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Abstract

Recent numer ical studies have proved that multiquadric collo ca tion methods can

achieve expo nen tial rate of conver gence for elliptic prob lems. Although some inves -

ti ga tions has been performed for time dependent prob lems, the influ ence of the

shape param eter of the multiquadric kernel on the conver gence rate of these

schemes has not been studied. In this article, we inves ti gate this issue and the influ -

ence of the Péclet number on the rate of conver gence for a convec tion diffu sion

problem by using both an explicit and implicit multiquadric collo ca tion tech niques.

We found that for low to moderate Péclet number an expo nen tial rate of conver -

gence can be attained. In addi tion, we found that increasing the value of the Péclet

number produces a value reduc tion of the coef fi cient that deter mines the expo nen -

tial rate of conver gence. More over, we numer i cally showed that the optimal value

of the shape param eter decreases monotonically when the diffusive coefficient is

reduced. 
 

Keywords: Radial basis func tions, multiquadric, convec tion-diffu sion, partial

differ en tial    equa tion.

Resumen

Expe ri men tos nu mé ri cos re cien tes so bre los mé to dos de co lo ca ción con mu lit cuá dri cos han

de mos tra do que és tos pue den al can zar ra zo nes de con ver gen cia ex po nen cial en pro ble mas

de ti po elíp ti cos. Si bien, al gu nas in ves ti ga cio nes se han rea li za do pa ra pro ble mas de pen -

dien tes del tiem po, la in fluen cia del pa rá me tro c del nú cleo mul ti cuá dri co en la ra zón de

con ver gen cia de éstos es que mas no ha si do es tu dia da. En la pre sen te in ves ti ga ción se ana -

li za es te tó pi co y la in fluen cia del nú me ro de Pé clet en la ra zón de con ver gen cia pa ra un

pro ble ma con vec ti vo di fu si vo, con si de ran do un es que ma de dis cre ti za ción im plí ci to y



ex pli ci to con téc ni cas de co lo ca ción con mu lit cuá dri cos. De mos tra mos nu mé ri ca men te que pa -

ra va lo res ba jos a mo de ra dos del coe fi cien te de Pé clet se ob tie ne una ra zón de con ver gen cia ex -

po nen cial. Ade más, en con tra mos que al au men tar el nú me ro de Pé clet ori gi na una re duc ción

en va lor del coe fi cien te que de ter mi na la ra zón de con ver gen cia ex po nen cial. Adi cio nal men te, 

de ter mi na mos que el va lor óp ti mo del parámetro c decrece monótonicamente cuando el

coeficiente difusivo es disminuido. 

Des cip to res:  Fun cio nes de ba se ra dial, mul ti cuá dri co, con vec ción-di fu sión, ecua ción di fe -

ren cial parcial.

Intro duction

It is well known that within the study of the nu mer i cal 
multiquadric unsymmetric col lo ca tion meth ods for
par tial dif fer en tial equa tions (Kansa, 1990), a ma jor
prob lem is the de ter mi na tion of the shape pa ram e ter.
Sev eral au thors have avoided the use of this ra dial ba sis
func tion due to this dif fi culty, see; (Boztosun et al.,
2002; Zerroukat et al., 2000; Li et al., 2003). Some re cent 
stud ies has been done to in ves ti gate this prob lem,
(Fornberg et al., 2004; Larsson et al., 2005). In par tic u lar
(Cheng et al., 2003), has treated an el lip tic prob lem
show ing that an ex po nen tial rate of con ver gence can be 
at tained for h-c re fine ment multiquadric col lo ca tion
schemes. In the case of evo lu tion ary con vec tion-dif fu -
sion prob lems, the num ber of ar ti cles are even fewer. In 
(Sarra, 2005), the au thor re cently stud ied the be hav ior
of adap tive multiquadric meth ods con clud ing that
their per for mance is com pa ra ble to spec tral Chebyshev
tech niques. How ever, among the sev eral open prob -
lems in this field,  the in flu ence of re duc ing the dif fu -
sion co ef fi cient on the be hav ior of the shape pa ram e ter
of the par tial dif fer en tial equa tion, is up to the au thors
knowl edge, an open prob lem which has not been stud -
ied. In this ar ti cle, by us ing both an ex plicit and im -
plicit multiquadric col lo ca tion tech niques ap plied to a
con vec tive dif fu sive prob lem, we nu mer i cal study the
ef fect of the shape pa ram e ter on the spec tral rate of
con ver gence of these meth ods. We found that in creas -
ing the value of the Péclet num ber pro duces a value re -
duc tion of the co ef fi cient which de ter mines the ex po -
nen tial rate of con ver gence. More over, we nu mer i cally
showed that the op ti mal value of the shape pa ram e ter
de creases monotonically when the dif fu sive co ef fi cient
is re duced. This sug gest that con vec tion dom i nated
prob lems may be ef fi ciently solved by means of h-c
multiquadric col lo ca tion me th ods at an ex po nen tial
rate of con ver gence.

