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Abstract. A definition of frames unitarily equivalent in Hilbert spaces with
W-metric is stated, and a characterization is given in terms of their respec-
tive analysis operators. From a Hilbert space with a frame we construct a
Hilbert space with W-metric and a frame unitarily equivalent to the given
one. Finally, we prove that the coupling of two frames is a frame.
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82 G. EscoBaAR, K. EsMERAL & O. FERRER

1. Introduction

Let H be a separable Hilbert space. A countable family of vectors {z,}nes in H is a
frame if there are constants 0 < A < B < oo such that for every x € H

Alal* < Y (e, @a)* < Bllall*.

nel

In frame theory the most important result is the Decomposition Theorem
[8],19], [10], [11],[12], [18],[13],[15],[21]. It states that if {z,}nes is a frame for H, then
every vector © € ‘H can be written as

= § CnTn,

nel

where the coefficients ¢, are computed explicitly by ¢, = (S™'z,2,). Here S7! is the
inverse of the linear operator Sz = Y (2, Zn) z,. Observe that the elements of the
frame are not necessarily orthogonal, therefore frames can be thought of as over-complete
bases.

The possible over-completeness of frames makes them more flexible than orthonor-
mal bases, and therefore a powerful tool in several branches of mathematics
(8], [9], [11], [12], [18],[13],[15],[21] and physics [2],[3],[4],[12],[13],[20]. For this reason
it is natural to consider frame theory in Hilbert spaces with W-metrics and Krein spaces
[1], [14], [17], [16], [20].

A Hilbert space with W-metric (or simply W-space) Hyy is the completion of (H, (W-,-)),
where W* =W € B(H), and ker W = {0} [5], [6]. In [14] frames in Hilbert spaces with W-
metrics were introduced and it was showed that the behavior of the frames depends on the
boundedness of the linear operator W, and whether or not 0 € spec(W). Independently
of this, the Decomposition Theorem for frames in Hilbert spaces with W-metrics still
holds. Similar ideas have been developed independently in [17] and [20].

In [9], [19],[18] there are methods to construct frames in a Hilbert space. Our approach
follows the results obtained in [9],[19], [18],[14] in order to construct frames in Hilbert
spaces with W-metrics. We present some characterization of frames unitarily equivalent
in terms of their respective analysis operators. Furthermore we show that if {zy}nen
and {y, }nen are frames for the W-spaces K and Hyy, respectively, then the coupling
of these families is a frame. That is, {zp }nen U {¥n }nen is a frame for the Hilbert space
with W-metric Ry = Ko ® Hywy -

We have organized this paper as follows: In Section 2 basic aspects of the Hilbert spaces
with W-metrics and frame theory in such spaces are given. In Section 3 we prove the
main results of this paper, introduce similar and unitarily equivalent frames and show
that two frames are similar if and only if their respective analysis operators have the
same range. In addition, we construct frames from a positive and J-adjoint operator
(Subsection 3.4). Finally we show that the coupling of two frames is a frame (Subsection
3.3).
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Construction and coupling of frames in Hilbert spaces with W-metrics 83

2. Preliminaries

Let K be a vector space over C. Consider a sesquilinear form [-,-] : £ x K — C. The
vector space (K, [+,-]) is a Krein space it K = KT @ K, where (K, [,]), (K=, =[,"])
are Hilbert spaces, and K+, K~ are orthogonal with respect to [, -].

On IC, define the following inner product:
(m17m2) = [QZT,Z’;] - [1'1_71'2_]7 zzi € Ki7 Ti = 1’;‘— +zi_'

This inner product turns (K, (-,-)) into a Hilbert space, which is called the Hilbert space
associated to K. Moreover, there exist unique orthogonal projections onto KX and K,
which are denoted by P and P~ respectively. The linear bounded operator J = PT—P~
is called Fundamental Symmetry. It satisfies

[z,y]ls := [Jz,y] = (z,y), and we denote ||z||; := \/[z,x];, =z, y€ K. (1)

