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Abstract 

A solution to increase fuel economy in Hybrid Electric Vehicles derived from 
physical characteristics of the vehicle, the powertrain and the control strate-
gy is presented. A heuristic Control Map is created to analyze the restric-
tions and benefits of using either of the onboard power plants under different 
driving conditions. The control strategy follows the Control Map with a lo-
gic that responds to the Battery State of Charge. Finally, a case study de-
monstrates the increase in fuel economy and charge sustainability; here, the 
variables studied are submitted to a Multi-Objective Genetic Algorithm Op-
timization. 
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Introduction

Hybrid Electric Vehicles (HEVs) have emerged as an al-
ternative to reduce fuel consumption and pollutant 
emissions while maintaining vehicle performance. The 
first attempts to optimize HEV’s performance focused 
on proper selection of the Powertrain (PT) components, 
such as the Internal Combustion Engine (ICE), Electric 
Motor (EM), battery pack and transmission (Liang et al., 
2000). Recent work also improves the Control Strategy 
which regulates the energy flow between prime mo-
vers, transmission, batteries and wheels to accomplish 
driver demand (Morteza et al., 2006; Amr et al., 2006; 
Kyoungcheol et al., 2007; Pezzini et al., 2000).

In this paper a Control Strategy for a parallel HEV is 
proposed. This strategy uses a control map and a set of 
conditions that respond to the Battery State of Charge 
(SOC) to improve fuel efficiency. The main input con-
trol variables are power demanded, vehicle’s speed and 
the battery SOC. The control map is based on the Basic 
Engine Operating Line (BEOL) and transmission kinema-
tics (Koichiro et al., 2004).  The novelty of this control 
map is that it clearly identifies important considera-
tions, among others, in which cases the ICE must opera-
te in low efficiency conditions without being substituted 
by the EM or when the capacity to charge the battery is 
restricted. All of these happen while fuel consumption 
is minimized, vehicle’s performance is kept and charge 
sustainability is guaranteed.

This work is composed of the following sections:

□	 The section on the flexible transmission presents the 
hardware configuration of the PT outlining the 
transmission.

□	 The section about control strategy describes the novel 
Control Map developed with velocity and power as 

coordinate axes. Each area of the Control Map co-
rresponds to a specific HEV operating mode with its 
own energy flow characteristics.

□	 The section on the electric system presents its main 
characteristics and introduces the strategies to 
achieve charge sustainability, with battery life ex-
pectancy in mind.

□	 The section on optimization is a case study, where 
dynamic characteristics of a commercial vehicle are 
used with the PT parameters and Control Strategy 
variables submitted to a Multi-Objective Genetic Al-
gorithm (MOGA).

Characterization of the flexible transmission

The PT of a HEV must be capable of managing energy 
from two power sources and deliver it to the wheels; 
the selected configuration analyzed in this study is 
shown in Figure 1.

            Figure 1. Schematic diagram of the Powertrain   
            configuration selected for the HEV studied

Descriptores: 

•	 Vehículo Eléctrico Híbrido
•	 estrategia de control
•	 optimización heurística
•	 optimización multi-objetivo

Resumen

Se presenta una solución para incrementar la economía de combustible en Vehículos 
Eléctricos Híbridos derivada de las características físicas del vehículo, el tren de po-
tencia y la estrategia de control. Se crea un mapa de control heurístico para analizar 
los beneficios y restricciones al utilizar las plantas de potencia instaladas en diferen-
tes condiciones de manejo. La estrategia de control utiliza el Mapa de Control aso-
ciado a una lógica que responde al estado de carga de las baterías.  Finalmente, en un 
estudio de caso se demuestra el incremento en la economía de combustible y la sus-
tentabilidad en la carga de las baterías; aquí, las variables estudiadas se someten a un 
algoritmo de optimización multi-objetivo. 
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Operation modes of the flexible transmission  
with the PT

This transmission is composed of a Planetary Gear Set 
(PGS), a Continuous Variable Transmission (CVT) and a 
Simple Train (ST). The ST has an idle gear to make the 
ICE, the sun and the ring spin in the same direction. 
This PT configuration was selected because it allows 
each power source to work independently or together. 
Additionally, this configuration also permits the reco-
very of energy from the wheels; therefore this HEV is 
capable of operating in conventional, electric, series hy-
brid or parallel hybrid mode (Anderson, 1999). 

□	 Conventional: In conventional mode the EM is not 
used. The ICE supplies all required power to accom-
plish the drive cycle demand and all excess energy 
generated is sent to charge the batteries as defined 
by the control strategy (Salmasi, 2007). The mecha-
nical energy flow goes as follows: the ICE is enga-
ged to the CVT, the energy passes to the ring of the 
PGS through the ST and the ring of the PGS is con-
nected to the differential which distributes the ener-
gy to the wheels.

