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INGENIERÍA Investigación y Tecnología VI. 1. 1-11, 2005
(artículo arbitrado)

“A Tensorial Form of the Theory of Functions”. An
Engineering Application to: Polynomial Interpolation

J.L. Urrutia-Galicia
Coordinación de Mecánica Aplicada 

Instituto de Ingeniería, UNAM

(recibido: febrero de 2004; aceptado: agosto de 2004)

Abstract
From basicconcepts such as: ten sor cal cu lus (Flügge, 1972); func tional anal y sis (Mikhlin, 1964) and solid
me chan ics (Soedel, 1972) the ob jec tive of yhis objetive is to show that be sides the “n” covariant func tions (of

func tional anal y sis), lin early in de pend ent and not nec es sar ily or thogo nal, there is an other group of “n”
contravariant func tions that are biorthogonal to the for mer group. The pre sen ta tion of these two fam i lies
gives rise to a new for mu la tion of func tional anal y sis in skew co or di nates. We will see that the con cept of skew

man i folds finds im me di ate ap pli ca bil ity to the prob lem of in ter po la tion of ar bi trary func tions via the use of
the new con cept of covariant and contravariant poly no mi als. The the ory and the ex am ples dem on strate that
the prob lems of in ter po la tion and Fou rier anal y sis can be grouped into one sin gle the ory.

Key words:  In ter po la tion, in dex no ta tion, covariant and contravariant poly no mi als, gen eral skew

man i folds (Ten sor cal cu lus), tensorial the ory of func tions, con ver gence.

Resumen
A partir de conceptos básicos de cálculo tensorial (Flügge, 1972), análisis funcional
(Mikhlin, 1964) y de mecánica de sólidos (Soedel, 1972), el objetivo de este artículo es

demostrar que además de las “n” funciones covariantes (de análisis funcional),
linealmente independientes pero no necesariamente ortogonales, existe otro grupo de
“n” funciones contravariantes que son biortogonales al grupo ante rior. La presentación

de estas dos familias de funciones da origen a una nueva formulación de análisis
funcional en coordenadas oblicuas. Veremos que el concepto de espacios coordenados
oblicuos encuentra aplicación inmediata al problema de interpolación de funciones

arbitrarias vía el uso del nuevo concepto de polinomios covariantes y contravariantes. La 
teoría y los ejemplos demuestran que los problemas de interpolación y análisis de
Fourier se pueden agrupar y tratar dentro de una sola y única teoría.

Descriptores: Interpolación, notación índice, polinomios covariantes y contrava-

riantes, espacios gener ales oblicuos (cálculo tensorial), teoría tensorial de funciones,
convergencia.

Intro duc tion

One of the most con tro ver sial top ics in nu mer i cal
anal y sis is the prob lem of in ter po la tion and a great
va ri ety of ap prox i mate meth ods can be found. Ho-
wever, when we ex am ine “Why and in what sense are
those meth ods ac cu rate" we find a disenchan- ting

pan orama since there are no an swers to those
ques tions (Carnaham et al., 1969) and (Forsythe
et al., 1977). When try ing to ap prox i mate a given
ar bi trary func tion f(x)  with some poly no mial 
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=
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it is a com mon pro ce dure to se lect n + 1 points
and to ob tain the an co ef fi cients from the so lu tion
of the fol low ing n + 1 equa tions
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It is clear that the choice of the n + 1 points is
not unique, and de fin ing which group is the best is
a tre men dous task. There are a great num ber of
pos si ble sets of points to be se lected. How ever,
we can not de cide con clu sively from which group
of points we can get our best ap prox i ma tion to f(x). 
Quite eas ily we come across state ments like
(Forsythe et al., 1977) “The cri te rion of rea son able -
ness (of a given poly no mial ap prox i ma tion to a
func tion f(x)) may vary from prob lem to prob lem
and may never be sat is fac to rily un der stood”. When 
we deal with mea sured or tab u lated val ues of a
func tion f(x) that de pends on x, one pos si ble ap -
proach could be the method of di vided dif fer ences
of New ton. Un for tu nately, the same doubts arise
with re spect to the ap prox i ma tion and the sense of 
con ver gence of the pro posed in ter po la tions. 