The Hilbert space (IC,[-,-]s) is used to study linear operators acting on Krein space
(K, [-,])- Topological concepts such as continuity, closedness of operators, spectral theory
and so on, refer to the topology induced by the J-norm given in (1). Therefore, we may
apply the same definitions as in the operator theory of Hilbert spaces. For instance, the
adjoint of an operator T' in Krein spaces (T1*!) satisfies [T'(z),y] = [z, T0(y)], but we
must take into account that 7" also has an adjoint operator in the Hilbert space (K, [+, ].7),
denoted by 7%/, where .J is the fundamental symmetry in /C. The relation between T*’
and T is T = JT*7.J. Moreover, let K and K’ be Krein spaces with fundamental
symmetries Jx and Jx/, respectively. If T € B(K,K'), then TH = JeT*/*Jc,. An
operator T' € B(K) is said to be self-adjoint if T = T, and J-self-adjoint if T = T*”.
Furthermore, a linear operator 7' is said to be invertible if its range and domain are the
whole space.

Definition 2.1. Let V be a closed subspace of K. The subspace
VIl ={zeK:|z,y] =0forally € V} (2)

is called the J-orthogonal complement of V' with respect [-,-] (or simply J-orthogonal
complement of V).

Definition 2.2. A closed subspace V of K such that VNV = {0} and V + VI = K,
where VI is given in (2), is called projectively complete.

Proposition 2.3 ([6, Theorem 7.16]). Let (I, [-,-]) be a Krein space and let V be a closed
subspace of K. The following statements are equivalent:

i) V is projectively complete.
ii) V is a Krein space.

iii) Any vector y € K has at least one J-orthogonal projection onto V.

For more details on Krein spaces, see [6],[7].
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84 G. EscoBAR, K. ESMERAL & O. FERRER

2.1. Hilbert spaces with W-metrics

Definition 2.4. Let H be a separable Hilbert space with scalar product (-, -) and induced
norm || - || = /(). Consider an operator W = W* € B(H) with ker W = {0}. The
sesquilinear form Hyy

defined on H is called W-metric, or W-inner product, and the operator W is called Gram
operator.

Remark 2.5 (Consequences induced from the Gram operator). Let WV be a Gram operator
on H.

i). If 0 ¢ spec(W), then

W= 2l < Jlell3 < [VIH2)l?, Vo e H. (4)
Therefore,
oTm AL
Hw = (Hv ['7']\]) = (Hv ['7']J) o (5)
). If 0 € spec(W), then
lzlls < VIWIH=ll, VzeH. (6)
In this case,
Hy =F V22 ()

Definition 2.6. Let (H, (-,-)) be a separable Hilbert space. The Krein space M,y is said
to be regular if the Gram operator W is such that 0 € p(W). Otherwise, it is said to be
singular.

In what follows all the Hilbert spaces are separable. For more details about the regular
and singular Krein spaces see [5].

Remark 2.7. Consider the polar decomposition of W,
w=Jw @)

where the linear operator J : (ker [W|)" = Rang W] = # — Rang W = H is a partial
isometry. However, ker J = {0}, thus J = J* is a unitary operator.

Definition 2.8. The space H,y is the Krein space (ﬂu'”‘ﬂ [-,-]) with the sesquilinear form

[z, 9] := (W, y)
and the J-norm || - || ; given by the scalar product

where J is the symmetry of Hilbert space H defined by W = J|W)|.

[Revista Integracién
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Proposition 2.9. If Hy, is a family of Hilbert spaces with W-metrics
indezed by i € I, then the direct sum of the Hyy,, denoted

R = D Hw., (10)

iel
is a Hilbert space with W-metric, where the Gram operator W is given by

W =@Pw. (11)

iel
Proof. 1t is well known if #; is a family of Hilbert spaces indexed by i € I, then the

direct sum
Y
el
is a Hilbert space with scalar product given by (-,-)a = > ,c;()%,;. Thus, if
W = @,c; Wi, then the W-metric

(AW/‘T7y>ﬁ = Z(Wlxuyz>7'lm T,y € R
iel

is well defined and bounded. Therefore, the completion R of (£, (W-,+)) is a Hilbert
space with W-metric and &g = @, ; Hw;, - 2
2.2. /5(N) as a Hilbert space with W-metric

On £(N) consider the following sesquilinear form [+, -J¢, v

o0

[z, W]e, vy = Z O 2n Wy, 2,w € l3(N), (12)

n=1
where (o, )nen is a sequence of non zero real numbers belonging to ¢o(N). Let {d, }nen
be such that 6, , = 1if m =n, and 0,_, = 0 for m # n. It is well known that {d, }nen
is a orthonormal basis of ¢2(N), and that the diagonal operator &: ¢3(N) — ¢5(N) given
by
&0, = apd,, neN (13)
is bounded, self-adjoint and has the spectrum
spec(®) = {a,,: n € N}.