□	 Electric: In electric mode the power to move the ve-
hicle is provided by the batteries through the EM. 
The mechanical energy flow goes as follows: The 
EM is engaged to the carrier with a mechanical re-
duction, its energy is split to the sun and the ring 
gears of the PGS. The energy that goes to the sun is 
also transmitted to the ring through the CVT and 
the ST. The energy transmitted to the ring passes to 
the wheels through the differential. While in rege-
nerative breaking the energy flow inverts and the 

EM works as a generator sending back part of the 
vehicle´s kinetic energy to the batteries.

□	 Series hybrid: In series hybrid mode, the vehicle 
works as in electric mode, but instead of using the 
battery energy, the ICE, through the alternator, pro-
vides electrical energy to the EM and recharges the 
batteries. This mode works when the rotational 
speed of the ICE is below the adequate efficiency to 
be connected to the wheels; hence it is used to in-
crease the Battery State of Charge (SOC).

□	 Parallel hybrid: In parallel hybrid mode, the ICE and 
EM work together. The ICE is connected to the shaft 
of the sun gear and defines the rotational speed of 
the ring gear through the CVT and the ST. As the 
ICE sets two degrees of freedom for the PGS, the 
rotational speed of the arm is defined, and therefo-
re, the angular velocity of the EM and the rotational 
speed of the wheels. In this mode, the EM adds tor-
que to accomplish the drive cycle demands.

Analysis of the PT parameters in energy  
transformations

The mechanical energy transformation from the power 
sources to the wheels is characterized by equations 1, 2, 
3 and 4. These are derived from: equilibrium equations 
of the PGS, the Willis equation (Santoro, 2000) and the 
kinematic relationship between  wcarrier and wsun through 
the CVT and the ST which force the carrier and the sun 
to spin in the same direction; see appendix 3 for a detai-
led explanation. Table 1 shows the definitions for each 
of their variables.

Variable Definition

Twheels , ωwheels Torque and angular velocities of traction wheels

Fbelt CVT belt force

τcvt Torque ratio among CVT’s pulleys (TCVT_output/TCVT_input)

RST
Velocity ratio between the PGS ring and the output pulley of the 
CVT

τCEM
Torque ratio between the carrier of the PGSand the EM shaft  
(Tcarrier/TEM)

n Ratio Nring/Nsun of the PGS, where Nring is the number of teeth in the 
ring gear and Nsunis the number of teeth in the sun gear

Ccvt Sum ofradii of pulleys in the CVT.
τdif

TICE

TEM

wICE

wEM

Torque ratio of the differential
Torque of ICE
Torque of EM
Angular velocity of ICE
Angular velocity of EM

Table 1. Transmission parameters with 
their definitions
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                                    (1)

                      (2)

While ICE is coupled to the Wheels,

                                          (3)

When the ICE is not coupled to the wheels,

                             (4)

Due to the CVT’s belt force limitations it is a design 
priority to minimize the strength to which it is submit-
ted (Gomez et al., 2004). Equation 1 shows an inverse 
relationship among Fbelt , n and Ccvt alike. It can also be 
observed that an increase in τcvt, causes an increase in 
Fbelt. 

Therefore, to protect the belt it is necessary to se-
lect a CVT with high overdrive and limited underdri-
ve (0.5 < τcvt < 2.5). Concerning n, the highest possible 
value must be selected. Finally, a CVT with the grea-
test Ccvt permitted by space and manufacturing must 
be selected.

Equation 2 shows that it is not easy to evaluate the 
influence of τ cvt,  RST and n in torque transformation 

from power sources to the wheels. As it has been esta-
blished the n must be increased as much as possible. To 
do this an algorithm in Matlab® that evaluates the tor-
que transformation from the power source to the 
wheels in tentative range within values for τcvt and RST 

is used. 
For the analysis, the following ranges of values are 

used: TEM = 100 Nm, TICE = 100 Nm, τdif = 3, τCEM = 1, n = 4, 
0.7 < τcvt < 4 and 0.7 < RST < 1.3. Figure 2 is obtained from 
this analysis.

It can be observed that lower values of RST and hig-
her values of τcvt both increase Twheels and that the in-
fluence of τcvt is higher than the influence of RST, 
especially when operating in underdrive conditions. 
Therefore it is recommended to set the value of RST < 1 
and it is concluded that the main torque multiplier 
available is τcvt.

Equation 3 applies when the HEV works in conven-
tional or hybrid parallel modes. It shows that the CVT 
couples the rotational speed of the ICE and the wheels 
because all other parameters are fixed once the trans-
mission is built.

Equation 4 is valid when the vehicle works in elec-
tric or hybrid series mode. Once the ranges of values for 
RST, n and τcvt have been established, the τCEM  is left to be 
defined. Variable τCEM fixes the top angular velocity of 
the EM with the vehicle’s top speed where the EM can 
assist the ICE. This speed is defined in the following 
section.

The previous analysis produces Table 2, defining 
each transmission parameter and their proposed  
ranges.