In ex per i men tal anal y sis, it is usual to cull ex -
per i men tal val ues fi(x) and val ues of the ex per i men -
tal vari able xi . The prob lem is to find (Fraleigh and
Beauregard, 1990) some func tion f(x)  = r0 + r1 x
with cer tain val ues of r0 and r1 that fits ac cu rately
our ex per i ments. How ever, no men tion is made of
the sense and rate of con ver gence of the func tion
f(x)  ob tained. We only note that some how our func -
tion ap proaches very closely our data points f i(x). 

Maybe one of the most pop u lar meth ods is the
one pro posed by Lagrange. It of fers the pos si bil ity
of get ting one spe cial poly no mial that re pro duces
ex actly each and every data. How ever the same
doubt arises re gard ing ex act ness of our ap prox i -
ma tion. At this point it has to be noted that, one
major draw back of other meth ods is the han dling
of se quences like, (1, x, x2, x3,..., xn) not or thogo nal
among them  by using the Gram-Schmidt

orthogonalization pro ce dure in an at tempt to get
sim plic ity. In view of this, it is not sur pris ing that in
many prob lems of in ter po la tion we re sort to or -
thogo nal poly no mi als like those of Laguerre,
Chebyshev or Legendre among many oth ers. The
rea son for this choice is, ap par ently, a better con -
ver gence. How ever, no clear def i ni tions of con ver -
gence are pro vided. 

Searching for some clues to the con ver gence of
some in ter po lat ing poly no mial we find the follo-
wing Faber’s The o rem (Forsythe et al ., 1977):

“For any in ter po lat ing array there ex ists a con tin u -
ous func tion g and an x in [a, b] such that Pn(g)(x)
does not con verge to g(x), as n → ∞ ”.

An ex am ple of this prob lem of di ver gence is
Runge’s Func tion pre sented in ref er ence (Forsythe
et al., 1977).

Up to this point we have been speak ing of in ter -
po la tion with or thogo nal (Legendre) and with
nonorthogonal func tions via dif fer ent meth ods
with out men tion ing that the prob lem of in ter po la -
tion of data or func tions can be gath ered in the
same math e mat i cal scheme when we de velop the
con cept of func tional anal y sis with covariant and
con- travariant man i folds ~φ n and ~φ n. This kind of
man i fold re cently found and ap plied in the field of
dy nam ics (Urrutia, 1992a and 1992b) sets up the
basis for a gen er al ized func tional anal y sis with
skew man i folds. We note that in some ref er ences
(Urrutia, 1998) and (Bowen et al., 1976) at ten tion is
fo cused on one man i fold un and one dual man i fold
v n which are biorthogonal and are as so ci ated to a
nonsymmetric trans for ma tion ma trix A. For a sym -
met ric ma trix both spaces are equal and no new in -
for ma tion is given. In fact in a pre vi ous paper it has 
been seen that if the ma trix trans for ma tion is sym -
met ric we can still be able to cal cu late both man i -
folds which are iden ti fied now as un un=φn

(covariant man i fold) and γn=φn contravariant mani-
fold). Be sides, we will not be only con cen trated in
the prob lem of ex is tence, al ready tack led in
(Urrutia, 1992a and 1992b), but rather in the di rect
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use of these math e mat i cal tools in the so lu tion
and ap pli ca tion of real prob lems. 