We also nu mer i cally ver i fied that the im plicit
scheme is un con di tion ally sta ble and that the in crease

of the time step pa ram e ter re duces the ex po nen tial rate 
of con ver gence, i.e. de creases the slope of the cor re -
spond ing straight lines in a semi-log scale. We also
found that for par a bolic dom i nated prob lems the range
of the shape pa ram e ter that leads to spec tral rate of
con ver gence is larger.

This pa per is or ga nized as fol lows. In sec tion 2, we
in tro duce the con tin u ous advection-dif fu sion prob lem.
Sec tion 3 is de voted to in tro duce a meshless col lo ca tion 
method for time de pend ent prob lems. In sec tion 4, we
con duct a se ries of ex per i ments to de ter mine the spec -
tral convergences for both ex plicit and im plicit schemes 
with multiquadrics, we fur ther ex plore how does the
shape pa ram e ter in flu ence the con ver gence be hav ior.
Fi nally, con clu sions are given at the end of the paper. 

Advec tion-diffu sion equa tion

Al though in this ar ti cle we shall be con cerned with a 1D
prob lem, we shall state the con tin u ous prob lem in 3D.
This is due to the fact that the code of the al go rithm is
es sen tially the same in one or three di men sions. 

The three-di men sional advection-dif fu sion can be
writ ten as

¶

¶
b m ( , )2u x t

t
u x t u x t x

( , )
( , ) ,= Ñ + ×Ñ Î Ì ÂW 3            (1)

to gether with the  bound ary and ini tial con di tions

c u x t c u x t f x t x t
1 2

0( , ) ( , ) ( , ) , ,+ Ñ = Î >dW              (2)

u x t u x t( , ) ( ) ,= =
0

0                                                 (3)

where  u(x,t) is the un known func tion at the po si tion x
at time t, Ñ the gra di ent dif fer en tial op er a tor, W a
bounded do main in  Â3, ¶ W  the bound ary of W, b the
dif fu sion co ef fi cient, m m m m=[ , , ]x y z

T  the advection co -
ef fi cient (or ve loc ity) vec tor, c

1
and c

2
 are real con stants, 

f(x,t) and u x
0
( ) are know func tions. 
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A large num ber of real prob lems can be mod eled by
the advection-dif fu sion equa tion. For ex am ple, dis per -
sion of pol lut ing agents, trans port of mul ti ple re act ing
chem i cals, vari a tion of as set prices on stock-mar ket and 
heat transfer.

 Implicit and explicit schemes

We discretize equa tion (1) with re spect to time and
space by means of the stan dard q scheme, 0 1£ £q ,
which can be ex pressed as fol lows 

u x t t u x t t u
t t

( , ) ( , ) (+ - = Ñ +
+

D D
D

q b 2

m q b m×Ñ + - Ñ + ×Ñ
+

u t u u
t t tD

D) ( )( , )1 2 ,                           (4)

where Dt is the time step. Us ing the no ta tion 
u u x tn n= ( , ) and t t tn n= +-1 D , equa tion (4) can be re for -
mu lated as

u u u u v u un n n n n n+ + ++ Ñ + ×Ñ = + Ñ + ×Ñ1 2 1 1 2a h x ,  (5)

where a bq h q= - = = -D D mt n n n tx y z
T, [ , , ] , v t= -b qD ( )1

y x x x x q m= = -[ , , ] ( )x y z
T tD 1 .. More over, this last equa -

tion (5), can be ex pressed in a more com pact form

H u H un n
+

+ =1 _ ,                                                     (6)

where H + = + Ñ + ×Ñ1 a h2  and H v_ = + Ñ + ×Ñ1 2 x .  The 
right hand side of (6) rep re sent the know so lu tion at
time t

k
, while left term is the un known so lu tion at the

time t
k +1

. The se lec tion of q in equa tion (4) de ter mines
whether the method is an im plicit scheme, q=1/2, or
an ex plicit scheme q=0.

