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ABSTRACT
The purpose of this manuscript is to compute arevduate the geoid model in the
State of Sado Paulo from two methodologies (Stoketgral through the Fast
Fourier Transform - FFT and Least Squares Collooati LSC). Another objective
of this study is to verify the potentiality of GO&ased. A special attention is given
to GOCE mission. The theory related to Stokes’ grdaé and Least Squares
Collocation is also discussed in this work. The ct@¢ decomposition was
employed in the geoid models computation and thg lwavelength component was
represented by EGM2008 up to degree and order 2480360 and GOCE-based
models up to 150. The models were compared in tefrgeoid height residual and
absolute and relative comparisons from GPS/levelamgl the results show
consistency between them. In addition, a comparisahe mountain regions was
carried out to verify the methodologies behaviothis area; the results showed that
LSC is less consistent than FFT.
Keywords: Geodesy; Geoid Model; GOCE Mission; Gravity.
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RESUMO

O obijetivo deste artigo é calcular e avaliar o nmdeoidal no Estado de Sao Paulo
a partir de duas metodologias (a integral de Stqasmeio da Transformada
Réapida de Fourier — FFT e a Colocacao por Minimoadpados — LSC). Outro
objetivo deste estudo é verificar a potencialiddde modelos baseados no satélite
GOCE. Uma atencao especial é dada a missdo GOCteorfa relacionada a
integral de Stokes e a LSC também é discutida rieabalho. A decomposigdo
espectral foi empregada no célculo dos modeloslgene os longos comprimentos
de onda foram representados pelo EGM2008 até gmdem 150 e 360 e pelos
modelos do GOCE até 150.0s modelos foram comparddermos de residuo da
altura geoidal e de comparagfes absolutas e rdadivpartir de pontos GPS sobre
nivelamento, sendo que os resultados mostram ¢énsia entre si. O modelo
geoidal no Estado de Sao Paulo tem uma consistéieciz20 m em relacdo aos
pontos GPS sobre nivelamento. Uma comparacao féorewpntanhosa também foi
realizada para verificar o comportamento das mésgils naquela regido; os
resultados mostraram que a LSC é menos consistergee a FFT.
Palavras-chave:Geodésia; Modelo Geoidal; GOCE; Gravidade.

1. INTRODUCTION

Geodesy is concerned with the Earth’s orientatiarameters in the space, the
shape and dimension of the Earth and estimatiats afxternal gravity field. The
shape computation of the Earth is carried out leykifowledge of the gravity field
involving the mass distribution and the rotatioreffect of the planet. The
determination of the potential function of the redel field should involve what is
called “Geodetic Boundary-Value Problem”.

In the geoid model computation, the gravity dataovtes the short
wavelength, while the Global Geopotential Model (@)Ccontributes in terms of
medium and long wavelength components. The gragiéta can be terrestrial,
marine or airborne type and it is important thaters the interest area where the
geoid model will be computed. A GGM is a set of flioents of the Earth’s
gravitational potential function developed in serig spherical harmonic functions.
It consists of a set of numerical values for cerga@rameters, the statistics of the
errors associated with these values and a colfeoficnathematical expressions and
algorithms that allows a user to perform synthemis error propagation. In
addition, the harmonic functions represented by @MGshould fulfill certain
conditions due to the basic physics. It shouldesent a scalar function of position
that is harmonic outside the attracting masses \@amishes at infinity as the
reciprocal of the distance between attracted pamd attracting mass elements.
Nowadays, EGM2008 (Earth Gravity Model 2008) is thest used GGM in the
geoid determination. The spatial era contributethto GGMs. The satellites were
built to traffic in low orbit and they were desighavith the most sophisticated
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equipments: GPS (Global Satellite System), DORISp{ider Orbit determination
and Radio positioning Integrated on Satellite) daser system. In this paper,
GOCE-based models will be used, beyond EGM2008.

Once the geoid model is computed, the most comman to analyze its
quality is comparing over GPS observations on Behflarks of spirit leveling
network. The geoid height obtained from ellipsoitieight (GPS) minus normal
height (spirit leveling) allows comparing with tlgeoid model height. Moreover,
the comparison with recent GGMs is another optiorthis case it is also possible
to verify the quality of the geopotential model ghd compatibility between them.
The comparison involving two different methodolag@an be done to ensure if they
have the same behavior and to provide informatfdheir consistency.

