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Abstract

A matrix formu la tion to study the coupled response of rigid foun da tions modelled 

by springs and dashpots is presented. Springs and dashpots orien ta tion can be any

possible, thus a general solu tion is deter mined. Response in terms of displace -

ments and rota tions is deter mined from a matrix system in the complex field. The

physics of the problem presented here has been exten sively studied and a broad

range of useful formulas to deter mine springs and dashpots prop er ties in

soil-struc ture inter ac tion is avail able, however it has also been iden ti fied that

there are some limi ta tions on coupling various degrees of freedom in the avail able

formu la tions. Then, the novelty of the approach presented comes from the matrix 

manip u la tion that leads to an expres sion that provides a closer approx i ma tion to

the real phenom enon, because all degrees of freedom can be coupled. This

approach may allow to the analyst finding a coupled response including the cases

when either springs or dashpots are not orthogo nally oriented. In an example at

the end of this study, the influ ence of one of the involved param e ters in the

soil-struc ture    anal ysis is    point    ed   out.

Keywords: Springs,   dashpots,  rigid body,   coupled    anal ysis,  frequency   domain.

inge n
ie

ría

INVESTIGACIÓN 

Y TECNOLOGÍA



Resumen

Se pre sen ta una for mu la ción ma tri cial pa ra el es tu dio de la res pues ta aco pla da de ci men ta -

cio nes rí gi das, di cha ma triz se mo de la con re sor tes y amor ti gua do res. Los re sor tes y amor ti -

gua do res pue den ser orien ta dos ar bi tra ria men te, de ahí que es ta for mu la ción ten ga un ca rác -

ter ge ne ral. La res pues ta en tér mi nos de des pla za mien tos y de ro ta cio nes se de ter mi na a par tir 

de un sis te ma ma tri cial en el cam po com ple jo. La fí si ca del pro ble ma aquí pre sen ta do se ha es -

tu dia do ex ten si va men te y exis te una am plia ga ma de fór mu las úti les pa ra de ter mi nar las ca -

rac te rís ti cas de los re sor tes y de los amor ti gua do res en la in te rac ción sue lo-es truc tu ra; sin em -

bar go, tam bién se han iden ti fi ca do al gu nas li mi tan tes en re fe ren cia al aco pla mien to de los

gra dos de li ber tad en las for mu la cio nes en con tra das. Enton ces, la no ve dad del plan tea mien to

ma te má ti co pre sen ta do vie ne da da por la ma ni pu la ción ma tri cial que con du ce a una ex pre -

sión que pro por cio na una apro xi ma ción más cer ca na al fe nó me no real, da do que to dos los gra -

dos de li ber tad pue den ser aco pla dos. Esta pro pues ta pue de per mi tir le al ana lis ta en con trar

una res pues ta aco pla da in clu yen do aque llos ca sos don de los re sor tes y/o los amor ti gua do res

no es tán orien ta dos or to go nal men te. Al fi nal de es te es tu dio, se incluye un ejemplo de

aplicación donde se enfatiza la importancia de uno de los parámetros involucrados en el

análisis de interacción suelo-estructura.

Des crip to res: re sor tes, amor ti gua do res, cuer po rí gi do, aná li sis aco pla do, do mi nio de la fre -

cuen cia.

Intro duc tion

Some of the pres ent prob lems in the field of dy nam -
ics of struc tures are those re lated to the re sponse of
rigid foun da tions un der dy namic load ings. Usu ally,
the anal y sis of these struc tures is car ried out con sid -
er ing lum ped pa ram e ter meth ods, where the soil is
re placed by a sys tem of fre quency-de pend ent springs
and dashpots.

In many avail able for mu la tions, the anal y sis of the
foun da tion-soil sys tem may be done con sid er ing an un -
cou pled sys tem, where only in plane re sponses are de -
ter mined. It is well-known that a foun da tion-soil sys -
tem has six de grees of free dom in an or thogo nal ref er -
ence sys tem.