Radial basis func tions method

In this sec tion, we de pict how to ap ply Kansa’s unsym -
metric col lo ca tion method to the ini tial value prob lem,
de fined by (1), (2) and (3). Let { }x i i

N

=
Ì

1
W be N col lo ca -

tion nodes, and we as sume that these nodes can be di -
vided in { }x i i

N I

=1
 in te rior nodes and { }x i i N

N

I= +
Î

1
¶W

bound ary nodes. In or der to ob tain the ap prox i mate so -
lu tion ~( , )u x t  to the ex act so lu tion u x t( , ) of the ini tial
value prob lem, we first de fine the ra dial anzat ~( , )u x t
given by 

~( , ) ( ) ( )u x t t x xj j
j

N

= -
=

å l f
1

,                                                (7)

where l j t( ) are the un known time de pend ent co ef fi -
cients to be de ter mine at each time step. Here f( )× ,
where ×  is the Eu clid ean norm, is any suf fi ciently dif -
fer en tia ble semi-pos i tive def i nite ra dial ba sis func tion
(RBF), see ta ble 1. Sub sti tut ing (7) in (5) and ap ply ing
the bound ary con di tion (2) with c

2
=0 and c

1
=1, we

ob tain 

[ ' ' ' ] [ ' ' ' ]F F F F F F+ + × = + + ×+a h l x ln nv1 ,               (8)

where the ma trix F is de fined as

F =

- -

- -

-

f f

f f

f f

( ) ( )

( ) ( )

( ) (

x x x x

x x x x

x x

N

N

N

1 1 1

2 1 2

1

L

L

M O M

M x x
N N

-

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú)

,

which is a sym met ric ma trix F FT = . The RBFs ap prox -
i ma tions of the gra di ent and Laplacian are ex pressed as
fol lows:

F'

( ) ( )

( ) ( )

(
=

- -

- -

f f

f f

f

x x N

x N x N N

N

x x x x

x x x x

x

1 1 1

11 1

L

M O M

L

1 11 1

1

- -

- -

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

+
x x x

x x x x

x N N

N x N N

) ( )

( ) ( )

L

M O M

L

f

f f û

ú
ú
ú
ú
ú
ú
ú
ú

and

F' '

( ) ( )

( ) (
=

- -

- -

f f

f f

xx xx N

xx N xx N N

x x x x

x x x x

1 1 1

11 1

L

M O M

L )

( ) ( )

( ) ( )

f f

f f

x x x x

x x x x

N N N

N N N

1 11 1 1

1

+ +
- -

- -

é

ë

ê
ê
ê
ê

L

M O M

L

ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
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,

where the ma tri ces F, F'  and F' ' ÎÂ ´N N . The spa tial
de riv a tives are ap plied over the ra dial ba sis func tion f,
and only af fects the in te rior nodes.

If we con sider the ex plicit scheme; that is q=0,
equa tion (8) can be writ ten as

F F D F D Fl b m ln nt t+ = + + ×1 [ ' ' ' ] ,                                     (9)

where Dt is the time step length. 



Table 1. Global, infi ni tely smooth RBFs

RBF Definition

Multiquadric f( , )r c r c= +2 2

Inverse
Quadratic

f( , ) / ( )r c r c= +1 2 2

Inverse
Multiquadric

f( , ) /r c r c= +1 2 2

Gaussian f( , ) ( )r c e cr= - 2

The RBFs are in sen si tive to spa tial di men sions and
it is eas ier to pre pare the code to solve par tial dif fer en -
tial equa tions (PDEs) in com par i son to meshes based
meth ods. To il lus trate this prob lem more clearly, we
show the pseudo-code to solve the gen eral time de -
pend ent advection-dif fu sion prob lem with an ex plicit
method (9); see Algorithm 1.