Theory

Given a set of covariant func tions ~φ n lin early in de -

pend ent (not nec es sar ily or thogo nal) in a given do -
main Ω, there is an other set  ~φ n  of contravariant

func tions biorthogonal to the for mer ones. There -
fore, given an ar bi trary func tion ~F in the same do -
main Ω with norm 

~
F, can be de com posed in the

fol low ing man ner 

                                ~F = f n
n

n

~φ
=

∞

∑
1

                            (2)

In covariant basis ~φn and contravariant com po -

nents fn (sca lars) or in the form

                           ~F = f n n
n

~
φ

=

∞

∑
1

                             (3)

in contravariant basis ~φ n  and covariant com po nents
fn (sca lars). There fore if equa tions (2) and (3) are avail -
able we can cal cu late the norm of the func tion (or
vec tor, Urrutia, 2003) ~F in the following way 

 F2= f fn
n

n=

∞

∑
1

 

                                                                        (4)

 F= f fn
n

n =

∞

∑
1

 

which for skew co or di nate func tions is the coun -
ter part and con sti tutes a gen er al iza tion of the Py -
thag o rean the o rem used in rect an gu lar sys tems in
the the ory of vec tors.

A par tic u lar case oc curs, when the man i fold ~φ n

is or thogo nal or orthonormal. In this case all mem -
bers of the covariant man i fold ~φ n are both lin early

in de pend ent and or thogo nal. The contravariant
basis ~φ n are col lin ear to the func tions ~φn  and

there fore, ~φ
n  is iden ti cal to ~φ n . In the same way  

f n= fn. Thus from equa tion (4) the norm of the func -
tion ~F is equal to 

                        F = f f fn
n

n
n

n=

∞

=

∞

∑ ∑=
1

2

1

                     (5)

for or thogo nal lin ear man i folds. For the gen eral
case of skew co or di nates, if the covariant and
contravariant ap prox i ma tions are com plete and
con ver gent we must re spect the fol low ing two
equa tions

                                   F = f fn
n

n=

∞

∑
1

                          (6a)

                                    F ≥ f fn
n

n

N

=
∑

1

                        (6b)

Which are the Parseval and Bessel con di tions
re spec tively for skew co or di nates.

Norms of Skew Vectors and 
Contin uous Func tions  

Be fore em bark ing on fur ther de vel op ments, we will 
de fine sev eral op er a tions used for dis crete (vec -
tors, Urrutia, 2003) and con tin u ous func tions in
order to cover both cases in one pre sen ta tion. 

The sca lar prod uct of two vec tors ~φ n and ~φ n  (or 
~
φ

n ) and the en ergy norm of the same vec tors with
re spect to the op er a tor Kmn are de fined by the
following two equa tions

                           < >=~ ~ ~ ~
, ,φ φ φ φn m n m

Τ                        (7)

                < >=
==
∑∑~ ~ ~ ~

,φ φ φ φn nm m n nm m
m

M

n

N

K K
Τ

11

             (8)

where ~φ n stands for a col umn vec tor, ~φn
Τ  is a row

vec tor which is the trans pose of ~φ n and Knm is a

trans for ma tion ma trix.
The sca lar prod uct of two func tions ~φ n and ~φ n

(or ~φ m ) and the en ergy norm of the same func tions
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with re spect to the op er a tor Knm  are de fined by the
fol low ing two equa tions

       < >= ∫
~ ~ ~ ( )~ ( ), ,φ φ φ φn m n mx x dxΩ                (9)

        < > = ∫∑∑~ ~ ~ ~ ( ),φ φ φ φn nm m n nm m

MN

x dxK (x)KΩ
11

     (10)

De spite their dif fer ent as pect, equa tions (7) to
(10) stand for an in te gra tion pro cess. 

