Vyry
y

Hence,

1T ()00 = sup{lIT (. mllo.g+ (1 =g DIVy T (g, )lo.g+ (1= |90 )*1Vy VT (gm0 }-
Y

One of the main objectives of this work is to prove the existence of solutions of the
projected equation (16). To reach it we will prove a similar result to Lemma 2.5 in [8].

Theorem 3.1. For p — % and q € (n/2,n), the function T is C* and satisfies the
following bounds:

1. ||T(0)]| < Ce(p)p®, where e(p) — 0 when p — 22 and o < 2.

2. |T(0)] < C.

[Revista Integracion



L7 estimates of functions in the kernel of an elliptic operator and applications 7

3T () = T (o)l < Cllny = moll, mll < 5. llmoll < §-
Moreover, ||(T(0))7Y| < C, where the constant C' is independent on p. There exists
n € B2 with ||n|| < Ce(p)u® and T(n) = 0. Furthermore 1 is the unique small solution
of T(n) =0.
Proof. The bound for

lo,q + (1~ |y0|)2HVyVyT(y, 0)llo,q}

T ()00 = {Slsp 1T (y, 0)llo. + (1 = 4DV T (y, 0)

follows from the following three lemmas.

Lemma 3.2. For any q € (%.n), [T (y,0)]lo, < Cp*~2", where 0 < w < 1.

Proof. For n =0 we have that

T(y,0) = —P (@(1 - a0)>

n—2n _ B oo =
= ( . ) -UOZ(S”)(Jp(y)) p <KoFy|Fé‘ =0 _ (vol(S™)) 1Jp(y)> 7
where ag = a(€,9,0) = vol(S")(J,(4)) 'K o Fy [ Fy| “7°0, and |Fy| = 42, ¢ e s,

It is easy to see that

IT(y,0)] <C “|F;\"T*26 _ 1) i

(vol (S™) VT, (y) — K ( Y )‘ + ‘K oF,— K (i> H :

lyl lyl

To finish the lemma, in the following claims we will show that the terms in the right
hand side of the previous inequality have the required bound.

n—2

Claim 1. ||F)|"2 % — 1| < Cp?~*", with 0 <w < 1 and y € Bg(1—y,)) (%0)-

Proof. Let us observe that |F1;|"7725 is of the form §°. Taking 0 < w < 1 and using the
L’Hopital rule we get

-1

e =0

Then, for § small enough, |§% — 1| < C§'~% < Cu?>~2*, and consequently,

|Fp| 750 — 1] < Op2 2, @

Claim 2. ‘(vol(S"))*lJ_p(y) - K(%)’ < Cp?~ 2% where 0 < w < 1.

Proof. First observe that

(vol(5)) Ty (y) — K (5—')\ <

Dly)  Tpy) ’

wol(5) vy | T i_:g;*KQ%I)‘

Vol. 34, No. 1, 2016]



8 G. Garcia CAaMAcHO & L. PosADpA VERA

Using Claim (1), we get
Jp(y) 7J_p(y)' < ¢, |tnly) = vol(S™)
wl(5) ()| = | upgyvel(sm

To find the bound of the second term in the right hand side, we consider the function

J, =2z By Taylor’s Theorem, there exists ¢ between y and % such that
p Up [yl

To(y) =JAp<‘—§|) +68—? (%) (yf %) + %ZE(C) (yf %)2

Since % <i‘) =0 and j;|Sn = K, then

S A41H2_2w~

ly
o) (y)‘ — /\(y)‘ 027, ‘ y P,
Up(y) ‘y' p( ) P ‘y| or2 ( ) ‘U‘ 12
Therefore,
(vol(8™)) Ty (y) — K (|—y‘>‘ < OpP 2 4 Cp® < OpP2v, 4]
Y

The inequality |T'(y,0)| < Cu?~2% follows from Claims 1 and 2 and Proposition 2.1.
Consequently,

1/q
T (y,0)]lo,q = (/5 |T(y,0)\qdag) < Cp, -

Now, we will do the estimates of the first derivative of T'(y,0) in the y variable.

Lemma 3.3. For any g € (%,n), [[V,T(y,0)]lo,q < Cp'™, with 0 < w < 1.