Ex pres sions for cal cu lat ing springs and dashpots for
the six de grees of free dom can be ob tained from sev eral
pub lished ref er ences. We re fer the reader to see the pi o -
neer ing works of Rich ards et al. (1970), Luco (1982),
Gazetas (1983, 1991), Dobry and Gazetas (1985, 1986)
and Pais and Kausel (1988). And more re cent works re -
lated with lumped springs and dashpots for foun da tion
anal y sis can be con sulted in Wu and Chen (2002), Wu
and Lee (2004) and Wolf and Paronesso (2007). A good
ref er ence to de sign rigid foun da tions un der dy namic
load ing is Bowles (1996). Re cent re sults for springs and
dashpots in lay ered me dia can be seen in Wolf and
Deeks (2004).

De ter min ing ex pres sions for springs and dashpots is 
not within the scope of the pres ent work. A ma trix for -
mu la tion in which springs and dashpots are gath ered
for six de grees of free dom is pro posed, so a cou pled re -
sponse, for springs and dashpots act ing si mul ta neously
is ob tained.

Equa tion of motion

The gen eral equa tion of mo tion, in time do main, for a
rigid body sys tem can be ex pressed as:

[ ]&&( ) [ ]&( ) [ ] ( ) ( )M a t C a t K a t F t+ + = , (1)

where, 

[M] = Mass ma trix, 
[K] = Stiff ness ma trix, 
[C] = Damp ing ma trix, 
a(t) = Dis place ment vec tor, 
&( )a t = Speed vec tor, 
&&( )a t = Ac cel er a tion vec tor and
F t( ) = Force vec tor.

Ex press ing the dis place ment and force vec tors in
fre quency do main, one has

a t a e i t( ) ( )= w w (2)
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F t F e i t( ) ( )= w w . (3)

Af ter cal cu lat ing speed and ac cel er a tion vec tors us -
ing equation (2) and ar rang ing com mon terms, we fi -
nally ex press equation (1), in fre quency do main, as:

[ ]{ }- + + =w w w w2[ ] [ ] ( ) ( )M i C K a F . (4)

The so lu tion for equa tion (4) is given by

[ ]{ }a M i C F( [ ] [ ] (w) = -w w w)2 + +
-

K
1

 . (5)

Equa tion (5) is the so lu tion, in fre quency do main,
for a rigid body sys tem, which con tains six de grees of
free dom. Mass, damp ing and stiff ness ma trixes are pre -
sented in the fol low ing sec tions.

Stiff ness matrix

Let us re name the dis place ment vec tor as
 { } { , , , , , }d d d dx y z x y z

T= q q q  or { } { , }d d T= q , where 
d d d dx y z

T={ , , }  and q q q q={ , , }x y z
T . When a rigid

body ex pe ri ences a small ro ta tion, see fig ure 1a, dis -
place ment of the sprig Ki due to that ro ta tion can be ex -
pressed as dr ri i= ´q , where q q q q={ , , }x y z

T  is the ro -
ta tion vec tor and ri  is the po si tion vec tor of spring Ki.

Considering that h a b gi i i i={ , , } rep re sents the
spring vec tor of di rec tor co sines of the spring Ki, to tal
dis place ment of spring Ki is given by

d h qi i id r= × + ´[ ]. (6)

Thus, the force in the spring is

F d r Ki i i i i= × + ´h q h[ ] (7)

and the mo ment is

M r Fi i i= ´ (8)

The prod uct q´ ri  in ma trix terms is [ ]r q, where [r]
is the springs po si tion ma trix given as 

[ ]r

Z Y

Z X

Y X

i i

i i

i i

=

-

-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

0

0

0

. (9)

Force in the spring can be ex pressed as fol lows

F K d r Ki i i i i i i= × + ×( ) ( [ ] )h h h q h (10)

F K d K ri i i
T

i i i
T

i= +( ) ( [ ] )h h h q h (11)

F K d K ri i i i
T

i i i
T= +( ) ( )[ ]h h h h q (12)

and the mo ment is as

M r F r Fi i i
T

i= ´ =[ ] (13)

M K r d K r ri i
T

i i
T

i
T

i i
T= +[ ] ( ) [ ] ( )[ ]h h h h q (14)

Ex press ing equa tions (12) and (14) in ma trix form,

Figure 1. a) Rota tion of a rigid body; b) A spring Ki in the refe rence system
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or in its com pact form, the well-known ex pres sion of 

{ } [ ]{ }F K d= , where [ ]K  is the gen eral stiff ness ma trix.
Equa tion (15) or (16) rep re sents the sys tem with its six
de grees of free dom that de scribes the cou pled re sponse
of a rigid foun da tion sup ported by springs.