Covariant and Contravariant Basis for 
Contin uous Mani folds

We de fine a man i fold in a do main Ω by a set of
contravariant func tions ~φ n  lin early in de pend ent. A

sec ond group of covariant base func tions ~φ n is de -

fined in the same do main Ω in such a way that the
sca lar prod uct be tween these two kinds of co or di -
nates leads us to the Kronecker sym bol δ n

n as
fol lows

            Ω Ω~ ~ ~ ,~φ φ φ φ δm
n n

m
n
md

m n

m n
∫ =< ≥ =

=

≠

1

0

      (11)

An ar bi trary func tion ~F  can be re solved in these 
two man i folds as fol lows 

         ~F= c n
n

n

~φ
=

∞

∑
1

                               (12)

       ~F= c n
n

n

~φ
=

∞

∑
1

                          (13)

Where C n  and C n stand for, the contravariant
and the covariant com po nents of ~F. Any conti-
nuous func tion can be de com posed in covariant
and contravariant basis ~φ n  and ~φ n . So, it can be

shown that when we at tempt to re solve the
covariant base func tion ~φ n in covariant com po -
nents the fol low ing re sult is ob tained 

    ~ ~ ~ ~ ~ ~ ~ ...φ φ φ φ φ φ φn n n n= + + +1
1

2
2

3
3           (14)

In ten sor no ta tion

       ~ ~ ~φ φ φn nm
m=           (15)

Re call that  ~ ~ ~ ~φ φ φ φ1 1⋅ = ⋅n n  and φ φmn nm= . In the

same fash ion the fol low ing de com po si tion is
pos si ble

       ~ ~
φ φ φn nm

m=                          (16)

In the last two equa tions φnm  and φnm are the
covariant and contravariant met ric ten sors of ten -
sor cal cu lus. Usually, it is easy to choose an ar bi -
trary and com plete set of covariant base func tions. 
The dif fi cult part had been to find the con-
travariant base func tions, to over come this diffi-
culty we con tinue as fol lows. By hy poth e sis we
know that the Kronecker delta func tion is ob tained 
when the fol low ing prod uct is per formed  (Urrutia,
2003) (now an in te gral)

      ~ ~φ φ δn
m

n
m⋅ =                          (17)

Using the re sults (15) and (16) we find

< >=φ φ φ φ δns
s m t

t n
m~ , ~    

     φ φ δ δns
m t

t
s

n
m=                         (18)

φ φ δns
ms

n
m=

When we fix the value of m and we per form the
sum ma tions over the re peated index s, the follo-
wing set of m met ric com po nents   φmn is ob tained

φ φ φ φ φ φ φ φ δ1 1 1 2
2

13
3

14
4

1
ml m m m m

+ + + + + =. ..

φ φ φ φ φ φ φ φ δ2 1 2 2
2

23
3

24
4

2
ml m m m m+ + + + + =. ..  (19)

φ φ φ φ φ φ φ φ δ3 1 3 2
2

33
3

34
4

3
ml m m m m+ + + + + =. ..

etc

To il lus trate the use of equa tion (19) let us
assume that the lin ear man i folds ~φm and ~φm have
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only three com po nents. Then equa tion (19) will
pro vide us with three sys tems of equa tions. If in
equa tion (19) we set the value of m = 1 one set of
equa tions is ob tained as fol lows with φmn

  known

φ φ φ φ φ φ11
11

12
12

13
13 1+ + =

         φ φ φ φ φ φ21
11

22
12

23
13 0+ + =                  (20)

φ φ φ φ φ φ31
11

32
12

33
13 0+ + =

That in ma trix form leads to 

       
φ φ φ
φ φ φ

φ φ φ

φ
φ

φ

11 12 12

21 22 23

31 32 33

11

12

13

































=
















1
0

0

            (21)

In sim i lar fash ion

       
φ φ φ
φ φ φ

φ φ φ

φ
φ

φ

11 12 12

21 22 23

31 32 33

21

22

23

































=
















0
1

0

            (22)

And fi nally, 

        
φ φ φ
φ φ φ

φ φ φ

φ
φ

φ

11 12 12

21 22 23

31 32 33

3 1

32

33

































=
















0
0

1

           (23)

From this the el e ments (φmn ) of the contrava-
riant met ric ten sor (3 × 3 ten sor) are cal cu lated.
With the covariant and contravariant met rics φmn

and φmn avail able we can cal cu late the contrava-
riant base func tions as fol lows

       ~ ~φ φ φn m n
m=                                  (24)   

We can now con tinue with any fur ther anal y sis.