} |

Proof. A calculation shows that

‘8T(y,0)'<0 ‘8KoFy

(Jp(y) ™!
yi " ‘

yi

yi

‘aFér‘ﬁ

The proof of the following claims conclude the proof of the lemma.
Claim 3.

< Cp.

0,9

H O(Jp()) "
Ay

Proof. Since aé]; £ — () in 9B™!, the mean value Theorem implies ‘63‘]: (y)’ < C(1-|yol)-

<

and

(T (s (I, (s
(éy(iy)) = v,(y) Up(w)

a”’ i p (Y
Jp| < C(1 — |yo|). From J,(y) = (y) A

Ay - vp(Y)
7 (v
Jp(y)%, we get

Hence,

ATW)| - | 0pw) A(vp(y)
| ‘_c‘ '+c’

< 1-— .
yi yi yi ’ <l [vol)

[Revista Integracion



L7 estimates of functions in the kernel of an elliptic operator and applications 9

Therefore
A(Jp(y))~t o(J,
8yi 3yi
Claim 4.
IV |E) 1= llo.g < Ch.
Proof. Since |F|(£) = |1y +‘ ¢[z> a straightforward calculation shows that
oIF " n-z o)F "7
g = —(n=2)d|Fy| = 6 <1 s+ \y+£lz> ; and therefore | =% ——| < Cp. ©

Proposition 2.1 and Claims 3 and 4 yields to |V, T'(y,0)] < Cu'~", and therefore,

1/q
I9,70llng = ([ 19,7000 ) < cue,
where w is a positive number less than one. v

Now, we will estimate the second derivatives of T'(y,0) with respect to the y variable.

Lemma 3.4. Foranyq € (3.n) and1—g. <r < 3. we have |V, V,T(y,0)]lo,q < Cpu2".

Proof. Differentiating T'(y,0) twice with respect to the y variable we get

DLW — yol(5)""2 D P[A+ B+ D], where A= (J,(y)"'KoF,

0y, 0y 9y )

%581( o F,
yi

o250 () "

B = () |F o

and D= Ko F,|F,

Let us estimate the first derivatives of A, B and D. Since

S =25 _ o PRy o a2
= Ko R, M OO (7)1 AT 6 (T ()) 1Ko,

81/ j 0y 9y, Ay 9y, Jy;0y; 7

and

’ ";25 2 2 2 2
0 y __ (=2 §2|F! n=2s (lytel”) o (1=l 4 pit&
dy; dyi 2 v I=[y[* ) 9y; \ly+€l? ) \1— \y\z ly+el* )2

Claims 3 and 4 and Proposition 2.1 yield to H% H <C.
‘10,9

Now,
0B O [~ 1y n=250K0F, ,n=25 0K o F, 9(J,(y) ™
= = = FI'702—"Y) =|F
dy; dy; ((J,,( NI Dy 1 yi Jy;
OK o F,d|F)|"T% w2, 02K oF,
198 98y 7 —1 F " 4§ ?!‘
+(Jp(y)) ™ 3 ayj + (Jp(y) " |Fy 0,00,

Vol. 34, No. 1, 2016]



10 G. Garcia CaMAcHO & L. PosapA VERA

Hence, the inequality H

< Cp~?" follows from the inequalities in Proposition 2.1
0.9

9y;

and Lemma 3.3. Finally, since

82 - 9 (K o F,|F! |" n250( P( )~ ) _ |qu "2’266(71)(.7/))71 0K o F,

dy; Ay; dy; : 9y dy;

n 2
O(Jp(y) Ol "=° 12525 2 (Jp(y)
+K o Fy + K o F|F, — b
Ay dy; I 9y;0yi

from Claims 3 and 4 and Proposition 2.1, we get H H < C. The previous inequalities
yield ||V, V,T(y,0)]|0,q < Cp=2", as desired. v

Using the previous lemmas, we reach the bound
[T(0)|lso.a = sup{||T(y, + (1= [yl [IVy T (5, Ollo.g + (1 = 50DV Vy T (y, 0)llo,q}
y

< CN2_2w + CN2_2T < Ce(p),u”,

where o < 2 and €(p) = u° , with ¢’ a small positive number.