De vel op ing the stiff ness ma trix of equa tion (15),
one has in the equa tion (17).

Ro ta tional springs should be added di rectly to sub
ma trix K

qq
. As sum ing or thogo nal ori en ta tion of the

springs, as shown in fig ure 2, stiff ness ma trix of equa -
tion (17) can be sim pli fied. There fore, Kvz, Khx and Khy,
rep re sent ver ti cal and hor i zon tal springs, re spec tively.
Co or di nates and di rec tor co sines for each sprig are
shown in ta ble 1.
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a) b)

Figure 2. Ortho gonal orien ta tion of springs
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Stiff ness ma trix for each spring can be ex pressed as
shown in equa tions (18), (19) and (20) for springs in
“X”, “Y” and “Z” di rec tions, re spec tively.

K

Z Y

Z Z Z Y

hx

hx hy

hx hx hx hx

1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 2

-

-

-Y Y Z Y
hx hx hx hx

0 0 0 2-

é

ë

ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú

(18)

K

Z

Z X

Z Z Z Xhy

hx

hy hy

hy hy hy hy

0 0 0 0 0

0 1 0 0

0 0 0 0 0 0

0 0 0

0 0 0 0

2

-

- -

0 0

0 0 0 2X Z X Y
hy hy hy hy

-

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
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ú
ú
ú
ú

(19)

K
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Y Y X Y
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vz

vz vz

vz vz vz vz

vz

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0

0 0 0

0 0

2

-

-

- -X Y Xvz vz vz
2 0
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é

ë
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ù

û
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ú
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(20)

Rota tional springs

Ro ta tional springs are added di rectly to the stiff ness
sub-ma trix k

qq
, which is a part of the stiff ness ma trix.

Sub-ma trix k
qq

 is, equa tion (21).

K

K

K

x

y

z

q

q

q

0 0

0 0

0 0

é

ë

ê
ê
ê

ù

û

ú
ú
ú

(21)

Complete stiff ness matrix

The com plete stiff ness ma trix ref er enced to the or -
thogo nal sys tem is ob tained add ing the stiff ness
sub-ma trixes, for the lin eal and ro ta tional springs,
given in equa tions (18) to (21). There fore, the whole
stiff ness ma trix of the sys tem can be rep re sented as in
equa tion (22).

Table 1. Coor di nates and director cosines for ortho gonal orien ta tion of springs

Spring a i bi g i Xi Yi Zi

Khx 1 0 0 Xhx Yhx Zhx

Khy 0 1 0 Xhy Yhy Zhy

Kvz 0 0 1 Xvz Yvz Zvz

K xq 1 0 0 0 0 0

K yq 0 1 0 0 0 0

K zq 0 0 1 0 0 0



Damping matrix

282           Inge nie ría Inves ti ga ción y Tec no lo gía. Vol. XI. Núm.3. 2010 277-287, ISSN1405-7743 FI-UNAM

Matrix Formu la tion of Foun da tions for Vibra ting Machi nery in Frequency Domain

K

K K Z K Y

K K Z K X

K K Y

hx hx hx hx hx

hy hy hy hy hy

vz vz v

=

-

-

0 0 0

0 0 0

0 0 z vz vz

hy hy vz vz

hy hy

vz vz

x

vz vz

K X

K Z K Y

K Z

K Y

K

K Y X

-

- + + -

0

0

2

2

q

vz hy hy hy

hx hx vz vz vz vz vz

hx hx

vz vz

K Z X

K Z K X K Y X

K Z

K X

-

- - +0

2

2

0

+ -

- - -

K

K Y Z

K Y K X K Z X K Y Z

K

y

hx hx hx

hx hx hy hy hy hy hy hx hx hx

q

hx hx

z

hy hy

Y

K

K X

2

2

+

+

é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú

q

ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

(22)
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Sim i larly as the stiff ness ma trix was formed, and con sid er ing that the
dashpots are or thogo nally ori ented, the com plete damp ing ma trix is as in 
equa tion (23).
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Mass matrix and force vector

For the sys tem formed by the rigid body, springs and
dashpots, the mass ma trix can be as in equa tion (24).

where, m=mass of the in stru ment or equip ment on the 
foun da tion, B=half-width of the foun da tion, L=half-
 length of the foun da tion, A=height of the in stru ment
or equip ment.