1
1

CEM cvt
belt ICE EM

cvt

F T T
n C
τ τ  +

= + + 

( )
( )1

CEM ST cvtcvt
wheels ICE EM dif

ST ST

R n
T T T

R R n
τ ττ

τ
 +

= + ⋅  + 

1ST
wheels ICE dif

cvt

R
w w τ

τ
- 

= ⋅ 
 

( )
( )

11ST
wheels EM dif

CEM ST cvt

R n
R n

w w τ
τ τ

-
 +

= ⋅  + 

Figure 2. Analysis results of the influence of the parameters τcvt 
and RST on energy transformation from the power sources to the 
wheels

Variable Range Objective

n 4 To lower Fbelt.  Top range value limited by 
manufacturing

RST 0.5-1 To increase Twheels

τcvt 0.5-2.5 To not increase Fbelt and couple ωICE with ωwheels 
for different drive demands

τCEM . . . To modify the HEV’s top speed where the 
EM can assist with power

Ccvt 0.5-0.6 To lower Fbelt and stay within manufacturing 
and available space

Table 2. Preliminary range values for the transmission 
parameters
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Control strategy based on the PT parameters and 
fuel economy

Construction of the Control Map

             
             Figure 3. Control Map: Schematic representation 
             that shows the influence of the PT parameters in 
             the operating modes of the HEV and the limits of 
             the electric energy flow 

Given the values of the PT parameters it is possible to 
generate each curve of the graph Power (W) vs. Speed 
(V) shown in Figure 3.

□	 Curve Pmin corresponds to the minimum power to 
start the ICE mechanically connected to the wheels. 
This control parameter seeks to improve fuel eco-
nomy by shutting down the ICE under low power 
demand conditions.

□	 Curve Pmax corresponds to the top power the ICE 
can deliver (factory data).

□	 Curve PEM represents the maximum power the EM 
can deliver as a function of the vehicle’s speed (V).

□	 Curve P1 is a function of V that gives the minimum 
power that the ICE can deliver working on its Basic 
Engine Operating Line (BEOL) (Koichiro et al., 
2004; Morteza et al., 2006), corresponding to the mi-
nimum τcvt.

□	 Curve P2 is a function of V that gives the maximum 
power the ICE can deliver working on its BEOL, co-
rresponding to the maximum τcvt.

□	 Curve P3 is the sum of curves P2 and the nominal 
power of the EM, resulting in the total available 
power at V. 

□	 Vertical line Vmin represents the minimum required 
velocity to connect the ICE to the wheels (Morteza et 
al., 2006).  It passes through the intersection of Pmin 
and P2.

□	 Curve VE represents the top speed selected for 
which the EM can deliver power.

Curves P1 and P2 are explained by the BEOL of the ICE, 
which states that for each ωICE there is one optimal , the-
refore there is one optimal power. From this, ωICE(P) 
gives the angular velocity of the ICE as a function of 
power demanded which multiplied by Equation 3 and 
the wheel radius (rwheel) creates a relationship among 
power demanded, ωICE  and vehicle speed that depends 
on the BEOL and the instantaneous τcvt value. If we con-
sider that once the HEV is built, the only variable not 
fixed is τcvt and that its value must fall between its two 
limits (overdrive and underdrive) we get to the next 
equations for P1 and P2 (Note: The independent variable 
is power and the dependent variable is speed):

                                     (5)

                                   (6)

Where P1(P) and P2(P) are speed limits (maximum and 
minimum) of the vehicle for each power delivered by 
the ICE while it works on its BEOL.

The Control Map and the operation modes

The Control Map curves create areas that are closely re-
lated to the operation modes of the HEV.

Curves PEM, Vmin, VE and Pmin create area HS. In HS 
the HEV operates in hybrid series or electric modes. 
Once the PT is designed and build, the only parameter 
left to be modified by the control strategy is Pmin. When 
Pmin is increased it intersects P2 at a higher V, moving 
curve Vmin to the right, therefore the HS area is increa-
sed as well as the hybridization grade.

Curves P1, P2, Pmin, VE and Pmax create areas C1 and 
C2. In these areas the HEV works in conventional mode 
and the ICE operates on its BEOL. C1 and C2 are areas 
with minimum loss of energy. The difference between 
C1 and C2 resides on the capacity of the EM to assist the 
ICE.  In C1 the EM is able to provide torque, but in C2 
the ωEM is greater than the top angular velocity at which 
the EM can provide torque, therefore, the ICE must ge-

( ) ( )1
_ min

ST wheel
ICE

cvt dif

R r
P P Pw

τ τ
=

( ) ( )2
_ max

ST wheel
ICE

cvt dif

R r
P P Pw

τ τ
=
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nerate all power required to fulfill the drive cycle de-
mand.

Curves P1, Pmin and VE define area C3 and curves P1 
and VE delimit area C4. In C3 and C4 the HEV operates in 
conventional mode, but the ICE does not work on its 
BEOL. In these zones the CVT does not have enough 
overdrive and the ICE must deliver less torque than the 
torque marked by the BEOL, therefore fuel consump-
tion increases per work done. The difference between 
C3 and C4 is marked by the capacity of the EM to provi-
de torque. 