Now we will estimate ||77(0)|| = sup  [|T7(0)¢||o,q, where ||T7(0)¢|]o,q is given by

[16ll 2,4 <1

0. + (1= [woDIIVyT"(y,0)()

0. T (1= lyo)*IIVy VyT'(5,0)(9)

sgp{llT’(% 0)(¢) 0.4}

For this, consider ¢ € B> satisfying ||¢||z2.« < 1. Let y € Ba(1-1yo)) (W0)- Since
Ty,m) = Ln)+P(Q0n))

P (" =21 vol(s) () K o By

TR

L)L),
we have that
T/(0)(6) = £(6) — P (M

4

o1 = a0) + " g )

where ag = vol(S™)(J,(y)) 'K o F, |F/|"Tiz‘s Since ¢ > &, from the Sobolev embedding
Theorem we get |6z~ < Clla.s < Cll¢llma < C. Therefore |£(6)] < C.

From this inequality and the estimates of Lemma 3.2, we obtain |77(y,0)(¢)| < C, and
IT"(y,0)(é)l0,q < C. Working similarly, and using the fact that ¢, V¢, V, V¢ belong
to H29(S™) for ¢ > %, we get |[T7(0)]] < C.

Now, we will show that the derivative of 7’ is Lipschitz; that is,

) = T )l < Clims —~oll, Il ol <
For this, taking ¢ € B*P such that ||¢| z2» < 1, we get
7o = L)+ "R [0 e g
T e MR

[Revista Integracion



L% estimates of functions in the kernel of an elliptic operator and applications 11

where a,, = ag(1 4 n)~?. Since
(Tym) = Ty =P ([(L4+m) 77 = (1+m)77] )
{ n—|—2) (n4* 2))(%0 —(Im)(l‘f‘ﬁl)ﬁ‘ﬁ}

[(nw = 1)+ 62520, ) (14 70) 72 — (14 0)722}0]

using that |71, [lnoll < i and the mean value Theorem, we get
(T, (m) = T,/ (n0)) ol < Clm — nol|¢l + Claoldlm — nollo|
+ Clan, = 1+ lan, lm = noll¢l,

and therefore

(T3 (m) = T, ) llo.g < Clim = 1o lo.q-

To finish the proof of Theorem 1, we need to show that 77(0) has a bounded inverse. Let
# € B>9(S™) and ¥ € B%4(S™). Consider the problem 77(0)¢ = . Let us recall that

¢l B2a(sm) = SEP{||¢H2<4 + 1 = [y Vyollzg + (1 = 50D Vy Vyéllaq}-

Elliptic estimates shows that ||¢||2,, < C|L(

0,q- Since

n(n +2)

- ¢(17a0)+@

v =75(0)(¢) = £() - P( 3600,

from the estimates of Lemma 3.2 we get

n(n —2)

HP(MWWOH -

- 5¢a0) Ho,q < Ce(p)u?|8llo.q

< Ce(p)u’|l¢

2,q§

then,
[16ll2.4 < CILD)l0.q < E([¥llo.q + CeP)n”l|ll2.q)-

Taking ;17¢(p) small we get that 1 — kCe(p)u” > 0 and [|¢]|2,4 < C||¥|lo,q. Working
analogously, we have that

IVyll2q < LIVy®llo,g + Lip' [ ¥]|o,q
and

IVyVydllag < CillVyVy¥llog + Cop' "V ¥llo.g + (Cap ™" + Capr® ) [[¥]|o,q-

Therefore,

1lls2.a(sm) < Csup{|¥[lo.q+(1~[yoD)IVy¥llo.g+ (1130 Vy VyPlloq} < ClIP|s0.0(sm).-
y
The rest of the proof follows from the inverse function Theorem. ]
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4. Integral and L? estimates of the function 7,

In this section, given the solution 7, y € Bg1_|y,|), of the projected equation, we will
find L? estimates not only of the function 7, but also of its first and second y derivatives;
in addition, we will do also integral estimates of V7, and V,Vn,.