The out put of the Al go rithm 1 is the vec tor l( )t ,
that is used to com pute the nu mer i cal so lu tion ~( , )u x t
by the in ter po la tion equa tion (7), which it has a com -
plex ity O(N) for each in ter po la tion node.

At each time it er a tion of Al go rithm 1, we solve an
al ge braic lin ear sys tem of equa tions Fln H+ =1  by
Gaussi an elim i na tion with par tial piv ot ing, with com -
plex ity O tN( )3 . The Al go rithm 1 has t = t tmax / D  it er a -
tions, in con se quence the com plex i ties are O N( )t 3  in
time and O N( )2  in space.

Algo rithm 1
Explicit method

– Com pute F and his de riv a tives F F' , ' '

– Ap prox i mate the ini tial con di tion Fl0

0
= u x( )          

and ini tial ize t=0

while t t< max do

– Pro jec tion  : 
H t t n= + + ×[ ' ' 'F D F D Fb m ]l

– Cor rec tion:
H f x t t xi i i= + Î( , ),D W¶

– So lu tion: Fln H+ =1

t t t= + D .
 

end while

The im plicit scheme, q=0.5, can be im ple mented in
a sim i lar way as showed above. It is only nec es sary to
change the time step in cre ment Dt to Dt/2, and in the
stage So lu tion of the Al go rithm 1, we re quire to solve
the fol low ing in ter po la tion prob lem

[ ' ' ' ]F
D

F
D

F- - × =+t t
Hn

2 2

1b m l .

The im plicit method is un con di tion ally sta ble and
has sec ond-or der ac cu rate in time, the ex plicit method
is con di tion ally sta ble and it is only first or der ac cu rate
in time. The sta bil ity anal y sis based on al ge braic sys -
tem’s eigenvalues can be found in (Zerroukat et al.,
2000).

It is known that the ac cu racy of the multiquadric
interpolant de pends on the se lec tion of c (Carlson et al.,
1991; Rippa, 1999; Fornberg et al., 2004; Larsson et al.,
2005). When c ® ¥ the multiquadric in ter po late be -
comes more ac cu rate but si mul ta neously the con di tion
num ber in creases in mag ni tude; see (Schaback, 1995).
A fun da men tal, and by no means an easy prob lem, is to
find the best value c be fore the al ge braic sys tem be come 
numerically unstable.

In our nu mer i cal ex am ples, we have used the
multiquadric (MQ) func tion shown in ta ble 1, where
the shape pa ram e ter is se lected by us ing the fol low ing
inequality

u x t c u x t c
i i

( , , ) ~( , , )max max+ +
- <

1 1 2

                                                                               (10)
u x t c u x t ci i( , , ) ~( , , )max max-

2
,

where u u,~ are the an a lyt i cal and nu mer i cal so lu tion re -
spec tively. We se lected the in cre ments of c in such way
that ci = ×0 1 1.  with i NÎ . In fact when (10) is sat is fied,
we in crease the c value; oth er wise we choose the last c
that meets (10).

Conver gence study for diffe rent 
Péclet numbers

It is well know that for con vec tive dom i nated prob -
lems, the nu mer i cal so lu tion tends to pres ent a highly
os cil la tory be hav ior close to the re gions where the so lu -
tion is sharp. In this sec tion we nu mer i cally study the
con ver gence rates of im plicit and ex plicit col lo ca tion
meth ods for dif fer ent Péclet num bers. We em pha size
the study of the nu mer i cal be hav ior of the rate of con -
ver gence for h-re fine ment schemes. Our aim is to show
that for mod er ate Péclet num bers both schemes
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pre serves an ex po nen tial or der of con ver gence. And we
show how this be hav ior is changed. We also study the
con vec tive ef fect on the shape pa ram e ter.