2. THE GOCE MISSION

The spatial era contributed to the GGMs. The finsdel was published in the
1960s. The 1990s initialized the so called gradiétgade. The modern gravitational
missions were developed with specific objectivesont these missions three
satellites were projected: CHAMP (CHAlleging Minigkite Payload) (REIGBER
et al., 1996), GRACE (Gravity Recovery And Clim&beperiment) (GRACE, 1998)
and GOCE (Gravity field and steady-state Ocean uGiton Explorer) (ESA,
2006). The last one was developed by the EuroppaneSAgency (ESA) and the
main objective of the mission is to obtain a graitnal field model at the ~ 1-2 cm
accuracy level for geoid height and at the 1-2 m@&ad| for gravity anomalies, and
to achieve these results at a spatial resolutitterbihan 100 km. Since then, several
geopotential models of different degree and ordseltbeen published.

Rapp (1998) reviewed the past and future develogsmén geopotential
modeling. A GGM consists of a set of numerical ealfior certain parameters, the
statistics of the errors associated with these egl(as expressed in their error
covariance matrix), and a collection of mathemategressions and algorithms
that allow a user to perform synthesis and erropagation (see Pavlis, 2010 for
more details).

The GOCE satellite was developed by the Europeaace&pigency and
deployed a gravity gradiometry in space to produmeogeneous, highly accurate,
near-global maps of the Earth’s static gravitatidield (e.g. Visser et al., 2001;
Drinkwater et al., 2007). According to the mentidneequirements, the GOCE
mission can represent the gravitational potentialspherical harmonic functions
completed at least to degree and order 200, but2&lvisaged.

Since July 2010, three solutions based on GOCE liata been available to
users. The three approaches are as follows: at diohttion (DIR) (BRUINSMA et
al., 2010), a time-wise solution (TIM) (PAIL et ,a2010) and a space-wise solution
(SPW) (MIGLIACCIO et al., 2010). The differencestleen these solutions are the
processing strategies applied and the level of@ignowledge introduced. Table 1
shows their data periods.
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Table 1 — Data periods of solutions and releases.

Solution | Fromd/m/y | Tod/m/ly | Number of days
DIR_R4 01/11/2009| 01/08/2012 1004
DIR_R3 01/11/2009| 19/04/201{1 536
DIR_R2 01/11/2009| 30/06/2010 242
DIR_R1 01/11/2009| 11/01/2010 72
TIM_R4 | 01/11/2009 | 19/06/201p 962
TIM_R3 01/11/2009 | 17/04/201 534
TIM_R2 01/11/2009 | 05/07/201p 247
TIM_R1 01/11/2009 | 11/01/201p 72
SPW_R2| 30/10/2009] 05/07/2010 248
SPW_R1| 30/10/2009] 11/01/2010 74

3. GEOID ESTIMATION

The Boundary-Value Problem consists in the deteation of the gravity field
external to the masses where the boundary surfaaakinown. Stokes proposed a
formulation to obtain the disturbing potential afuaction of the gravity anomaly
on the geoidal surface. However, this propositiomplies in some difficulties
because it is a problem internal do the masse®vAfarmulation was proposed by
Molodensky. It is a problem external to the masedsch uses the physical surface
as the boundary. In this sense, there is no needtife knowledge, even
approximately, of a density distribution model viitlthe crust between the geoidal
and the physical surface. However, this surface nmgphysical meaning as the
geoidal surface, because it is not an equipotestighce. The expression proposed
by Molodensky is a nonlinear integral that canrosblved directly. The solution is
to linearize by introducing suitable approximatéues. In this case, the real Earth is
substituted by the normal Earth and the approxinsatetion for the boundary
surface is the telluroid. What is computed is rfa# geoid, but the quasi-geoid.
Gravity anomaly and vertical deflections are refdrto the physical surface and not
to the geoidal surface. Moreover, geoid heightssatestituted by height anomalies
and orthometric heights are replaced by normal Hisigin this paper the
terminology geoid and geoid height will be usedtéad quasi-geoid and height
anomaly.