Lemma 4.1. Forq € (2,n), ||Inyllo,g < Ce(p)u?, with o < 2, where e(p) — 0 as p — 2.

Proof. From Theorem 3.1, T'(y,n,) = 0. Then,

£ = _WP ((1 Fm) 1 Zt§”y> - n(n47 “p ((1 —a)( +ny)%§> '

Setting a = agD, where D = (1 +7,)~°, we have
[L—al =la—1]=|apD — 1] = |ag(D — 1) + (ap — 1)| < |ao||D — 1|+ [ag — 1.
From the mean value Theorem it follows that
|L(ny)| < C‘ny|2 + Cdlaolny| + Clag — 1.

Using Holder’s inequality,the estimates of Lemma 1, Theorem 1, ¢ > § and the Sobolev
embedding Theorem, we have

0,q,57 + Ce(p)p”
2,q,5n + Ce(p)u’.

0,g,5" t CM2H77y|
2.q,5m + Cp?[|my|

||£(77y)H0~q,S" < CHW@/HOOHWM
< Ce(p)n?|Inyl

Since ||y ll2,.57 < Cl[L(1y)]l0,q.57, then [[1ylo.q.57 < [|7y]

o

, as desired.
v

20,57 < Ce(p)p

Lemma 4.2. For g € (%.n), [[Vynyllo,q < Cp'™", with 0 < w < 1.

Proof. Differentiating the equation

0=T(m) = L)+ P@) - P (21 - )14 )
we find that the terms of its derivative satisfy the inequalities
V0l < C(Tya0l + #2lfl). where a=ao(1+n,)",
P (M- ) )| < - allag + €IVl
< (Claollny] + Colao — 1))+ Col Uy
< C(w?laollmy| + lao — 1| + 1)l | + CVyaol,

and

3

n(n—2) 0 nt2 n+2
MDD (11 22 < oy,

[Revista Integracion
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where we have used the estimates of Theorem 3.1 and 6 = C'p2.
Hence,
|L(n,)| < Cplaollny||my| + Calao — 1|n}| + C3Vyao| + Cu?lng| + ClaylIny|-

Using Holder’s inequality, the estimates in Theorem 3.1 and Lemma 4.1, we arrive to

7 ll2.9.5 <ILm)ll0.q.5m < Cae(@)u [0 ll0.g.5m + Cl|Vyaollo.q,.5
+ C?|nllo.q.5m + Cling llo,a,s7 1nylloo + Callao = 1lo,qll7}llo
<Coe(P)u 2 |Im llo.q.5m + Cap ™ + Cpi® (| llo.g.5m + Ce@)u? |7, llo.g,5n
+ Ce(p)u? Imyll2.4,57

and therefore |7 [|2,4.5» < Cp' ™" for 0 <w < 1. ]

Differentiating twice the equation T'(y,n) = 0 and working as in Lemma 4.2, we get

Lemma 4.3. For g€ (2,n), [V, Vynyllog < Cu™?", with 1 — 5 <T < :

In what follows, we will estimate the integral of the function 7;, y € Bg(1—yq)(¥0)-

Lemma 4.4. For g € (%,n)and y € Ba(i—yy) (Y0), Usn Vynydo| < Ce(p)u?, with o < 2.

Proof. From L(n,) +P(Q(n,)) — P (W(l —a)(1+ Wy)%) =0, and fS" P(f)do =
fsn fdo, f € L2(S™), we have

" /5 Homdo = /s E("ﬂ’)d”/sﬂ Qny)do— /5 (@(1 )1+ m) +) do.

Using that L(n,) = An, + nn,, we obtain

/n o = /S Qny)do + / <@(1 —a)(1 +ny)%3) do.

Setting A = Vol(S”)J_p_l(y)K o Fy|F;|%457D =(1+mn,)%and E=(1+ ny)%, we
get

L (20w )i =022 [ - appis

Hence,

—2
[ e =~ [ aunyao+ "2 [ - ap)ds

and therefore,

/ nydo = ,l/ Q(ny)do — n-2 (AD — 1)Edo.
no n Jgn 4

Sn
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14 G. GaRrcia Camacuo & L. Posapa VERA

Writing (AD—1)E = (AD—1)(E—1)+A(D—1)+A-1, and observing that [, Ado = cte,

we have

O [ [(AD—1)Eldo = | [(A'D+AD)(E —1)+ (AD — 1)E')do
yi Jgn Jsn

4 / [A/(D — 1) + AD'|do.