Curves P2 , P3 , Vmin and Pmax are the limits of area HP. 
In HP the HEV operates in hybrid parallel mode. In this 
mode, the Control Map lets us know the top power that 
the ICE can deliver and the power the EM must genera-
te to accomplish the drive cycle. For example, using 
Point I in Figure 3, if the vehicle speed is 60 km/hr and 
the drive cycle requires 80 kW the map shows that the 
ICE can deliver 60 kW and the EM must generate 20 
kWmore to accomplish the 80 kW demanded.

Control Map modification

When RST is increased P1 and P2 slopes decreases in the 
Control Map and the intersection between P2 and Pmin 
move to a higher V, therefore Vmin is moved to the right, 
increasing HS area.

From Equation  5 and Equation 6 the next equation 
is obtained:

                                               (7)

Equation 7 demonstrates that with a larger CVT range, 
the difference between the slopes of curves P1 and P2 

increases, therefore areas C1 and C2 would be larger. 
Under this condition the ICE would be able to operate 
on its BEOL over a wider range of speed and power.

Curve VE establishes the limits at which the EM can 
deliver torque. This situation is explained in Equation 4 
by multiplying the wheel radius and solving for ωEM. 
When τCEM is changed, the curve VE moves horizontally 
and modifies PEM curve and the EM efficiency as a 
function of V.

The Control Map and fuel economy

Each operating mode has advantages and disadvanta-
ges. The conventional modes in areas C1 and C2 of the 
Control Map are the best, but as seen before, the CVT 
belt´s strength constrains them. On the other hand, the 
EM allows for a reduction in the size of the ICE which 

shuts it down under non-efficient conditions. Unfortu-
nately, the EM usage has a high cost on efficiency, due 
to several energy transformations required to convert 
the fuel’s chemical energy into mechanical energy by 
the EM (Freyermuth et al., 2008; Salmasi, 2007). The Pmin 
value can be modified by the control strategy. This ac-
tion considerably changes the area of HS. This parame-
ter can be used to set the preference to either use the EM 
or the ICE under low speed and low power demand 
situations (Morteza et al., 2006) or when the HEV opera-
tes on C3 zone. For these reasons Pmin is a decision varia-
ble of the optimization.

The transmission design must find a balance bet-
ween the areas HP and C 3,  because, while the HEV 
works within HP the EM must be used (with a conse-
quent lower efficiency), but if the RST value is modified 
to cover those operating points within C1, then C3’s area 
must increase and the ICE will work mostly under con-
ditions out of its BEOL increasing fuel consumption. 
This situation must be balanced to find the best RST va-
lue. For this reason RST is another decision variable of 
the optimization.

Another transmission parameter that must be defi-
ned and optimized on the design stage is the VE value. 
If VE is low the EM may stop working before achieving 
the speed required by the ICE to deliver its full power, 
leaving the HEV with less power available on a range of 
V. The inverse situation would happen if the VE value is 
too high. About this, it should be noted that change in 
the value of VE modifies the operative points of the EM, 
which changes the efficiency of the EM. This contribu-
tes to change the fuel economy. For this reason VE is a 
decision variable used for the optimization.

Control Map and electric energy flow

Points I, II and III shown in Figure 3 represent situa-
tions where the vehicle can use or store electric energy. 
On point I the vehicle must use electric energy. On 
Points II and III the ICE can produce additional energy 
to charge the batteries (Morteza et al., 2006). In these si-
tuations the Control Map provides the information re-
quired to calculate how much energy can be used or 
sent to the batteries.

Point I is in HP, therefore the EM must assist the ICE. 
The power required from the EM can be calculated by:

PEM (t) = P(t) - P2 (t)                                         	 (8)

Point II could be either in C1 or C2. In these areas, the 
maximum energy the ICE can provide to charge the ba-
tteries is given by the equation:

( ) ( ) _ max
1 2

_ min

cvt

cvt

P P P P
τ
τ

=
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PMaxChg (t) = P2 (t) - P(t)                              	 (9)

For Point III, the excess energy the ICE needs to genera-
te and still work on its BEOL is given by the equation:

PChg2BEOL (t) = P1 (t) - P(t) 		  (10)

Where P(t) is the power required by the cycle at time (t), 
P1(t) and P2(t) are the power values in which curves P1 
and P2 of the Control Map are intersected by a vertical 
line projected from the instantaneous velocity of the ve-
hicle V(t). P1(t) and P2(t) represent the minimum and 
maximum power the ICE can deliver at any given speed 
on time (t), while working on its BEOL.

It has been proved that the Control Map provides 
information required to know the ICE’s limits to charge 
the batteries, which is information that needs to be con-
sidered but that does not provide the optimum values. 
For this reason the charge strategy, with its decision va-
riables to be optimized, is presented in the next section.

Electric system

The HEV must have an electric system that feeds the 
EM. The main elements of this system are: the EM 
which can work as generator, one alternator, a Power 
Electronics Control Unit (PECU) and a battery pack. 
The battery pack selected is Ni-Mh because of its suc-
cessful use in commercial HEVs (Mihalic et al., 2002). 
The battery pack and the alternator must be able to feed 
the top EM demand of electricity.