Example 1

Given a set of three skew covariant func tions  ~φ 0 =
1,  ~φ2 = x2 and  ~φ 4 = x4 find the cor re spond ing set

of contravariant func tions in the do main –1≤ x

≤+1. Odd pow ers (x, x3, x5, etc) do not in ter vene
be cause in a later ex am ple the cos (x) func tion (an
even func tion) will be an a lyzed.

First, we have to find the el e ments of the
covariant met rics as fol lows

< >=
−

=∫~, ~ ~~φ φ φ φ φn m n m
dx

nm
1
1

∴ =
−

=∫φ 00
21

1
1 2( ) dx

φ 02
21

1
1 2 3=

−
=∫ ( ) /x dx

In sim i lar fash ion we find the rest of the el e -
ments to ob tain 

φmn =
















2 2 3 2 5

2 3 2 5 2 7
2 5 2 7 2 9

/ /

/ / /
/ / /

From equa tion (19) we find the fol low ing
equa tion

2 2 3 2 5
2 3 2 5 2 7

2 5 2 7 2 9

0 0

02

0 4

/ /
/ / /

/ / /

























φ
φ

φ 





=
















1
0

0

From where, we ob tain the first row of the me-
trics ma trix φ mn. With a sim i lar pro ce dure we get
two more equa tions and the rest of the el e ments
of  φmn

φ mn =
−

− −
17578 8 2031 73828
8 2031 68 9063 738281

7382

. . .
. . .

. 8 738281 861328−















. .

With the met ric el e ments ~φ mn we can get the
contravariant basis ~φn from equa tion (16)

~ . . ( ) . ( )φ 0 = − +17578 82031 738282 4x x

~ . . .φ 0 = − +17578 82031 7 3828 42 4x x
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Sim i larly,

~ . . .φ 2 2 482031 68 9063 738281= − + −x x

and  ~ . . .φ 4 2 47 3828 738281 86 1328= − +x x

The reader can ver ify that the fol low ing equa -
tion holds true

< >= =−∫~ ,~ ~ ( )~ ( )φ φ φ φ δn
m

n
m

n
mx x dx1

1

Example 2, an Appli ca tion to
Inter po la tion 

Find a poly no mial ap prox i ma tion in three terms to
the func tion cos ( x) in the do main [–1, 1] with the
fol low ing form 

cos ( )x c c x c x= + +0 2 2 4 4

cos( )x c c c= + +0
0

2
2

4
4φ φ φ

Use the covariant func tions ~φn and the con-
travariant func tions ~φn from ex am ple 1. Ac cord ing to
ref er ence (Carnaham et al ., 1969) that uses Chebyshev
poly no mi als the so lu tion to this problem is 

cos( ) . . .x x x= − +099995795 049924045 0039626742 4

Solu tion

When we dot mul ti ply equa tion (23) by the co or di -
nate func tion ~φ0 we get the fol low ing

< >=< + + >~ , ( ) ~ , ( ~ ~ ~ )φ φ φ φ φ0 0 0
0

2
2

4
4cos x c c c

If we re mem ber that <~φn, ~φ m>=δ m
n , it is clear

that the co ef fi cient c0 is ob tained from the follo-
wing equa tion, writ ten now in form of an in te gral

1
1

0 0

−
=∫

~ cos( )φ x dx c

With ~φ 0  = 1.7578 – 8.2031 x2 + 7.3828 x4.