On the other hand,
9Q(ny) _ n(n+2)

_a_
77;/[(1 + 77,7/) n-z —1].

8yi B 4
Then,
/ Moy — A4 B+C, (17)
n OY;
where A = —1 [ [" (nt2) T]y[(l “’771,)" 7 — 1}} do, C = =172 [, [A/(D — 1) + AD'|do

andef%fSn (A'D + AD')(E — 1) + (AD — 1)E']do.

Using the estimates on ny,n;, the mean value Theorem and Hélder’s inequality, we arrive

to
/n ((1 + 17y)ﬁ - 1) n,do

<c /S 17 do < Cling sl o
S Ce(p)p/o_H_w,

for s, s" such that % + % = 1. Working similarly, we get

/(A/D-i-AD’)(E—l)‘gC/ |A/|\ny\da+(]6/ Inyldo
n Sn Sﬂ.

< myllo,s' 14 ]lo,s + Ce(p)p”
< Ce(p)u™ 17" + Ce(p)u”
< Ce(p)p”,

where we have used the mean value Theorem, Proposition 2.1, Lemma 4.1 and the
estimates of Theorem 3.1. Using Lemma 4.2 and proceeding as before, we get

< Ce(p)u™',

/ (AD — 1)E'do

A'(D = 1)do| < Ce(p)u”*>~"
and ’
AD'do| < Cp®=.
Consequently, ’
‘/Sn Vynydo| < Ce(p)u” + Cp~* < Ce(p)u”
with o < 2. ]
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Finally, we will estimate the integral of 7.
Lemma 4.5. For g € (%,n), |[g. VyVynydo| < Cepo=2", with r < 3.
azny

9y;0y;
equation (17) with respect to y;, we get

n-+ 2 4
/n TIZdU = - 4 /;n 771/1/[(1 +1y) =2 — 1]do —

n—2

Proof. Denoting by 77?;’ , and differentiating the terms on the right hand side of

n—+ 2
n—2

6—mn
[9" (1+n,) ”7;177?/1_7’610

/ [(A"D+2A'D" + AD")(E — 1)+ (A'D + AD")E'|do
n—2
4

In what follows we will estimate the terms in the right hand side of this equality. Using
Hélder’s inequality, Proposition 2.1 and the four previous lemmas, we have:

Tl+2 ” 4 o—9or
Ll en) = = do| < [ uglnyldo < Cepy

/ (A'D + AD)E' — (AD — 1)E" — A"(D — 1) + 24'D’ + AD")do.

n+ 2
n—2

6—mn
/n(l +1y) =211,y do

< C/ |7];|2da < Cp2v,
S’VL

/ (A"D +2A4'D' + AD")(E — 1)|do < C' | |(A"D +2A4'D’ + AD")||n, |do
n Sn

<c / |A" Iy |do + C5 / A, 1y ldo
gn sn

e /S AL + 1)y |? + 6121y ldo

< Ce(p)p” "

/ (A'D + AD')E'do

SC’/ |A’||ng’/|da+06/ \AHn;\szSC/LZ*M;
Sn Sﬂ

/ (AD — 1)E'do

<c /S JAD = 1|(n,? + 1! )do < Ce(p)u=";

/ A"(D - 1)do
/ 2A'D'do
SVL

/ AD"do
SW,

Putting together these inequalities, we obtain the desired bound for } /. gn Vyvynydo} .
v

<c / A"l ldo < Ce(p)u=?";
S’n

<o [ | Alngldo < e,
SVL

and

§06(6+1)/ \n;\ZdU—FC’&/ nyldo < Cp®~>".
sn sn
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5.  Solutions of some nonlinear elliptic equations

In this section, using the estimates of Sections 3 and 4, we will prove that the functions
J,(y) and Jp(y) are close in the C2-norm. The fact this functions are close implies that
fp(y) has a unique critical point y; close to the critical point yo of J,(y). This implies
that @, is a solution of equation (6).