Table 3 shows the charge strategy for each area of 
the Control Map created by the conditions required to 
charge the batteries, the amount of power used for this 
purpose, the constraints that need to be considered and 
the device to be used. The goals of the charge strategy 
proposed are: to keep the SOC between the limits desi-
red, to not exceed the peak battery charge power, to in-
crease the useful battery life, to operate the ICE close to 
its BEOL when charging batteries and to avoid starting 
the ICE only to charge batteries. With regenerative 
breaking it is expected to recover as much energy as 
possible without overcharging the battery pack.

The charge strategy uses three SOC values to decide 
when to charge the battery. These SOC values are:

LIB1: This value is set to 55% of SOC, if this value is 
reached the control system increases SOC to LIB2.

LIB2: This value is between 56% and 80% of SOC. 
This limit is used when operating in C1, C2 or HS.

LIB3: This value is between LIB2 and 80% SOC. This 
limit is used when operating in C3, C4 or when opera-
ting in regenerative breaking.

Variable PAlt defines how much power the ICE must 
generate with the purpose to charge the battery when 
the operation is in any Cx area of the Control Map. A 
constraint of the charge strategy is that the electric 
power used to charge the batteries should never exceed 
4 times the nominal battery power (4C). The value 4C 
seeks to avoid damage and is obtained from the avera-
ge of two commercial HEV charge power related to 
their nominal battery power (Kelly et al., 2002). A se-
cond constraint is given by Equation 9; LIB2, LIB3 and 
PAlt are decision variables of the optimization.

Optimization

In this study, the optimization algorithm considered is 
based on genetic algorithms, which are inspired in the 
theory of Darwin, survival of the fittest. Due to the na-
ture of the multi-objective problem, the multi-objective 
genetic algorithm (MOGA), proposed in Fonseca and 
Fleming, 1995, is employed. The MOGA explores the 
relevant trade-offs between multiple objectives. This 
formulation maintains the genuine multi-objective na-
ture of the problem, in which no single solution exists. 
Instead there is a set of equally valid solutions, known 
as Pareto front solutions or non-dominated solutions. 
MOGA use standard genetic algorithm operators (se-
lection, crossover and mutation) and other operators to 
manage the Pareto front, the ones incorporated in this 
algorithm uses: Pareto ranking, fitness sharing and ma-
ting restriction. The design philosophy of MOGA is to 
develop a population (potential solutions) of Pareto 
front or near Pareto-optimal solutions whilst maintai-
ning the independence of the objectives throughout the 
optimization process. It is free-derivative and the mo-

Charge strategy Charge while… Charge power Charge limit Device
Reg. breaking P(t) < 0 and SOC < LIB3 P(t) 4C EM

HS SOC < LIB2 4C-P(t) 4C Alternator
C1 SOC < LIB2 PAlt Eq. 9 and 4C EM
C2 SOC < LIB2 PAlt Eq. 9 and 4C Alternator
C3 SOC < LIB3 PAlt 4C EM
C4 SOC < LIB3 PAlt 4C Alternator

Table 3. Battery charge strategy
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del used to evaluate fitness of the individuals is treated 
as a black-box.

This section discusses the relevant findings derived 
from the MOGA.  All simulations done are under qua-
sistatic conditions; the efficiencies of the ICE and EM 
are considered from its efficiency charts; the efficiencies 
of the PECU and the alternator are fixed to be 90 and 85 
percent respectively; the battery pack efficiency is set to 
64% (Panasonic, 2008) efficiencies of all other elements 
are not considered. The driving cycle is constructed 
adding 5 consecutive UDDS cycles with 3 consecutive 
HWFET cycles (Sovran et al., 2006), see Appendix 2. All 
efficiency charts and drive cycles were obtained from 
the Advisor® database. The vehicle chosen was a Dod-
ge Ram Pick-up truck with 2800 kg of net mass and a 
battery pack of 3 kW-hr of storage capacity. The ICE 
selected is a Mercedes 1.7L Diesel and the EM is a Uni-
que Mobility 32-kW continuous, 53-kW intermittent 
permanent magnet motor. The sizes of the EM and ICE 
are close to the best selection for the type of vehicle cho-
sen (Cook et al., 2007). All simulations are done with 
Matlab® based software developed by the authors. The 
optimization of the two objective functions with their 

decision variables are shown in Table 5. The optimiza-
tion parameters are conformed of 100 generations with 
100 individuals each.

The multi-objective optimization problem is simul-
taneously

Minimize Function 1: Petrol [g] = F [VE, RST, Pmin1,Pmin2, 
LIB2(SOC),LIB3(SOC), PAlt]and 

Maximize Function 2: Bat [W-hr] = F [VE, RST, 
Pmin1,Pmin2, LIB2(SOC),LIB3(SOC), PAlt].

Petrol [g] is total fuel consumption at the end of the 
drive cycle and Bat [W-hr] represents the final SOC at 
the end of the drive cycle. 

The decision variables of the optimization with their 
boundaries are shown in Table 4. A run of 100 genera-
tions, with a population of 100 individuals each, was 
carried out as outlined. The number of generation was 
decided based on observation that no improvement 
was achieved after 100 of them. The optimal Pareto 
front set found is plotted in Figure 4.  There, each indi-
vidual with final SOC below the initial SOC (1600 W-hr) 
is charge decreasing, any above is charge increasing 
and charge sustainable is when the final SOC equals the 
initial one.