3.1 Stokes’ Integral

When Stokes’ formula was presented, it was puregotetical. The reason
was the absence of gravimetric measurements ogegritire terrestrial surface and
especially in the oceans. In his formulation, Stole@mitted that there are no
masses outside the considered equipotential syrfaceassumed to be harmonic
outside the geoid. In this case, it should redheggravity measurements carried out
on the terrestrial surface to the geoidal surfatd @mpensate the masses outside
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the geoid. This reduction leads to a mass redigtdb, which means the creation of
a fictitious Earth with a gravity potential changéithe geoid height obtained by
Stokes’ integral is represented by the separatixwden the reference ellipsoid and
a "fictitious geoid", called co-geoid. The diffecenbetween the geoid and the co-
geoid it is called indirect effect.

The modified Stokes’ integral expression to obttia geoid height in this
manuscript (ELLMAN; VANICEK, 2007) reads as follow:

R

N = g5 oy (o (@ 00) « (1, 0)d0 +

R < 2 8V (r, Q) 8Ve(r,,Q) .

h Ty Ty
+2yo(¢>nzzzn—1”"(rg'“)+ Y@ | 1o(®)
where
M
8g(ry,0) = (Ag"(r, @) - ) Aghtr, Q) @

n=2

The geocentric positiofir, 1) of any point is represented by the geocentric
radius r and the pair of geocentric coordinaes (¢,1); R is the Earth mean
radius. In this thesis the modified kersé(y,, ¥(Q, Q)) proposed by Featherstone
(2003) and defined as a combination of the Stokeshel modification suggested
by Vaniek and Kleusberg (1987) together with Meiss| (19¥43 used. This kernel
presented a better result for the geoid model coatipn when compared with the
spectral decomposition technique without the kemeMdification (LOBIANCO,
2005).

In expression (1), the first term, on the rightesits the Helmert residual co-
geoid. The low degree and order of the referenele fis removed before Stokes
integration (2), then the long-wavelength contiibitmust be added to the residual
component of the geoidal undulation (the secondhtef the right side in the
expression (1). The sum of the first two terms ltesn the Helmert co-geoid. The
third term is the primary indirect topographic efféMARTINEC, 1993), and the
last term is the primary indirect atmospheric effé¢OVAK, 2000). The quasi-
geoid is obtained considering the indirect effects.

The termAg™(r,, Q) on the left hand side in expression (2) is thenttet
gravity anomaly referred to the Earth’s surface andiven by (VANCEK et al.,
1999):
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Agk(r, Q) = Ag(r, Q) + 6A'(r, Q) + SVi(r, Q) + 8A%(r, Q) (3)

T,(Q)

The first term on the right hand side in expresg®nis the free air anomaly.
The second and the third terms are the topogragffiécts (direct and secondary
indirect). The last term is the direct atmospheffect.

The direct topographic effedid’(r,, Q) is a residual quantity. The direct
atmospheric effec6A%(r,, Q) is the whole atmospheric gravitational attraction
minus the condensed atmospheric gravitational clira (ELLMAN; VANI CEK,
2007).

Technological advances, gravity space missions,std@ch for increasingly
precise GGMs, caused an increase in the amountatd. dThus, a greater
computational effort and higher processing capaaity required. The quantities
used in Geodesy (gravimetric measurements, dat&edefrom radar altimetry,
digital terrain models) are presented in a discvedg and the process may involve
long intervals of time. One way to overcome thiolpem is to perform the
convolution integrals in the frequency domain, fiestance, Stokes’ integrals and
Vening Meinesz. The fundamental property of thesegrals is that they turn into a
simple product of functions if its process evalomatiis carried out within the
frequency domain.

3.2 Least Squares Collocation

The method of least squares originated from thednte fit a linear
mathematical model to given observations. A lamgember of measurements than
the number of unknown parameters in the model sed to reduce the influence of
errors in the observations, solving an overdeteethimear system of equations.