Multiplying the function w@,, by the constant (J,(uy,))! ? we will find that v =
(Jp(ty, )11y, is a solution of the subcritical problem (2). Recalling that n, is a
solution of the equation T'(y,n) = 0, if we let u, = a;yl(l + ny) we will prove that
Uy, = Qp (1 +mny,) is a solution of the perturbed equation (3).

Consider the quotient

Jsn Kbt

(Ay)' 7P =
Jsn K u@f

and define the functions v, = Ay (1 +ny) and u, = aF, (vy).

Recalling that S is the set of non-negative functions u € W29(S"), (¢ > %) such that
E(u) = E(1), we get the following proposition:

Proposition 5.1. The function u, belongs to the set S.

Proof. By Theorem 3.1, the function 7, satisfies the equation

£l + P - ""=2p (1- w1 +nH3) =0,
where , )
L(n) = An+nny, Qn) = % ((1+77) T . ZJ—F277)
and
0 = v0l(S™) (T () "1 o By F) "5 (1 ).

nin2)

Summing the constant n— in both side of the equation T'(y,n) = 0 and simplifying,

we get

n(n + 2)
4

n(n —2)

L(l—ﬁ—n)—P{ (1+77)}+P{ (4 &(1—0—77)”}:0,

where @ = a(1 +7)%. Therefore,

n(n +2) 1 nn-2)_ 1
£lo) -2 |2, | 4 e | 2| <o
Since -
()17 = ds2 K8
fsn KuzyH—l
we have

[Revista Integracion
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1
Jgn Kul™dz

2)1101(5")

Livy) - P {n(n + 2)%] L nln—

1 1 P (Ko Fy|E)| ")) =0,

Y

Multiplying this equation by + and integrating, we have
n(n+2 nin —2 "
/ (ﬁ(%/)% - %%ﬁ) ¢ + (T)UOZ(S )=0

where we have used that | o P(f) = /. gn [ for every integrable function f, and

n—2

T 0 tld¢ = [g, Kubtlde.

fsnKoFy|Fg;|

Consequently,
n(n — 2 n(n —2
Ssn Sn

Since i, = ar, (vy), the conformal invariance of the energy E implies that the function
Uy € S, as desired. 4

Let us define the function

Tp(y) = : K do.

Now, we will prove that the difference of the functions J,(y) and J,(y) = Jsn Kot are
very close in C'? norm.

Proposition 5.2. Let yo be a critical point of the function J_p(y), and let y €
Bai—1yo)y(y0). Then,

[ Tp(y) = Tp(y)] < Ce(p)p”,

94T )~ Tplw))| < Cp
and

IV, 9u(Toy) = Tpw)] < Celp)* =",
where 0 <2, 0<w<l1l, r< % and €(p) goes to zero as p goes to "+§.

Proof. A change of variables yields

n— 25)

T0) = Tl = [ (K o BATIE) S0l 4 )P - K o B
= [ K RIBIF I )t - ac

H @y =) [ Ko BRI )
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To estimate this difference, we will do it for the terms in the right hand side separately.
The mean value Theorem and Theorem 3.1 implies

] / KoFymn’%én(l+ny>]p“711d<] <c [ Inldc < Cln

< Ce(p)p?,
and

n

\ [ xonir 52‘5[(1+ny)}”“d<‘ <c

To estimate (Ag+1 — 1), we make a change of variables to get

n—2
50

2 _ Jgu K o F,)|F)
Y fon K o Fy|(F, )| "2 0(1 + ny)]PtdC

Since [A,[ <1and A7 —1 = (A, —1)(A, + 1), then
1
Ay — 1| < C|AZ — 1 SC’M_I‘ <C|M -1,

where
M = fsn KoFy\Fﬁ
Then,

n

T+ n,)|PHdC, and I = [g, K o F,|F}|*5°%dC.

+1
[ADTE — 1| < CIM — 1| < Ce(p)p”-
From the previous estimates we get

[ To(y) — Tp(y)] < Ce(p)u®.