Thus, the sesquilinear form [+, -]¢, ) is @ W-metric on ¢>(N) and satisfies

[z,w]lz(N) = (Bz,w), z,w € l(N). (14)
Since & = J|&|, where J8,, = sign(ay,)d, for each n € N, we have by Definition 2.8 that

[z,w] ;7 = (|&]|z,w), z,w e lr(N)
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86 G. EscoBaAR, K. ESMERAL & O. FERRER

defines a scalar product on #>(N). Hence, £ yw (N) := (¢2(N), (8-, ~))”‘“JA is a Hilbert space
with W-metric with Gram operator &. Up to unitary equivalence, we may write

~+00
b w (N) = {x e CN: Z || |zn|* < +oo} . (15)

n=1

n—oo

Remark 2.10. Since «,, ' — 0, one gets 0 € spec(®) and ¢2(N) C & w (N) by Theorem
4.2 in [14].

Proposition 2.11. Let ¢ w (N) be the Hilbert space with W-metric with Gram operator
& giwen in (14). Then U = /|®| is a unitary operator U from the Hilbert space
(t2w(N), [,-]s) onto (€2(N), (-, -)).

Proof. Let U = /|8] : t2 w (N) — £>5(N), where the operator ® is given in (13). Hence
U is an isometry, since

IUzlZ,m = (VI6]z, V[6]2) = (|8lz,2) = [z,2]5, = € t2aw(N). (16)

=
Moreover, the inverse operator U1 = (\/| |) 1 lo(N) — 5w (N) is well defined. In
fact, since {ay, }nen is not identically zero and belongs to c¢(N), one gets

N +oo
=113 = Jim Y faull(vIamD T 9al = 3 lyal* = lylZ, - =
n=1 n=1

2.3. Frames in Hilbert spaces with W-metrics

The next results are based on the frame theory in Krein spaces studied in [14].

Definition 2.12. Let #Hy,y be a Hilbert space with W-metric. A countable sequence
{Zn},em € Hw is called a frame for Hyy, if there exist constants 0 < A < B < oo such
that
Al < Y [Wa,z,)* < Bljzl|3 for all @ € Hyy. (17)
nefN

Since we are mostly interested in infinite-dimensional spaces, and since one can always
fill up a finite frame with zero elements, we assume that 91 = N whenever the finiteness
of 91 is of no importance

Proposition 2.13 ([14]). Let Hyy be a Hilbert space with W-metric. The family {xy, }nen
is a frame for Hyy, if and only if {x,}nem is a frame for the associated Hilbert space
(HWv [" ]J)
Definition 2.14. Let Hyy be a Hilbert space with W-metric and €y (N) be the Hilbert
space with W-metric (&-,-) given in (14). If {z,, },em is a frame for Hyy, the linear map
T: E2,W(N) — Hw, T(yn)ne‘ﬂ = Z |an|yn$n (18)
neN

is called pre-frame operator.

[Revista Integracion
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Remark 2.15. Let {z,}n,em be a frame for a Hilbert space Hyy(n) with a W-metric.
Then, for every (yn)nem € t2,w (N) we have

IT@n)nemlls = sup |[T(ga)nenall < sup > Vianllyal [z, 2]l

lzll ;=1 llzlls=1 ;e
1/2 1/2
2
sup Z |evn| |er|2 Z |[33,:En]|
W”J* neN neN

< (¥n)nemll 7VB.
Thus, ||T|| < VB.

The following result provides a criterion for a family {z, }nem to be a frame for Hyy (see
[14]) and is an analogue to the Hilbert case.