When the in te gral is eval u ated we see that c0=
0.999958197. If we now per form the sca lar prod uct 
of equa tion (24) ~φ 2 we will get the fol low ing

< >=< + + >~ ,cos( ) ~ ,( ~ ~ ~ )φ φ φ φ φ2 2 0
0

2
4

4
4x c c c

From where it is clear that the co ef fi cient c2 is
equal to

1
1

2
2

−
=∫ ~ cos( )φ x dx c

Where  ~φ2=– 8.2031+68.9063 x2– 73.8281 x4.

When the in te gral is per formed we see that c2=
–.4999309946. In sim i lar fash ion we find c4 =
0.039793817. There fore, we have that within the
in ter val –1≤ x ≤ 1 the best ap prox i ma tion to the
func tion cos (x) is the fol low ing 

cos ( ) . .x x= −0999958197 0499309946 2

+0 039793817 4. x

In the basis ~φ0 = 1, ~φ2  = x2 and ~φ 4 = x4. Ho-

wever, this ap prox i ma tion to cos(x) is not unique as
we can re sort to the contravariant func tions ~φ 0, ~φ2

and ~φ 4 from the first ex am ple. To make this fact
clearer, we re quire the fol low ing ap prox i ma tion

cos( ) ~ ~ ~x c c c= + +0
0

2
2

4
4φ φ φ

This is now dot mul ti plied by ~φ0 = 1 as fol lows

< > =< + + >~ , ( ) ~ ,( ~ ~ ~ )φ φ φ φ φ0 0 0
0 2

4
4

2cos x c c c

From where the fol low ing re sult is ob tained 

1
1 0 0

−
=∫ ~ cos( )φ x dx c

When the in te gral is done we see that c0=

1.682941973. When ~φ0  is re placed by ~φ 2 and by  ~φ4

we ob tain c2=0.478267241 and the last co ef fi cient
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c4 = 0.266153329. There fore, the func tion cos (x)
can be equally rep re sented by 

cos( ) . ~ . ~x = +1682941973 04782672410 2φ φ

  +0 266153329 4. ~φ                     (26)

With ~φ 0, ~φ2 y ~φ 4 given by the fol low ing func tions 

~ . . .φ 0 2 417578 82031 7 38284= − +X X

~ _ . . .φ 2 2 48 2031 689063 738281= + −x x

~ . . .φ4 2 473828 738281 861328= − +x x

Equa tions (25) and (26) some how fall very close
to the so lu tion (24) given in ref er ence (Carnaham et 
al ., 1969). At this point we note that from the three
pos si ble ap prox i ma tions (24) to (26), the so lu tions
(24) and (25) that use the same covariant basis ~φn

are com pa ra ble. The prob lem now is to de cide
which of the so lu tions (24) and (25) is the best and
in what sense. Any ap proach with given cn and cn

must sat isfy equa tions (6a) and (6b) of Parseval
and Bessel for skew man i folds. In this con nec tion,
Table 1 pres ents the co ef fi cients of the three ap -
prox i ma tions (24) to (26) to the func tion cos (x). In
col umns 2, 3 and 4 are lo cated the co ef fi cients cal -
cu lated ac cord ing to the meth ods of Chebyshev
and those of the pres ent paper. When for mula (6b)
is ap plied using the co ef fi cients of col umns two
and four we ob tain the squared norm cos(x)2 =
1.45464763 and we get the squared root of this

value we in turn ob tain the norm cos(x)=
1.20608774. When the co ef fi cients of col umns
three and four are equally mul ti plied we find that
the norm of our func tion is cos(x)= 1.206088186.
When we find the dif fer ences of these two norms
with re spect to the exact value cos (x)=
1.206088187 (cal cu lated at the bot tom of table 1)
is 0.00000045 and 0.000000001 re spec tively, for
the Chebyshev and the covariant ap prox i ma tions
in the sense of norm. From this we con clude that
the error of the covariant rep re sen ta tion is 450
times smaller that the Chebyshev ap prox i ma tion.