Now, we need to estimate the difference of the first derivatives:
v, (J0 = 7)) =¥, ([ 500 RIS+ )+ - 1)
+ V(A7 1) fs K o Fy[Fy| "2 [(1 4"

+ (Ag+1 -1V, (/S Ko Fy|F1;|nT_2°[(1 +ny)]p+1d<> .

Let us write the first term in the right hand side as

(5, [ Kor
Sn

T ) - 1]dc) =

= [ V,(KoF)|E)|"T /(1 +n,)""" —1]d¢
S'n.

+ [ Ko F,V,(1F* T 0)[(1 +n,)?P*t —1)d¢
JSn

+/ [0 By | F) "2+ 1)1+ )| e,
S?‘L

[Revista Integracién
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where,

; KoF,|Fy| "= (p + 1)(1 + 1)y dC =/S(K0Fy = DIE = (o + 1)(1 + )P} )d¢

+ / (F) T = 1) (p+ 1)(L+ )P dC
Sn
+ . [(p+ 1)[(1 + )P — 1], + (p + 1), ]dC,

Since K is a Morse function, from the proof of Proposition 1.1 in [§8] we have that
11— KoFyl|lo,q < Ceop, where €y can be chosen as small as we want. From this fact, the
mean value Theorem, Holder’s inequality, Proposition 2.1, Theorem 3.1 and the integral
and L” estimates of the functions 1, and 77;/, we arrive to

‘V’y (/S Ko Fy\F;\"T’Qé[[(l )Pt — l]dg)‘ < Ce(p)ue .
Analogously,
‘Vy (/s KoFy|Fé\%5(1 +77y)p+1da>‘ <coptv.
A calculation shows that

‘Vy(Aerl - 1)‘ < C|vyAy‘ < Ol‘vy(M - I)| + C2‘M - IHVy]W‘v

and therefore
[V (ADFE = 1)[ < Ce(p)p™ '~ + Ce(p)p” + Cp' ™ < Cpl™.

Consequently,
[Vu(y) — T ()] < Celppu™ 7 + i < cptv,

Writing the difference of the second derivatives as

VyVy (jp(ll) - jp(ﬂ)) =V, Vy (/Sn Ko F.?/‘Fgﬂ%zé[[(l + "71/)}“—1 - 1]d<)

+ V?,Vy(AZ'H -1 /Sn Ko Fy|Fg:|nT726[(1 + TIy)]ZH_ldC
w2v, 5 =0, ([ Ko R g ac)
Sn

+ (A5+1 -1V, V, (/S Ko FU‘F;”WTQ(S[(I + %)]p“dﬁ) )

and working as before, we obtain the desired estimate. ]
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Proposition 5.3. The function jp has a unique critical point y1 on Bg1_|ye|)(%0)-

Proof. The inequalities in Proposition 5.2 imply that there exists € > 0, sufficiently small,
such that

(1= lyo) ™ |V (Tow) = To@)| + [9u Vo (T() = Tp(w)| < e (18)
For z € B"*! we define
f(2) =1 = lyol) "> (Tp(yo + B — lyol)z) = Tp(y0)),

9(2) = (1= |yol) " 2(Tp(wo + B — lyol)2) — To(v0))-

On one hand, by Proposition 2.2 we have

IVJ,(yo + B(1 = |yol)2)]
(1= lyol)

VA + VY| < ( 19V, (0 + B \yonzn) <e

inf |Vf]> b

_r inf Vi, (y ) >l
aBntt (1= [yol) <y€aBﬁ(1—ly()\)(y0)| o)l

and
|det Hess f| = 82"+ | det HessJ,| > ¢ L.

On the other hand, inequality (18) implies

IV =l +IVV(f =gl < e

Proposition 2.3 implies Proposition 5.3. ]

If we change, in the proof of Theorem 2.4 of [8], u,, for u,, = Ay, u,,, and we follow the
arguments in there, we get

Proposition 5.4. The critical point Uy, of the function jp in Proposition 5.8 is a solution
of problem (6).

Corollary 5.5. The function u = (J,(ty, ) Py, is a solution of the subcritical problem
(2) and the function u,, = A,'u,, = ap-i(1+ Ny,) s a solution of the perturbated
: y1 Us . f

equation (3).
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