Decision Variable Lower 
bound

Upper 
bound Units

VE (top speed selected for which the EM can deliver power) 26 45 m/s

RST (velocity ratio between the PGS ring and of the CVT) 0.5 1.0

Pmin1 (minimum power to start the ICE from 0 to 36 km/hr) 8200 20000 W

Pmin2 (minimum power to start the ICE above 36 km/hr) 0 25000 W

PAlt (power of the ICE to charge the batteries) 0 13000 W

LIB2 (value of SOC between 56% and 80%) 56 80 %

LIB3 (value of SOC between LIB2and 80%) LIB2 80 %

Table 4. Decision variables of the 
optimization and their boundaries

Figure 4.  From the optimization, the Pareto front set individuals 
are shown with points, those individuals joined with lines form 
a curve linearly extrapolated that is above all other individuals 
(Individuals on Table 5). With Xs being the non-dominated 
solutions of a subset of individuals with RST = 0.64 ± 0.01 and 
VE = 38.5 ± 1.0 m/s. From them, those joined with dash line 
are individuals shown on Table 7
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The objective to analyze the information derived 
from the non-dominated solutions is to evaluate the ca-
pacity of the control strategy to change the operation of 
the vehicle from charge depleting to charge increasing, 
while its efficiency is kept as close as possible to the Pare-
to curve (Fang et al., 2011).  First of all, some of the Pareto 
individuals are characterized, then the relative efficiency 
of working at different points of the Pareto front set is 
evaluated, later the influence of the decision variables 
that cannot be changed once the transmission is build, 
and lastly, the influence of the variables that the control 
system is able to change (Xiaoling et al., 2004).

Values for some individuals of the Pareto front set

Table 5 shows the objective functions and decision va-
riable values for individuals of the Pareto front set mar-
ked with numbers on Figure 4. Curve Pmin of the Control 
Map is represented by two values that cover different 
ranges of speed, Pmin1 from 0 to 36 km/hr and Pmin2 above 
36 km/hr. This is done to create more flexibility to the 
optimization algorithm.

Relative efficiency analysis

Since the energy requirement to fulfill the drive cycle is 
the same for each simulation and each individual in Ta-
ble 5 with final fuel consumption and a unique final 
SOC, it is possible to create Table 6. The second and 
third columns of Table 6 show the difference in fuel 
consumption and the battery charge between successi-
ve individuals in Table 5. The fourth column is the ratio 
between column 2 and column 3. It can be observed 

that the ratio ranges from 226.4 g/kW-hr to 555.4 g/kW-
hr. From the efficiency chart of the ICE, it is known that 
at least 220g of fuel are required to generate 1 kW-hr of 
work. This value is used to calculate the efficiency of 
the transformation of that mechanical energy to energy 
stored in the battery pack at the end of the simulation 
(shown in column 5). Table 6 shows that as more charge 
increasing the vehicle works, the fuel cost of the final 
energy stored in the battery pack increases. As a result, 
the control system should try to avoid keeping the ve-
hicle working over a charge increasing condition. 
Another aspect to consider is that a charge decreasing 
strategy is more fuel efficient, but requires additional 
hardware to convert the HEVs into a Plug-in HEV 
(Xianjing et al., 2010).

Analysis of physically constrained variables

Even though the Pareto front set shows optimal solu-
tions for the vehicle operation (ranging from charge de-
pleting to charge increasing), in reality it is not possible 
for the PT to operate along it. The reason is that RST and 
VE will be fixed once the transmission is build and as 
seen in Table 5 these variables values change. It is pos-
sible to modify the PT design to let these parameters 
change with 2 more CVTs. Unfortunately this would 
increase the complexity of the control system, manufac-
turing cost and maintenance, therefore this option is 
discarded in this paper. Instead of trying to develop a 
more complex PT, an intensive search among all indivi-
duals of the genetic optimization was done to find a 
pair of values for RST and VE that produce a curve close 
to the Pareto front set. The search allowed for variations 

Individual

Objective functions Decision variables
Petrol 

[g]
Bat 

[W-hr]
VE

[m/s] RST
Pmin1 
[W]

Pmin2

[W]
PAlt

[W]
LIB2

[%]
LIB3

[%]
1 4661.6 1702.9 26.0 0.738 8247 6574 739 77.6 79.7
2 4703.6 1888.2 39.1 0.706 8359 6320 738 62.4 67.6
3 4723.3 1960.4 37.5 0.709 8267 6119 758 65.4 78.2
4 4729.2 1982.1 37.5 0.709 8267 6103 758 65.4 77.5
5 4838.5 2329.4 26.0 0.698 8291 6011 1155 79.97 79.99
6 4873.7 2405.3 39.0 0.649 8227 6272 1155 79.97 79.97
7 4891.4 2437.3 30.6 0.634 8251 6359 1155 79.97 79.98