Force vector

The equip ment sup plier usu ally gives the force vec tor
in the do main fre quency. A gen eral ex pres sion for the
force vec tor is given by { }F F F F M M Mx y z x y z

T
= , , , , , ,

where: 

Fx =hor i zon tal force in “X” di rec tion, 
Fy =hor i zon tal force in “Y” di rec tion, 
Fz =ver ti cal force in “Z” di rec tion, 
Mx =mo ment around “X” axis, 
My =mo ment around “Y” axis and 
Mz =mo ment around “Z” axis.

Nume rical example

In this sec tion we used the for mu la tion pre vi ously de -
vel oped in or der to show the in flu ence that one of the
im por tant fac tors has in the anal y sis and de sign of rigid 
foun da tions. This fac tor is the depth of embedment.
For sim plic ity rea sons we do not pres ent re sults re lated
to the in flu ence on the re sponse nei ther of soil in ter nal
damp ing nor of shear modulus.

K and C are func tions of fre quency w , soil prop er ties 
and area “Ac” of con tact be tween soil and foun da tions.
Other pa ram e ters re quired are: di men sions 2L and 2B of 
a rect an gle that en cir cles the foun da tion and in er tia
mo ments of Ac around X, Y and Z-axis.

For mu las for dy namic springs and damp ers, K and
C, are widely known (e.g. Arya et al., 1979), a de scrip -
tion of these for mu lae is be yond the scope of the

pres ent study. Once the val ues have been ob tained we
can cal cu late the dy namic spring and damp ers as a
func tion of the soil in ter nal damp ing and the fre quency 
of ex ci ta tion by us ing the fol low ing equa tions:

K K C( )b w b= - (25)

C C K( ) /b b w= +2  . (26)

Ex pres sions (25) and (26) are based on the viscoelas -
ticity prin ci ple. For a gen eral case, six pairs of equa tions 
like (25) and (26) should be cal cu lated to rep re sent the
six de grees of free dom of the sys tem, that is to say,
Kvz(b) and Cvz(b), Khy(b) and Chy(b), Khx(b) and
Chx(b), Kqx(b) and Cqx(b), Kqy(b) and Cqy(b), and
Kqz(b) and Cqz(b). These val ues are the in put to ar -
range the stiff ness and damp ing ma tri ces shown here.

Embed ment depth influence on 
rigid foun da tion response

This sec tion pres ents an ap pli ca tion of the pre vi ously
de vel oped for mu la tion by do ing a sen si tiv ity study
show ing the ef fect of embedment depth on dis place -
ment and ro ta tion re sponse. Usu ally, block foun da -
tions for ma chin ery are em bed ded in the soil from
H=0.20 m to H=0.50 m depth. The ef fect of embed -
ment depth in the re sponse is by an in crease of ri gid ity
and damp ing thus, dis place ment and ro ta tion am pli -
tudes are re duced.

In some cases, damp ing due to embedment may be
neg li gi ble how ever, the ef fect of the embedment depth
is rel e vant to the spring stiff ness val ues. Embedment
depth could lead to op er ate a ma chine near to its res o -
nance re gion and this could pro duce fail ure ef fects due
to the force pro duced by the ro tat ing com po nents.
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Re sults of a sen si tiv ity study show ing the ef fect of
the embedment depth in clay us ing the for mu la tion de -
vel oped here are pre sented in fig ures 3, 4 and 5. Re la -
tion ships pro posed by Arya et al. (1979) be tween su per -
fi cial and embeded springs and damp ers were used and
are shown in ta ble 2. The for mu las seen in ta ble 2 show 
the re la tion ship be tween the em bed ding co ef fi cients