The least squares prediction can be applied ngtftonhomogenous data such
as gravity anomalies, but to estimate different ngities such as disturbing
potential, geoid height and deflections of the igatt

The least squares collocation is a mathematicahodetto determine the
components of the anomalous field by a combinatifbgeodetic measurements of
different kinds. Considering least square predictitsscussed above, the quantities
(gravity anomaly, deflections of the vertical oagty disturbances) form vectdy
and may be represented as a linear function ofnfiateT, in a spherical
approximation (TSCHERNING 1971; MORITZ, 1989).

A linear functional means thafl depends linearly om, however, need not be
an ordinary function (HOFMANN-WELLENHOF; MORITZ, 2®). Suppose that
vectorl is affected by random measuring ernorin this sense it has:

l=LT+n (4)

SubstitutingLT = s, expression (4) becomes as follows:
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l=s+n (5)

vectorl is decomposed into a “signa’and “noise™. The signal part represents the
gravitational effect and the noise is a synonymtf@ random measuring errors.
Considering the systematic part and the random papression (5) becomes as
follows:

l=AX+s+n (6)

whereA is a m x n matrix that expresses the effect ocdpaters< on observations.

The least squares collocation requires all the itanee functions involved in
the computation whether a simple estimation oratpistment the solution. The
knowledge of the disturbing potential covariancection is essential as the relation
between this function and the other covariancetfans of the anomalous field (e.g.
gravity anomalies, deflections of the vertical \gtydisturbances).

Theoretically, any kind of anomalous field data das used to obtain the
covariance. However, gravity anomalies are moreleyeg once there is a large
quantity and the distribution is more homogenowtthe other available data. In
general, the covariance function reflects the anousafield behavior describing the
variation magnitude and roughness. In the statgbint of view, the covariance
function features the statistic correlation of tquoantities in the anomalous field at
two different points.

Tscherning and Rapp (1974) proposed a covarianogtifun model (7). This
function was used in the sense to fit the empideakriance function.

n+2
2

- R\ - Am-1) [ R
- B —
K(P.Q) = ky <rprq> Pa(cosy) + Zl TRy (rprq) Patcosy)  (7)

n=2

whereN is the number truncated in the geopotential maklglrepresents the error
degree variance contained in the geopotential mRgeindA are determined via a
non-linear adjustment.

Bottoni and Barzaghi (1993) proposed a modificationthe original least
squares collocation technique in order to speedhepnumerical procedures to
determine the geoid model. The method, called Eatibcation, assumes that the
input data are gridded and homogenous, which im@i@articular structure of the
covariance matrix. The autocovariance matrix ig/mreetric Toeplitz matrix and
each block is itself a symmetric Toeplitz matrixo€plitz/Toeplitz structure). It is
thus possible to compute collocation solutions ditye data sets, covering large
areas in a single step and in a fast way, withatitpning the data in subsets.
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4. DATA SET

The State of Sdo Paulo was chosen in order to cntpa geoid model usi
different techniques. Figure firesents the study area delimited the smaller
square. This area includes the State of Sdo Pasloyell as some of its al
surroundings, and extends from 2892 South in latitude and '44° West in
longitude. The mediumsquare represents the gravity data area andimmited by
28°-17° South in latitude and 56°-42° West in lmaigi. The largesquare is about
the Digital Terrain Model (DTM) and the Digital Batmetric Model (DBM) and i
is one degree larger than gravity area.

Figure 1 — Data area. Figure T errestrial gravity dat
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4.1 Gravity Data Base

The gravity observations on land and sea represennost essential source
information of the Earth’s gravity field and itstémnal density distributn. The
terrestrial gravity observations carried out withsalute and relative gravimet
form the basic data source for evaluating shortelength of the arth’s gravity
field (HECK, 1987).