Table 5. Objective functions and decision 
variables values for some individuals of 
the Pareto front set

Element
∆Petrol

[g]
∆Bat. Energy 

[kW-hr]
∆Petrol

∆Bat. Energy
Efficiency

[%]
1 -- -- -- --
2 41.9 0.1852 226.4 97.11
3 19.6 0.0722 272.4 80.74
4 5.97 0.0215 276.2 79.55
5 109.2 0.3473 314.4 69.96
6 35.2 0.0758 463.9 47.42
7 17.7 0.0319 555.4 39.61

Table 6. Relative change of efficiency in the accumulation of 
energy in the battery pack at the end of the simulation
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of ±0.01 for RST and of ±1 m/s for VE. The best pair of 
values found was: RST = 0.64 ± 0.01 and VE =38.5 ± 1m/s. 
A comparison between the Pareto front set and the best 
sub-set with RST and VE fixed is shown in Figure 4.

Analysis of physically unconstrained variables

Once the values of RST  and VE are fixed, the values of the 
other variables can be modified by the control system. 
Table 7 shows the values of the objective functions and 
decision variables of the individuals marked by dashed 
lines on Figure 4.

From Table 7 we can appreciate that decision varia-
bles which modify the areas of the Control Map do not 
change significantly (VE, RST, Pmin1); instead, the condi-
tions for charging the battery pack (PAlt, LIB2 and LIB3) 
and Pmin2 are modified. Figure 5 shows the normalized 
behavior of the variables of those individuals in Table 7 
that changes more than 5 percent.  

Figure 5 shows that for charge decreasing (indivi-
dual 1), the values for PAlt, LIB2 and LIB3 are the lowest 
and Pmin2 is the highest.  

As the operation of the vehicle moves from charge 
decreasing to charge increasing, the parameter PAlt in-

creases gradually and the conditions for charging the 
battery pack become less restrictive. First of all, the va-
lue of LIB3 increases which means that more charge can 
be accepted on C3 and C4, but still at a low rate. Second, 
LIB2 increases resulting in more energy accepted in C1 
and C2 by the battery.

One relevant observation is that the use of the EM 
does not have significant changes (Pmin1 and Pmin2). This 
means that to increase energy in the battery pack the 
right strategy is to increase the electric energy genera-
ted by the ICE (PAlt), instead of restricting the use of the 
EM. On the other hand, if more “free” electrical energy 
is available (down hills, charge decreasing strategy as 
with a Plug-in HEV) the first strategy would be to redu-
ce the generation of electrical energy with the ICE to 
charge the batteries (Xianjing et al., 2010). But, if the 
SOC gets close to LIB 3,  then the EM needs to be used 
more frequently under conditions of increase the Pmin 
value (HS area increases). 

It is clear that PAlt has a strong impact in moving 
from charge depleting to charge sustainable and that 
the restrictions to send energy to the battery become 
gradually less restrictive to move from charge deple-
ting to charge increasing. 

Objective functions Decision variables
Individual Petrol [g] Bat [W-hr] VE [m/s] RST Pmin1 [W-hr] Pmin2 [W-hr] PAlt [W-hr] LIB2[%] LIB3[%]

A 4687.3 1741.6 39.1 0.634 8402 6843 434 67.2 69.1
B 4714.5 1861.4 39.1 0.634 8403 6636 480 67.2 69.1
C 4731.8 1934.0 39.1 0.646 8355 6858 739 67.6 78.9
D 4762.7 2046.3 39.3 0.647 8319 6307 683 67.6 77.8
E 4786.9 2133.6 39.1 0.649 8342 6307 797 79.4 79.6
F 4873.7 2405.3 39.0 0.649 8227 6272 1155 79.9 79.9
G 4895.2 2444.0 38.8 0.640 8319 6264 1195 79.9 79.9

Table 7.Values of decision variables that belong to the closest sub-set found to the Pareto front set

Figure 5. Normalized behavior of decision variables with more 
than 5 percent of change of individuals in Table 7
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Simulation results

In this section the results of one simulation done with 
the values of individual “A” of Table 7 are presented.  
This individual was selected because the values for RST 
and VE are in the optimal range and the final SOC is 
close to charge sustainable.  Figure 6 is the real Control 
Map used and populated by the individual simulated, 
each point represent one state of the simulation. 

From first heuristic optimization (Salmasi, 2007), 
considering only the Control Map and the SOC, the C3 
area is more populated than the HP area. The slope of 
P2 increased enough to let C1cover almost all points of 
high power demand at low speeds. This information 
states that it is better to use the ICE outside its BEOL at 
high speeds than use the energy from the battery pack 
at low speeds with high power demand. The optimiza-
tion demonstrates that it is more efficient to let the Pmin 
curve of the control map to have a slight negative slope. 
This might be explained by the fact that we are optimi-
zing distance/fuel consumption and, despite that in C3 
the ICE do not work on its BEOL, the ratio decrease in 
efficiency of the ICE might be overcompensated by the 
increase of speed. This means the faster the vehicle 
goes, the further from the BEOL the ICE can operate 
whilst still being more fuel efficient than using the EM.