Linear convec tion-diffu sion problem

Through out this pa per we shall con sider the fol low ing
lin ear advection-dif fu sion equa tion in one-di men sion:

¶

¶
b

¶

¶
m

¶

¶

u

t

u

x

u

x
= -

2

2
,                                                  (11)

to gether with Dirichlet bound ary and ini tial con di tions

u t ae u t ae tbt bt( , ) , ( , ) ,0 6 06= = >- g                          (12)

u x ae x( , )0 = -g .                                                         (13)

The an a lyt i cal so lu tion is given by

u x t ae
bbt x( , ) ,= =

- ± +
>-g g

m m b

b

2 4

2
0,               (14)

where b is the dif fu sion pa ram e ter while m is the
advection ve loc ity. Through out this pa per we will use
the val ues, a=107 and b=0.5, and the ex plicit and im -
plicit schemes with multiquadrics will be re ferred as
EMQ and IMQ re spec tively.

Expe ri mental error analysis 
for implicit method

Our goal in this sec tion is to ex per i men tally de ter mine
the IMQ con ver gence rate. For this pur pose, the fol low -
ing pa ram e ters where se lected: tmax=1 with Dt=0.01;
the nodes are taken equally spaced on the setthe set
ually spaced on the set N={10,20,…,50}, and  xÎ[0,6].

When we re strict the Péclet = m/b << 30 the an a -
lyt i cal so lu tions are smooth. On the other hand, if
Pe®30 the an a lyt i cal so lu tion pres ents greater gra di -
ents near to the or i gin. Hold ing fixed the con vec tive co -
ef fi cient m and vary ing the dif fu sion term b on {0.1,
0.02, 0.01, 0.005, 0.0033}, we de ter mine 5 test cases for
which we an a lyze the con ver gence rate. For all cases,
the shape pa ram e ter is de ter mined by (10) with N=50
and tmax=1.

Fig ure 1 shows the convergences rates of IMQ col lo -
ca tion method ob tained for the fol low ing five test
cases: a) b=0.1, m=0.1 with c=1.3, b) b=0.02, m=0.1
with c=1.3, c) b=0.01, m=0.1 with c=1.2, d) b=0.005,
m=0.1 with c=1.3 and e) b=0.0033, m=0.1 with c=1.2.
We can read this pic ture as: hold ing fixed the shape

pa ram e ter and in creas ing the num ber of nodes, the ap -
prox i ma tion er ror con verge in an ex po nen tial way.

We would like to re mark that the ma jor ac cu racy
ob tained cor re sponds to small Péclet num bers, which is 
re lated to the pre dom i nant par a bolic case. As we in -
crease the Péclet num ber; see fig ure 1, from be low to
top, the slope of each line de crease, be sides this re duc -
tion the scheme is ex po nen tially convergent.

For com plete ness, in fig ure 2 we dis play the form of
the an a lytic and nu mer i cal so lu tion of the five test
cases an a lyzed.

As it has been showed in (Madych and Nel son,
1990; Madych, 1992), there are two ways to de crease

Figure 1. Expo nen tial conver gence for 5 test cases with

implicit multi qua dric, at time tmax=1

Figure 2. Analy tical and nume rical solu tion with diffe rent

values of  b, at time tmax=1



the ap prox i ma tion er ror for the in ter po la tion case: in -
creas ing the nodes num ber (h-re fine ment) or in creas ing 
the shape pa ram e ter (c-re fine ment). An ex am ple of
h-re fine ment is given in fig ure 1, which is the tra di -
tional way to in crease the ac cu racy. How ever, h-re fine -
ment has two draw backs: as the num ber of nodes be -
comes larger the mem ory stor age in creases as well as
the com pu ta tional ef fort. As it has been ob served in
(Cheng et al., 2003), de creas ing h with out cor re spond -
ing change in c is equiv a lent to fix ing h and in creas ing c.

Our task is now to ex plore the c-con ver gence for
time de pend ent prob lems. For this pur pose con sider the 
nu mer i cal scheme IMQ with the fol low ing pa ram e ters: 
N=30, Dt=0.001, b= 0.9, m=0.4 and tmax=1.

Fig ure 3 shows in a semilog scale the RMS for each c
that be longs to the set  [0, 2.5] with in cre ments of 0.1.
We can ob serve that in creas ing the c value, the RMS de -
crease in an ex po nen tial way. When c>2.5, we have an
over flow in the nu mer i cal so lu tion, ow ing to the
ill-con di tioned of the algebraic system.