In this paperthe Brazilian national gravity data set (BLITZKC et al., 2010)
was used. The study area consists of 46,290 stafieigure2) and was kindl
provided byObservatério Naciona{ON), Brazilian Oil Company (PETROBRAS
Instituto Brasileiro de Geografia e Estatisti¢lBGE), Instituto de Astronomi
Geofisica e Ciéncias Atmosféricd&G) and Escola Politécnica da Universida
de Sdo Paulo(EPUSP).It is worth mentioning that FAPESP thematic pro
contributed significantly towards the availability the terrestrial gravity data use
especially in the @te of S&o Paulo. Subsets also cover neighboringtices
(Paraguay and Argentina). With area of more than one million ¥ covered, it is
large enough to provide feedback on the GOCE modeie accuracy of th
Brazilian terrestrial gravity data is OrhGal level or better (BLITZKOW et al
2010). In some parts of the area, gravity dataluéisa is about 58 km (S&o Paulc
Parand and Santa Catarina states). In the norttamelshortheast, the resolution
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about 10 km and there are some gaps. The graVityniation was validated by a
package dedicated to the validation of gravity deddled DIVA developed by
Bureau Gravimétrique InternationgdBGI). In the ocean DTU10 (ANDERSEN,
2010) was used. This model is an update of DNSO#hi6h National Space
Center 2008) and it is a truly global gravity fielith 1-2 km resolution grid.

4.2 Geopotential Models

The Global Gravitational Models expressed a sulisiafiunction in the geoid
determination. They are responsible for the longelength information of the
gravity field. In this paper, it was used GOCE-lhsnodels (discussed in the
section 2) and EGM2008. Details concerning EGM2688 be found in (PAVLIS
et al., 2008) and (HOLMES; PAVLIS, 2008).

4.3 Digital Terrain Model

For the present study, a suitable gridded topograpth a grid size of 3" x 3”
(approximately 90 m x 90 m) from SAM3s_v2 (MATOS;IBZKOW, 2008). This
model consists of SRTM3 (FARR et al., 2007), butM8® (LEMOINE et al.,
1998a and 1998b) geoid heights used in the SRTMS substituted by EIGEN-
GL04C (FORSTE et al., 2006) in order to derive dnthometric height. Here the
gaps were substituted by digitizing maps and DTM2@Digital Terrain Model
2002) topographic model (SALEH; PAVLIS, 2002). DTM®2 combines data from
GLOBE (Global Land One-kilometer Base Elevatiorgrsion 1.0, constructed by
the National Oceanic and Atmospheric Administrat{té©OAA) and the National
Geophysical Data Center (NGDC) (HASTING; DUNBAR, 989, and ACE
(Altimeter Corrected Elevation), from Earth and rée@ry Remote Sense
Laboratory, University of Montfort, UK. In the oagathe global model DTU10 was
used (ANDERSEN, 2010).

4.4 GPS Leveling

In this manuscript 363 GPS/leveling stations (Feg@) was selected. The
spirit leveling was carried out by the Braziliamsying institute IBGE and the
former IGG (nstituto Geografico e Geoldgifocurrently IGC [nstituto Geografico
e Cartogréaficg. The orthometric heights are referred to a loeaight datum
(Imbitubatide gauge) and the ellipsoidal heights to WGS8dseid.

Out of this total, 154 stations belong to IAG. Téiipsoidal height accuracy is
about 0.06m (SA; VIEIRA, 2006) and it is not possito define the orthometric
height accuracy, since the network was not adjustedhermore, 113 stations were
provided by IBGE and they are included in the laBrazilian altimetric adjustment
(IBGE, 2011). In terms of orthometric height, therslard deviations vary from
0.04 and 0.09 m, while the accuracy of the ellidabiheights ranges from few
millimeters to 0.12 m.
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Figure 3 — GPS/leveling distribution.
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5 ESTIMATION PROCEDURES AND RESULTS

5.1 Geoid Model Computed by FFT
The schedule to determine the geoid model using & be described in
steps (BLITZKOW, et al. 2008):

1.

2.

Calculation of point free air grayi anomalies through terrestr
gravimetric data (coordinates, orthometric heigid gravity acceleratior
Calculation of complete Bouguer anomalies in orgederive mean fre
air gravity anomalies. The 5’ x grid of these anomalies was compu
from point gravity data. Over the ocean, DTU10 wssd;

Calculation of Helmert gravity anomalies referredthe surface of th
Earth, which are obtained from the mean free ainaaly by adding Direc
Topographical Effect (DTE), Direct Atmospheric Effect (DAE) ai
Secondary Indirect Topographical Effect (SITE) (BAN; VANI CEK,
2007);

Stokes’ integration with the use of the spectralosheposition to calculat
the cogeoid. The modified Stokes’ kernel was computedording to
Featherstone (2003);

Primary Indirect Topographical Effect (PITE) wasdad to c-geoid
heights to obtain geoid heights (MARTINEC; VAREK, 199¢ and
MARTINEC, 1998).