Proposition 2.16 ([14]). Let Hyy be a Hilbert space with W-metric. The family {z,}nem
is a frame for Hyy, if and only if T is well defined (i.e., bounded) and surjective.

Remark 2.17. It is easily seen that for all (y,)nem € €2 w(N)

[T yn n€m7 Z |05n yn[xny ] = <U(yn)nem> ([kv mn]>n6m>12(N)
neN

= (Hn)nens U (&, @a])es @0 = [(Wn)mes, U ([, @a])], Kk € K.
Thus, the adjoint operator T of T is given by
THz = JU Y[z, 20])nem, = € Hw, (19)

where U1 = \/|(’5|71. The operator T is called analysis operator-

Definition 2.18 ([14]). Let 7%,y be a Hilbert space with W-metric,
(2w (N), (8-,-)) be a Hilbert space with W-metric given in (14), and {ky }nem C Hw a
frame for #Hyy. The operator

S:=TJjTH (20)

is called frame operator.

Let {z,}nem be a frame for Hyy. The linear operator Ty : ¢2(N) — Hyy given by the
rule
To(yn) = Z YnTn (21)
neN

is well defined, and its adjoint operator is Té*]k = ([k,zn])
frame operator T given in (18) is such that

nem- Observe that the pre-

T=TU, TW=Ju'T{", where U= /8] (22)

It follows immediately from (21), (22), and J? = UU~! = idy,(y) that

Sz = Z[xn,m]zn, z € Hyy. (23)
neNn
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88 G. EscoBaARr, K. EsMERAL & O. FERRER

Furthermore, S is self-adjoint and invertible. If we put a,, = 1 for each n € N in (12),
then (&w (N),[,-]) = ((2(N),(-,-)), and the frame operator is S = TT*, exactly as in
the Hilbert space case.

Proposition 2.19. Let Hyy be a Hilbert space with W-metric. If {z,}nem is a frame for
Hyy, then the image of the analysis operator, denoted by Rang T, is a Krein subspace
Of Ez7w(N) G

Proof. Since {Zy}nen is a frame for Hyy(a), there is A > 0 such that
ARG < D Nk, zall? = Sk, K] = [TTTHE, k] = [TTEE, THE], 4, v

neNn
< [TWk, TMK) 7 = |TME)Z, k€ Hw.

Thus, Alk|l; < ||T[*]k|\j for each k € My ; therefore, Rang T is a closed subspace of
t2 w(N). On the other hand, if z € Rang Tl N (RangT[*])[“, then [z, z]e, ,, vy = 0.
Since = TMy for some y € Hyy, we have that y € kerT™, and by injectivity of

T (Proposition 2.16), one gets that z = 0. Hence, Rang T*! is a Krein subspace of
Egyw(N). "

3. Main results

3.1. Similar frames in Hilbert spaces with W-metrics

Definition 3.1. Let (Hw, [-,-]x) and (Kg, [, ]x) be Hilbert spaces with W-metrics and
Gram operators W and G, respectively. Two frames {2, } nem and {yn, }nem for Hy and
Ka, respectively, are said to be similar if there exists an invertible operator U : Hy —
K¢ such that Uy, = x,, for n € M. The frames are called unitarily equivalent if U is a
unitary operator from #Hyy onto Kq.

In [14] it was proven that the behavior of frames in Hilbert spaces with W-metrics depends
on whether the Gram operator is bounded or not. However, for any unitary operator
U:H — Hw, {Zn}nem is a frame for H if and only if {Uz, }nen is a frame for Hyy.

Remark 3.2. Note that H and #,y are unitarily equivalent, since both are separable.
The following result provides a criterion for a couple of frames to be similar. It is an
analogue to Deguang and Larson’s result [19] for Hilbert spaces.

Theorem 3.3. Let {z,,}nem, and {yn}nem be frames for Hilbert spaces with W-metrics
(Hw, [, -]n) and (Kg, [, -|x), respectively. Let TJ_:}/:{W and T,[gc];'cc be the analysis opera-
tors for {zp}tnem and {yn}nem, respectively. The frames {Ty}nem and {yn}tnem are

similar if and only if Tq[:isz and T,[C*l)cc have the same range.