Now  we con sider the case where the co ef fi cient ve -
loc ity m dom i nate  the dif fu sion term b; Pe=1000. In or -
der to cap ture the re gion of high gra di ent near to the or -
i gin (x=0) and di min ish the nu mer i cal os cil la tions, it is
nec es sary to use a very small h value. This can be ac -
com plished in two ways: by means of the clas si cal Car -
te sian h-re fine ment scheme or an adap tive node re fine -
ment scheme (ANR). We se lect the sec ond ap proach
be cause it has been showed to be com pu ta tional ef fi -
cient (Muñoz-Gómez et al., 2006; Driscoll et al., 2006).

The ANR scheme is based on the er ror in di ca tor
func tion h( )x , which can be un der stood as a func tion
which re flect the lo cal ap prox i ma tion qual ity around
each node, and serves to de ter mine where the ap prox i -
mate so lu tion ~( , )u x t  re quire more ac cu racy. For each
node x, the lo cal ap prox i ma tion Iu x t~( , ) is built with a
set of neigh bor hoods N xx / , us ing the Thin-Plate
Spline ra dial ba sis func tion with a poly no mial of de gree 
1. Now we de fine the er ror in di ca tor as a lo cal er ror of
the in ter po la tion func tion

                                    h( ) |~( , ) ~( , )|x u x t I u x t= - ,               (15)

based on this er ror in di ca tor  (Behrens et al., 2002), we
can de fine the rules to re fine/coarse the nodes. 

Def i ni tion 1

We say that a node xÎW is flagged to be re fined if
h(x)>qr, oth er wise if h(x)<qc the node is flagged to be
coarse, with qc<qr.

Ob serve that each node can not be re fined and re -
moved at the same time. For each node x i  flagged to re -
fine we in sert 2 nodes 

x x x x x x x x
l i i i r i i i= + - = + -

- - +1 1 1

1

2

1

2
( ), ( ).

Each node x i  marked to re move is erased only when
the nodes { , }x x

i i- +1 1
 are marked to re move. This sim -

ple rule per mit us to avoid the elim i na tion of con sec u -
tive nodes. Each time that we re fine/re move nodes, is
nec es sary to con struct the new ma tri ces of de riv a tives 
F F' , ' ',  and the ma trix F. In ad di tion, we re quire to in -
ter po late the cur rent nu mer i cal to the new grid to ob -
tain the new vec tor l; see sec tion Ra dial Ba sis Func -
tions Method.

The ANR scheme de picted above is ap plied each t
steep times, in our case we se lect t=2. This means that
each two step times we ask if the nu mer i cal ap prox i -
ma tion based on the cur rent set of nodes re quire to re -
fine or to re move nodes. The pre vi ous scheme is ap plied 
for the ini tial con di tion in a loop while ex ists nodes to
be re fined, in each steep of the loop we ini tial ize the
time at t=0. 

It is nec es sary to adapt lo cally the shape pa ram e ter
of the multiquadric func tion, af ter the ANR scheme is
ap plied to the cur rent nu mer i cal so lu tion at time 
t t tn n= +-1 D . 

In par tic u lar these val ues are selected as

c x xj j j
= -

+ -
| |

1 1
,
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Figure 3. Expo nen tial conver gence of implicit 

multi qua dric solu tion for fixed N=30 

and variable shape para meter c at time tmax=1
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as we in crease lo cally the num ber of nodes the shape
pa ram e ter goes to zero.  This sim ple func tion per mit us 
to re duce lo cally the shape pa ram e ter in the re gions
were more ac cu racy is re quired, which cor re spond to
re gions with high gra di ent.

With the ANR scheme for time de pend ent prob lems 
de picted pre vi ously, now we can nu mer i cally ap prox i -
mate the so lu tion of the an a lyzed advection-dif fu sion
prob lem with a high Péclet num ber; Pe=1000, given by
the val ues b=0.0001 and m=-0.1. For this pur pose, the
fol low ing pa ram e ters where se lected: qr=0.01,
qc=0.0005, Dt=0.01 and tmax=1, with a uni form ini -
tial node dis tri bu tion N=601.