5.2 Geoid Model Computed by LSC
The methodology to compute the geoid using liS@escribed beloy
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1. Calculation of point free air gravity anomalies dhgh terrestrial
gravimetric data (coordinates, orthometric heigid gravity acceleration);

2. Use the remove-restore technique to remove the -\langelength
component from the geopotential model and the vesitbrrain correction.
Over the ocean, a refined DTM/bathymetry model (RUVis set up in
order to estimate the RTC effect. This has beenraptished by merging
the SRTM DTM with the available NOAA bathymetry tfe Atlantic
Ocean in the computation area;

3. Residual gravity anomaly interpolation in a 5’ grid

4. Computation of the empirical and model covarianoefions;

5. Computation applying the Fast Collocation method OT®NI;
BARZAGHI, 1993);

6. Restore the long-wavelength component and theuaktdrrain correction
to obtain the geoid height.

5.3 Geoid Model Comparisons

Besides EGM2008, presented in figures and tableseglthe geoid model was
computed using GOCE-based models (DIR_R3 and TIM, RROCO03S and
EIGEN-6C in terms of long wavelength component. Sehgeopotential models
were chosen because they are the most recentlableaimodels. In the first
comparison the geoid height residual difference waalyzed. In the second
attempt, the differences between the geoid heightiged by the geoid model and
the geoid height obtained from GPS observationBemch Marks of spirit leveling
network were evaluated. This evaluation was un#lertan absolute way, while the
third comparison was performed in relative way.ocAésscomparison involving only
stations in the mountain area was performed in rotdeverify FFT and LSC
behavior in this region.

5.3.1 Geoid height residual comparisons

The geoid height residual was computed by the mdiffee of FFT and LSC
residual. This evaluation pretended to verify hawthe compatibility of both
methodologies in terms of short wavelength compbn&igure 4 presents the
differences.

Regarding all models, Figure 4 shows differencemfr0.10 to 0.10 m in most
part of the State of Sdo Paulo. The model compbiedEGM2008 (h=m=360)
presented differences in the range from -0.20 @20 0n. The reason can be
explained by the fact that there are no data ik degen areas and also close to the
coast. The geoid models based on GOCE data alseriezl a small area, close to
the coast, with results in the range from -0.2@.20 m. Table 2 shows the geoid
height residual statistics, where the results fegrde and order 150 in terms of
mean and RMS difference are the same.
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Table 2 — Geoid height residual statistics.

meters
GGMs Mean IEII\;IfS Max. Min.
EGM2008 (150) 0.02 0.08 0.22 -0.25
EGM2008 (360) 0.01 0.06 0.49 -0.26
DIR_R3 (150) 0.02 0.08 0.24 -0.23
TIM_R3 (150) 0.02 0.08 0.23 -0.22
GOCO03S (150) 0.02 0.08 0.23 -0.22

EIGEN-6C (150) 0.02 0.08] 0.24 -0.23

5.3.2 Absolute comparisons
The absolute comparison allows the analysis on bomsistent is the geoid

model and the GPS/leveling stations in relatiorgémid height. The comparison
between these two quantities has been performaérins of root mean square
difference. The absolute comparison statistics idenisig all GPS/leveling stations

is presented in Table 3.

Table 3 — Absolute comparison statistics (unitsaters).

Geoid Models Mean RMS diff. Max. Min.
FFT EGM2008 (150) 0.12 0.22 0.51 -0.43
FFT EGM2008 (360) 0.13 0.23 0.58 -0.41
LSC EGM2008 (150) 0.16 0.23 0.6% -0.36
LSC EGM2008 (360) 0.16 0.25 0.72 -0.47
FFT DIR_R3 (150) 0.11 0.21 0.49 -0.44
LSC DIR_R3 (150) 0.09 0.20 0.56 -0.50
FFT TIM_R3 (150) 0.11 0.22 0.51 -0.43
LSC TIM_R3 (150) 0.09 0.20 0.58 -0.47
FFT GOCOO03S (150) 0.12 0.22 0.51 -0.43
LSC GOCOO03S (150) 0.09 0.20 0.54 -0.47
FFT EIGEN-6C (150) 0.11 0.22 0.51 -0.45
LSC EIGEN-6C (150) 0.09 0.20 0.51 -0.49