Proof. Let TEI]/:{W and T,[C*l'cc be the analysis operator for {x, }nem and {yn nem, res-
pectively. Suppose that {x,}nem and {yn}nem are similar; then, there is an invertible
operator U : Hyy — K¢g such that Ux,, = y,,. Hence,

Ty ey = JU™ (0Uanl)pem = TUT (Mg, 2a]) =T ey,

[Revista Integracién



Construction and coupling of frames in Hilbert spaces with W-metrics 89

Now, since U is invertible, we concluded that T,[C*C];'CG (Ka) = T,[:]]/:{WZ/{[*](ICg). Thus,
[*

Rang T,[C*]'CG = Rang THL?;W .

G

Conversely, suppose that Rang Tgl’cs = Rang T;[:]V:*W = V. Let U be the unitary opera-
tor given in (16). Note that T, |7, ¥ Tk |y 7, are invertible. Thus, the operator

w

Trl* -1~
U =Tico (UTT0 " Try) UTT™ : Hw = K

is well defined and invertible. By Proposition 2.19 the closed subspace V is projectively
complete, so there exists a unique J-orthogonal projection P from &5 (N) on V. If
*] i

y € V[J‘]EIW(N), then for every z € K¢ and T,[CG Gze V, we get

*

[x]
0= [2,yleswm) = [Ticy 2 Yleswy) = [ Tyl

Since y was arbitrary, we conclude that T, (V[J‘]PZvW(N)) = {0}. Analogously, we have

ETR (V[J‘]EZ)W(N’> = {0}. Now, consider {vy, } mem, where vy, j = 0y ;. By the definition

of pre-frame operator (18), we get Ty, Pt = Ty U = Zje‘)t Om,jTm = Tm. On the
other hand, it also satisfies that y., = Tk, vm = Tk, Pvm. Hence,

. S
U, = UT3yy Pom = Tiq (UJTL]”WTHW) UJITE* W Ty, Po,,

w w
=Tko PVm = Ym. ]
3.2. Construction of frames

Proposition 3.4 (Construction of frames with an operator on finite-dimensional Krein
spaces). Let (K,[-,]) be a N-dimensional Krein space with fundamental symmetry J, and
So be a J-self-adjoint positive operator with respect to [-,-];. Let Ay > Xa > ... > Ay >0
be the eigenvalues of Sy. Fix k > N and real numbers a1 > ag > --+- > ar > 0. The
following statements are equivalent:

(i) For every 1 < j < N,

J J k N
ZaiSZ)\n, ZaiSZ/\n. (24)
(ii) There is a frame {x,,}E_, for the Hilbert space (K, [,-].;) with frame operator Sy and
|Znlls = an, for alln=1,... k.

(iii) There is a frame {x,}E_, for the Krein space K with frame operator SoJ and
|znlls = an, for alln=1,... k.

(iv) There is a frame {Jz,}F_, for the the Krein space KC with frame operator JS, and
|znlls = an, for alln=1,... k.
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90 G. EscoBaAR, K. ESMERAL & O. FERRER

(v) There is a frame {Jx,}E_, for the Hilbert space (K, [-,-];) with frame operator JSoJ
and ||zp|| 7 = an, for alln=1,... k.

Proof. The equivalence between (i) and (ii) is proved in [9]. By Proposition 2.13 and the
remarks following Theorem 3.6 in [14], we have the equivalences (ii) < (iii) <+ (iv) > (v).
Now we only need to find the relationship of the respective frame operators with the
operator Sg.

Since S is the frame operator corresponding to the family {z,,}%_,, we have for every
zekK
k k

Z[x, e Z[J.Z', Tn)gTn = SoJz.

n=1 n=1
Therefore, Sy := So.J is the frame operator for the frame {2, }*_; in the Krein space K.

Next, for every x € K, one gets

k k
Z[aj, Jap|Jx, = J (Z[%%JJ-%) = JSpx.

n=1 n=1
Thus, Sz := JSp is the frame operator for the frame {Jz,,}%_, in the Krein space K.