Fig ure 4 shows the re con struc tion of the nu mer i cal
ap prox i ma tion with ANR scheme. It can be ob served
from this pic ture, that the zone of high gra di ent is well
cap tured, the fi nal num ber of nodes are N=248, with
RMS= 1.792e-002 and

max| ( , ) ~( , )|max maxu x t u x t- =5.329e-002. 

From the 50 times that we run the ANR scheme,
only 21 times was nec es sary to re fine/re move nodes. As 
the fig ure shows, the nodes are able to track the re gion
with high gra di ent quite ef fi ciently. Ob serve that near
to the cen ter of the graph (x=3) we re quire a less den -
sity of nodes and near to the bound aries the node den -
sity in creases. This grad ual dim i nu tion of nodes cor re -
sponds to the im posed re stric tion 2:1 in the level of
refinement.

More over, it was ob served that the spec tral con ver -
gence rate er ror of the im plicit scheme is re lated to the

time step Dt. When in creas ing Dt the ap prox i ma tion er -
ror is in creased but we still ob tain the spec tral con ver -
gence. The above be hav ior is dis played in fig ure 5. In
this fig ure it is de picted the er ror for dif fer ent time
steps. The fol low ing pa ram e ters were used, N=50,
b=0.2, m=1 and we dis play the graph in semilog scale.

The re la tion be tween the c and Dt pa ram e ters is
shown in ta ble 2. It can be ob serve that the value of c
be comes smaller when Dt is in creased.

Expe ri mental error analysis 
for explicit method

In a sim i lar way to the nu mer i cal ex per i ments re al ized
at the be gin ning of the pre vi ous sec tion, now our goal
is to find out if the ex plicit method with multiquadric
ker nel has an ex po nen tial con ver gence rate. In ad di -
tion, we ex plore the in flu ence of the shape pa ram e ter
by us ing the h-re fine ment scheme.

We shall hold fixed the advection ve loc ity m, and we 
vary the dif fu sion co ef fi cient b In this way it is pos si ble 
to re pro duce alike nu mer i cal ex per i ments than those
ob tained with IMQ in the be gin ning of the pre vi ous
sec tion. We use a small time step Dt =0.001.

Figure 4. Nume rical solu tion of convec tion-diffu sion

problem with adap tive node refi ne ment at time tmax=1

Figure 5. Conver gence for fixed b=0.2 and m=1 with diffe -

rent time steps at time tmax=1 with implicit multi qua dric

Table 2. Varia tion of c for diffe rent time steps, 

for fixed b=0.2, m=1 at time tmax=1

Dt 0.001 0.010 0.040 0.100 0.200

c 0.4800 0.134 0.071 0.048 0.032



Fig ure 6 dis play the nu mer i cal re sults ob tained for
five test cases.  To fa cil i tate data in ter pre ta tion, we em -
ploy a semilog scale to dis play them. The five an a lyzed
cases are the fol low ing: a) b=0.1, m=0.1 with c=1.3, b)
b =0.02, m=0.1 with c=1.2, c) b=0.01, m=0.1 with
c=1.1, d) b=0.005, m=0.1 with c=1.2 and e) b=0.003,
m=0.1 with c=1.2. We can ob serve that the RMS de -
crease in an ex po nen tial rate as we in crease the nodes
num bers.

As we in crease the Péclet num ber; see fig ure 6 from
be low to top, the slopes of the straight lines de creases.
For low Péclet num bers we ob served a high ac cu racy in
the nu mer i cal so lu tion, which cor re spond to the pre -
dom i nant par a bolic case. We re call that the im plicit
method has the above behavior.

Note that the time step Dt for the EMQ is con sid er -
able smaller than the cor re spond ing Dt for the IMQ.
Thus in this last case we have a re duc tion of the time
pro cess ing.

Based on the re sults ob tained for the unsymmetric
col lo ca tion method for a time de pend ent con vec -
tion-dif fu sion prob lem, we can con clude that both
schemes, IMQ and EMQ, have a spec tral con ver gence
rate. The ac cu racy of the nu mer i cal so lu tion is de ter -
mined by the co ef fi cients, b (dif fu sive) and m (con vec -
tive) of the PDE.