Table 3 shows that both geoid models (using FFTLE) are consistent with
GPS/leveling in relation to RMS difference. Thefeliénces vary between 0.20-0.22
m considering only the models up to degree andrdrBi@. Results of geoid models
based on GOCE data are slightly lesser than tredoan EGM2008 data in terms
of mean and RMS difference. The model computed &gst. Squares Collocation
presented more compatibility than Fast Fourier $immm when GOCE data were
used.
Regarding all geoid models, most of the points gméed differences in the
range from -0.20 to 0.20 m. There is a reasonaldatity of red dark points (above
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-0.40 m and 0.40 m) in the region close to the cddsb, there are some red poi
scattered in some parts of the model. From 368atand considering all mode
evaluated, 55-65% of them have differences in #mge from 0.20 to 0.20 m, -
40% between the range -0.21 to -0.40 m and 0.214® m and 3:0% above-0.40
m and 0.40 m.

In order to evaluate only the State of Sdo Paumesplots were made by t
GPSl/leveling points interpolation to show the dipancythroughout the stat
(Figure 5).

Figure 5 -Discrepancy GEOID SP and GPS/leveling in the Sia&io Paul.
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According to Figure 5FFT and LSC have similar behavior for all moc
except for EGM2008, where LSC presented some dakts larger than FF
especially in the mountain region. For the geoiddel® based on GOCE data, -
behavior in terms of difference has the same standa
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5.3.2.1 Absolute comparison in the mountains

In order to evaluate only GPS/leveling station the mountain area, 83 poil
were selected in this region (Figurg Bhis evaluation pretends to show how is
behavior of both methodologies in a region wittslgsavity data than in other pa
of the state, since the highest differences, adog Figure 5Sare in this are:

6 —-GPS/leveling stations in the mountain a

Figure

g | I
20

Table 4presents the evaluation for the referred area. i@ernsg all models
the results using FFT are more consistent with &R&ing than LSC. In tms of
RMS difference, the geoid model using EGM2008 prsiethe highest different
between FFT and LSC (0.05 m). The obvious conclusim these differences
that the covariance functions computed did notesgmt very well this area, sin
there is a lack of data and the topography is rdggbe comparison of geoid
height with the height anomaly is not an effectiveethod for analyzing th
consistency of LSC and FFT techniqués,comparison with the leveling/GF
technique, in order that anomalauasses, mainly in rugged topography area, a
in a different way those two geodetic quantities.

Table 4 -Absolute comparison statistics in the mountaingtgun meters

Geoid Models Mean RMS diff. Max. | Min.
FFT EGM2008 (150) 0.17 0.25 0.49 -0.43
LSC EGM2008 (150) 0.25 0.30 0.59 -0.33
FFT DIR_R3 (150) 0.17 0.24 0.47 -0.38
LSC DIR_R3 (150) 0.22 0.26 0.5 -0.33
FFT TIM_R3 (150) 0.18 0.25 0.50 -0.40
LSC TIM_R3 (150) 0.23 0.28 0.58 -0.30
FFT GOCOO03S (150) 0.18 0.25 0.5D -0.42
LSC GOCOO03S (150) 0.22 0.27 0.51 -0.38
FFT EIGEN-6C (150) 0.18 0.25 0.50 -0.42
LSC EIGEN-6C (150) 0.22 0.27 0.51 -0.35
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5.3.3 Relative comparisons

In relative comparison, pairs of points spaced agn@0 — 50 km were
selected. This range allows evaluating the infl@esicshort wavelength component.
A total of 135 pairs were selected. The standdiféréince value was defined as the
mean value resultant of all bases. In this caséMEIB8 up to degree and order 150
was used as reference field. Table 5 presentethtive comparison statistics.

Table 5 — Relative comparison statistics.