(Kend and Cemb) and the non- em bed ding ones (Ksup
and Csup). The in put data for soil, foun da tion and ma -
chine used in this study is pre sented in ta ble 3. Co ef fi -
cients for dy namic springs and damp ers are also shown
in ta ble 4. rep re sents the Pois son ra tio used for the
calculations.
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Table 2. Rela tions between stiff ness and damping for foun da tions 

surface overl ying and foun da tions embed ding

Mode Kemb/Ksup Cemb/Csup
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Table 3. Soil, Foun da tion and Machine data for the sensi ti vity study

Soil Data Foundation Data Machine Data Units

(internal damping)= 0.03 B (width) = 0.50 HIGH = 0.5 Tons.

(volumetric weight)= 1.6 L (large) = 1.00 WEIGHT= 2.5 Meters

G (shear modulus)= 14060 A = 0.50 MASROT = 0.015 Seconds

(Poisson ratio)= 0.33 L/B = 2.0 EXCENTRIC. = 0.08

Vs (shear speed)= 293.69 H (embedding depth)= variable

Table 4. Coef fi cients for dynamic springs and dampers for the embed ment depth sensi ti vity study

Coefficient
Machine operation velocity (RPM)

500 1000 1500 2000 2500 3000 3500
a0 0.090 0.180 0.270 0.360 0.460 0.540 0.620

kvz 1.000 1.000 0.990 0.980 0.970 0.960 0.940
khy 1.000 1.000 1.000 1.000 1.000 0.995 0.990
kqx 1.000 0.995 0.980 0.960 0.940 0.925 0.915
kqy 0.980 0.950 0.920 0.890 0.860 0.850 0.820
kqz 0.990 0.995 0.980 0.975 0.960 0.945 0.940
cvz 0.980 0.990 1.000 1.000 1.000 1.000 1.000
chy 1.000 1.000 1.000 1.000 1.000 1.000 1.000
cqx 0.030 0.090 0.110 0.180 0.210 0.270 0.330
cqy 0.020 0.060 0.130 0.210 0.310 0.390 0.460
cqz 0.020 0.080 0.120 0.200 0.300 0.350 0.400
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Re sults ob tained from the embedment depth sen si -
tiv ity study are as fol lows; fig ure 3 shows the in flu ence
of the embedment depth in the hor i zon tal dis place -
ment “dy”, it can be seen that the re sponse of the sys -
tem is highly con trolled by the embedment depth and

res o nant peaks are ob served at 2500 and 3000 RPM.
Fig ure 4 shows ver ti cal dis place ments “dz”, it is clear
that for deeper embedments, ver ti cal dis place ments are
di min ished. Fi nally, fig ure 5 shows that the embed -
ment depth also leads to re duce the ro ta tions.
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Figure 3. Embed ment depth influence on displa ce ment ‘dy’

Figure 4. Embed ment depth influence on displa ce ment ‘dz’

Figure 5. Embed ment depth influence on rota tion around ‘x’



Conclu sions

The well known prob lem of a vi brat ing struc ture and
its soil in ter ac tion re sponse has been solved with a
novel math e mat i cal ma nip u la tion that leads to a for -
mu la tion of mul ti ple ap pli ca tions. These ex pres sions
al low de ter min ing the re sponse of rigid bod ies on elas -
tic damped foun da tions con sid er ing the foun da tion re -
stric tion ef fects act ing si mul ta neously in all di rec tions;
this means that a cou pled dis place ment re sponse con -
sid er ing six de grees of free dom is ob tained. The re -
sponse of the sys tem in terms of dis place ments and ro -
ta tions is de ter mined for a de fined set of fre quen cies.
Thus, re sponse can be com pared with op er a tional dis -
place ment and ro ta tion lim its. More over, this for mu -
la tion may be use ful for de ter min ing cou ple re sponse
of rigid foun da tions in clud ing the cases where springs
or dashpots are not or thogo nally ori ented. The for mu -
la tion is ma trix based thus; it can be computationally
pro grammed for in dus trial ap pli ca tions. As an ap pli ca -
tion, the ef fect of embedment depth was de ter mined
in a sen si tiv ity study and its rel e vant ef fects were
pointed out.
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