In fig ure 7 we show the ef fect of vary ing the shape
pa ram e ter by si mul ta neously per form ing an h-re fine -
ment. The x-axis rep re sents the nodes num ber and the
y-axis shows the RMS. The c-val ues be longs to the set
{0.1, 0.2,…,0.4}.

As we can see from fig ure 7, for all the c-val ues cho -
sen it was ob tained a straight line in the semilog scale,
in di cat ing a spec tral con ver gence rate. It should be
noted, that for the case of c=1.4 we only can reach
N=40 since the ma trix be comes ill-con di tioned.  A sim -
i lar re sult it was ob tained with the implicit method.

We want to re mark that the vari a tion of the time
step , shown in fig ure 5, for the im plicit method, pro -
duces a sim i lar ef fect than the one ob tained for the vari -
a tion of the shape pa ram e ter in the for mer sec tion, see
figure 7.

Beha vior of the shape para meter with
respect to diffu sive coef fi cient

Our goal now is to find the re la tion be tween the shape
pa ram e ter c and the dif fu sion co ef fi cient b. The nu mer -
i cal ex per i ment was done with N=50, m=0.5, and b be -
long ing to {0.1, 0.2,…,1}. For each b, the best value of c
is de ter mined by means of (10). The ini tial value of c is
zero and it is aug mented with in cre ments of 0.001.

It was ob served that the shape pa ram e ter de creases
monotonically from c=1.2 to 0.72 for 0.3 £ b £ 1; as
shown in fig ure 8. When b<0.3, the shape pa ram e ter
has a small in cre ment. From fig ure 8, we can ob serve
that as we de crease the dif fu sive co ef fi cient b the Péclet 
num ber in creases.

We note that in this nu mer i cal ex per i ment, we hold
fixed the pa ram e ters N, m and tmax, and that the only
vari able pa ram e ter is b, which in fact char ac ter izes the
PDE struc ture. There fore, it can be con clude that the
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Figure 6. Expo nen tial conver gence for 5 test cases with

explicit multi qua dric, at time tmax=1

Figure 7. Varia tion of the shape para meter 

with b=0.1, m=0.2, at time tmax=1
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de ter mi na tion of the shape pa ram e ter is re lated to the
struc ture of the time de pend ent advection-dif fu sion
par tial dif fer en tial equa tion.

Conclu sions

In this ar ti cle we in ves ti gated the nu mer i cal per for -
mance of multiquadric col lo ca tion meth ods for a time
de pend ent con vec tion dif fu sion prob lem in one di men -
sion. For both im plicit and ex plicit col lo ca tion tech -
niques, we found that for mod er ate Péclet num bers an
ex po nen tial rate of con ver gence is at tained. For the ex -
plicit tech nique the time step is re stricted by a CFL con -
di tion, im ply ing that in or der to ob tain the same RMS
for both schemes, the time step for the ex plicit method
should be one or der of mag ni tude smaller. 

We nu mer i cally found, that as we in crease the
Péclet num ber, for both meth ods, the slopes of the
straight lines in semilog scale which cor re sponds to the
ex po nen tial con ver gence rate are re duced. These re sults 
were ob tained for h-re fine ment tech niques. We also
shown, that ex po nen tial rate of con ver gence is also sat -
is fied for a c-re fine ment scheme. More over, we also nu -
mer i cally found that the op ti mal value of the shape pa -
ram e ter c, de creases monotonically as the Péclet num -
ber is in creased. This re sult is a first step to wards to de -
ter mine in an eas ier way the range of ac cept able val ues
of c for which spec tral con ver gence can be at tained. We
stress that within the re gion where the so lu tion pres -
ents a sharp gra di ent, an h-lo cal re fine ment was used in
or der to re duce nu mer i cal os cil la tions. This sug gest
that in or der to han dle strongly con vec tive dom i nated

prob lems by means of multiquadric col lo ca tion meth -
ods, both a an h-c re fine ment and a do main de com po si -
tion meth ods should be used. Re cent re sults in this last
di rec tion are in prog ress and will be pub lished
else where.
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