Finally, for every x € K we have that

k k
Z[L Jxp) Iz, = J (Z[Jz,xn]Jmn) = JSoJx.

n=1 n=1
Hence, S5 := JSoJ is the frame operator for the frame {Jx,}*_, in the Hilbert space
(}C, ['7 ]J) v

Consider a Hilbert space (#, (-, -)), with a frame {x,, }»en and frame bounds 0 < A < B.
The operator frame S : H — H given by

Sz = Z(m,xn)xn, reH

neN
is bounded, invertible and AId < S < BId (see for example [10]). Therefore, the Hilbert
space with W-metric Hyy = (H,|| - ||7) is a regular Krein space with frame {z,}nem,
where the norm || - || s is given by | - || s = /(S-,) and satisfies (4).

Now we pose the following problem: find a Hilbert space with W-metric Hyy such that
H C Hy, and construct a frame {yn}nem for Hyy unitarily equivalent or similar to
{zn}nem. The next lemma solves the problem.

Lemma 3.5. Let (H,(-,-)) be a Hilbert space and {e,}nem be a orthonormal basis for H.
If & is the linear operator defined in (14), then the linear operator We : H — H given

by
We (Z l’n€n> = Z ApTn€n (25)

neNn neN
is well defined, bounded, Wg = We, ker We = {0} and 0 € spec(Ws).

[Revista Integracion



Construction and coupling of frames in Hilbert spaces with W-metrics 91

Proof. Let x = Y . ®nen. Then z € ker(We) if and only if ) .o anznen = 0.

Therefore a,z,, = 0 for all n € N, i.e., x, = 0 for all n € N. Thus, x = 0. Moreover
n—oo

0 € spec(Ws ), since spec(Ws) = {a,: n € N} and o, — 0. o

Proposition 3.6. If (, (-,-)) is a Hilbert space and {x,, }nem is a frame for H, then there
exist a Hilbert space with W-metric Hyy such that H C Hyy, and a frame {yn}nem for
Hyy which is unitarily equivalent to {xy fnem.-

Proof. Let (H,(-,-)) be a Hilbert space and {z, }nem be a frame for H. If {e,}nem is
a orthonormal basis for #, then by Lemma 3.5 the operator W given in (25) is well
defined, bounded, Wi = Wes and ker Wg = {0}. Thus, we may consider Hyy, the
Hilbert space with W-metric with Gram operator Wg. Now H C Hyy and this is an
equality if and only if 0 ¢ spec(Ws) (see [14, Theorem 4.2]). On the other hand, the
existence of a frame unitarily equivalent to {x, }nem follows from the facts that H and
Hyw are unitarily equivalent (since both are separable), and that the unitary operators
transfer frames into frames with the same frame bounds. v

3.3. The coupling of frames

Proposition 3.7. Let Ko and Hyy be Hilbert spaces with W-metrics, and {Z,}nem,
{Yn}tnem be frames for K, Hy, respectively. Denote by Sk, Su,, their corresponding
frame operators. Then {x,}nem U {yn}nem is a frame for &y = Kg ® Hw, and the
corresponding frame operator is given by

Sy = S/CG D SHW' (26)

Proof. Set Rw = Kg & Hyy. By Proposition 2.9, Ry is a Hilbert space with W-metric,
where the Gram operator is given by W = G@&W. Now, consider the pre-frame operators

Tico : t2w, (N) = Ka,
To : 2w, (N) = Hw,

as defined in (18). Let V: €2 w, (N) — €2 w, (N) @ €2 1w, (N) be any unitary isometry, i.e.,
vy = Id?z,w:; (N) and V*7V = Idglwl (N)@k2,wy (N)- Then

(Tks © Try) V: taws = Ko @ Hw (27)

is bounded and surjective, hence it is a pre-frame operator for the frame {z,}nem U
{Yn }nem for R = Kg @ Hyy. Then, by Definition 2.18,

Saw = (Tie ® Trw) Ves V! (T @ Tripy)™
= (Tke ® Tryy) V‘TEZ,W3(N)j/E2,W3 mV* (jez,wl ™ D jez,wz (N)) (Ticg @ oy
= (T © Trw) (‘792,‘/'/1 ® ® Jea,w, (N)> (T[*l ® TJﬂw)
= (T;ccjeQ,W1 (N)T;[c*l) @ (THW Ttsw, (N)Tv[{*lv)

= KG®SHW' %]
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