In Figure 6 it can be observed that up to 15 kilowatts 
are used by the regenerative breaking, which is more 
than 4C (in this case 4C = 12 kW). This is due to the fact 
the EM absorbs 15 kW of mechanical energy in its shaft. 

However, considering its efficiency as a generator and 
the efficiency of the PECU, the amount of electrical 
power that actually charges the batteries is below 4C.

Conclusions

The implementation of the genetic algorithm is descri-
bed for the optimization of the control strategy and the 
transmission in HEV. The optimization problem was 
formulated for a multi-objective environment in order 
to minimize fuel consumption, maximize batteries state 
of charge and maintain the vehicle performance in the 
drive cycle used.

In this paper a transmission is proposed that allows 
different operating modes of the vehicle. To unders-
tand the energy flow a new approach is employed: The 
Control Map. This is a novel heuristic tool that organi-
zes information about prime movers and the transmis-
sion. It is a powerful aid to understand the capacity and 
limitations of the mechanical and electrical energy flow 
on HEVs, according to the driver’s demand and the 
powertrain configuration. When properly tuned, it can 
be used as a database by the control system of HEVs. 
Finally, the optimization is performed in a compound 
city-highway driving cycle and the effect of the control 
map in the optimization is analyzed. 

The MOGA optimization provides information re-
quired to understand the better strategy to use prime 
movers and the battery pack. Despite the Pareto Front 
Set found by MOGA required the modification of phy-
sical parameters of the transmission, it was possible to 
find a subset of solutions with no physical changes that 
let the control strategy operate close to the Pareto Front 
Set. Moreover, the simulations results reveal that under 
these conditions, the SOC’s strategy increases the 
power to charge the batteries gradually and sequentia-
lly increases the upper limits of the SOC to move from 
charge depleting to charge increasing. It was proved 
that fuel cost per unit of energy stored in the batteries at 
the end of the cycle increases as more energy is stored. 

From the characteristics of the Control Map obtai-
ned after the MOGA optimization (Figure 6) it is con-
cluded that the gear ratios of the transmission should 
benefit the use of the ICE outside its BEOL at high 
speeds and low power demand, because it is more fuel 
efficient than using the EM. When the operation is at 
low speeds with high power demand the gear ratios 
should let the ICE provide all the power required to 
propel the vehicle, reducing as much as possible the use 
of the EM once the ICE is started (C3 and C4 should 
overcome HP). It was found that as faster the vehicle 
moves, the minimum power to start the ICE decreases 

Figure 6. Control Map populated with state points from 
simulation of individual “A” of Table 7
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and the use of the EM should be restricted to propel the 
vehicle.

Future work will focus on the construction of a pro-
totype to test the validity of the conclusions presented. 
It will also focus on the reduction of C3, C4 and HP 
areas of the Control Map, improve the computational 
model from quasistatic to a dynamic approach and to 
create a dynamic control strategy with the heuristic ba-
sed on the Control Map. 
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Appendix 1

List of acronyms

4C	 Four times the battery nominal power
BEOL	 Basic Engine Operating Line
CVT	 Continuous Variable Transmission
Diff	 Differential
EM	 Electric Motor/Generator
HEV	 Hybrid Electric Vehicle
HWFET	Highway Federal Emissions Test
ICE	 Internal Combustion Engine
NiMh	 Nickel Metal Hydride battery type
PECU	 Power Electronics Control Unit
PGS	 Planetary Gear Set
PT	 Power Train
SOC	 Battery State of Charge
ST	 Simple Train
UDDS	 Urban Dynamometer Driving Schedule
V	 Vehicle Speed

Figure 7. Drive cycle and SOC

Appendix 2

Figure 8. Efficiency and fuel consumption maps
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Appendix 3

Drive cycle vehicle efficiency

Distance 109.9 km

Fuel consumed 4668 g

Fuel economy 23.5 km/kg

Percent in each operation mode 

Stopped 5%

Reg. Breaking 31%

HS 20%

HP < 1%

C1 22%

C2 0%

C3 22%

C4 0%

ICE operation

Stopped 55%

Propel vehicle 0%

Propel vehicle and charge battery 45%

EM operation

Stopped 5%

Propel vehicle 20%

Generator 75%

Appendix 4
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From the free body diagram (Figure 9) and under equi-
librium conditions for the CVT input wheel, where Tx 
represents the torque in element x,

(a)

where,

TS = FP/S · rS			   (b)

	 	 (c)

(d)

From figure 1,

TA = TEM · τCEM					     (e)

From the planetary gear set,

(f)
		

For the CVT,

r2 = r1 · τcvt				    (g)

Ccvt = r1 + r2					     (h)

Solving for r1 from Equation g and Equation h,  

		  			   (i)

Equation 1 is obtained solving for FBELT/1 from equations 
a, b, c, d, e, f and i:

				    		  (j)

Equations 2, 3 and 4 are obtained by combining the Wi-
llis equation for a planetary gear set and the dynamic 
relationships among the sun and the ring by the CVT 
and the simple train.

(k)

(l)
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