. Mean | RMS diff. Max. Min.
Geoid Models (cm) (cr/km) (cm) (cm)
FFT EGM2008 (150) 0.10 0.67 1.83 -1.92
FFT EGM2008 (360) 0.09 0.70 2.87 -2.26
LSC EGM2008 (150) 0.10 0.66 2.43 -1.87
LSC EGM2008 (360) 0.10 0.87 2.89 -2.36
FFT DIR_RS3 (150) 0.12 0.67 2.20 -1.78
LSC DIR_RS3 (150) 0.09 0.66 1.98 -1.54
FFT TIM_RS3 (150) 0.11 0.67 1.90 -1.85
LSC TIM_R3 (150) 0.10 0.65 2.02 -1.55
FFT GOCOO03S (150) 0.11 0.66 2.26 -1.80
LSC GOCOO03S (150) 0.09 0.66 1.98 -1.93
FFT EIGEN-6C (150) 0.10 0.66 2.22 -1.78
LSC EIGEN-6C (150) 0.10 0.66 1.94 -1.80

The statistics in Table 5 shows that the comparfso the geoid models up to
degree and order 150 are very similar. Regardiagriaximum and minimum, FFT
models presented higher values than LSC models. Sitows that the influence of
the short wavelength component of all models haeesame behavior in terms of

mean and RMS.

6. CONCLUSIONS
The geoid model in the State of Sdo Paulo was ctedpusing two different

methodologies (Stokes’ integral applying Fast Fenufiransform and Least Squares
Collocation). The computation was performed usir@gV2008 (degree and order
150 and 360), GOCE-based models (DIR_R3 and TIM, REpCO03S and
EIGEN6C (degree and order 150) as the referendd fir long wavelength
component. Three comparisons were carried out tofyvehe quality and
consistency of the models. In the first evaluatidime geoid height residual
computed by FFT and LSC was compared for the saageed and order. Regarding
all geoid models, for n=m=150, 65-70% of the aras tifferences between 0.00 m
and+ 0.10 m, 30-35% betweeh 0.10 m andt 0.20 m and 0.40-1.00% larger than
+ 0.20 m. In the comparison using n=m=360 the skesistre: 91.10% of the area
has difference between 0.00 m ahd.10 m, 7.90% betweeh 0.10 m andt 0.20
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m and 1.00% larger thah 0.20 m. In this case, differences larger than 20ere
found in the places that there are some gaps mstaf gravity data. It can be
concluded that in the most part of the State of Baolo both methodologies are
consistent in the order of 0.10 m.

In the second comparison, the geoid models werdiegtrby comparing
GPS/leveling points in the absolute way. This 1&gy powerful tool to analyze the
consistency of each other. It was used 363 poistsilsited all over the area. The
differences in terms of root mean square are bet®e20 m and 0.23 m for models
up to 150. The geoid models based on GOCE datamess better consistency with
GPS/leveling points than EGM2008. Furthermore, Li8€dels fitted better than
FFT for the GOCE models. However, in the absolat@garison in the mountains,
FFT is more consistent than LSC. In this case,RMS differences for the geoid
models using FFT are between 0.24 m and 0.25 mlewhé LSC models are
between 0.26 m and 0.30 m. The reason for LSC ¢s®edempatible than FFT can
be explained by the lack of data and the topograpitat affected the LSC
computation, since the gravity anomalies are higlagrelated with the topography
and can influence the modeling of covariance fumsi Again, the models based on
GOCE data presented similar results in relatioBE@M2008 in the mountain area.
In the third evaluation, relative comparisons shiweat FFT and LSC (n=m=150)
presented very close results. In terms of RMSdifferences are between 0.65 and
0.67 cm/km.

It is worth mentioning that a study in terms ofetidystem should be carried
out, since the spirit leveling network is referrédl the mean tide and the
geopotential models are tide free. Also, it is imgaot to cover the lacks of gravity
data in the State of S&o Paulo and surrounding &methis way, the geoid model
would be improved. The geoid model computationriraeea with poor gravity data
distribution could be an opportunity to verify th&C methodology and also the
covariance functions. LSC could be tested in theazom region. In most part of the
forest there is no gravity data, however, clos¢hto rivers there are a substantial
qguantity of data. Furthermore, this region is quié, which could be a positive
indication in determining the covariance functiohke use of GPS and gravity data
in the LSC determination could be undertaken tafwéow GPS can contributes in
the geoid model computation.
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