As we can ob serve nei ther the Chebyshev nor
the Contravariant ap prox i ma tions over shoot the
exact norm cos ( x)= 1.206088187. There fore we
can now con firm that both so lu tions sat isfy the
Bessel’s in equal ity (6b). Up to this point we have
ac com plished sev eral goals. First, we have ob -
tained the best ap prox i ma tion to cos (x), in
covariant basis, sec ond, we have found a new ap -
prox i ma tion the contravariant that al lows us to re -
cover the sim plic ity of the Py thag o rean the o rem,
with equa tion (5), for the han dling of the con cepts
of NORM and CONVERGENCE in skew man i folds.
In ad di tion we knew (Carnaham et al., 1969) that
the Chebyshev ap prox i ma tion had an error smaller
than 4.234x10  –5  and now we have a new ap prox i -
ma tion the covariant with an error 450 times
smaller and with a rate of con ver gence that sat is -
fies the con ver gence laws of Parseval and Bessel.
This in turn al lows us to focus our at ten tion on
poly no mi als with pow ers higher than four and to
ap pre ci ate other prob lems of nu mer i cal anal y sis. 
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Table 1

Chebyshev4 Contravariant Covariant

     a 0 0.99995795 0.999970781 1.68294197

     a2 –0.49924045 –0.499384548 0.478267252

     a4 0.03962674 0.038408595 0.266153368

     cos (x) 1.20608774 1.206088186

     error 0.00000045 0.000000001



Higher Order Poly no mial approx i ma -
tions to cos(x) for –1≤ x ≤1

Ac cord ing to what we have seen in this paper, in
prin ci ple, we can ob tain a covariant and a con-
travariant poly no mi als that tend to cos  (x) in all
points in the do main, i.e. we can ob tain

cos( ) ~ ~ ~ ... ~x c c c cn
n= + + + +0

0
2

2
4φ φ φ φ4

cos( ) ~ ~ ~ ... ~x c c c cn
n= + + + +0

0
2

2
4

4φ φ φ φ

and the norm of cos (x)   would be equal to  c0 c
0

+ c2 c2 + c4 c4 + ....+ cn cn  when n→∞ . How ever, as
we in crease the order of the ma tri ces φ mn and  φ mn

we note that the ma trix φm n has very small elements 
of the order of 2/( 2( i + j)–3) that tend to zero
when i and j tend to in fi nite. The vari ables i and j
stand for the i–th row and the j–th col umn. This
prob lem will lead us to the han dling of very ill–con -
di tioned ma tri ces of the kind of the fa mous ma tri -
ces of Hilbert with el e ments of the type 1/(i + j),
see ref er ence (Fraleigh and Beauregard, 1990). As it 
is in di cated in (Fraleigh and Beauregard, 1990), for

ma tri ces of order greater than 10×10 to day’s com -
put ers ac cu racy give rise to contravariant ma tri ces

(when they are cal cu lated) φmn with ex tremely large
num bers that will lead us to di ver gent re sults. 

When we add the re sults of poly no mi als up to 10th
order to the re sults of the poly no mial of fourth
order we ob tain the co ef fi cients shown in table 2.
At this point some doubts arise with re spect to the
val ues to which the co ef fi cients a n tend when n→
∞. We im me di ately note that a 0 is con tained be -
tween 0.999970781 and 1.000000538, a2 changes
be tween –0.499384548 and –0.500019533, a4 be -
tween 0.039808595 and 0.41778820, a6 be tween
–0.001342159 and –0.001585556 but now we see
that the co ef fi cient of the tenth poly no mial does
not con verge any more and it even changes its sign. 

Be sides, the al ter nat ing sign of the co ef fi cients of
the poly no mial of order fourth to eight is lost in the 

tenth order poly no mial and this warns us that from 
this point on –for some rea son– we start hav ing
nu mer i cal in sta bil ity. From ref er ence (Forsythe et
al., 1977)  we might con clude that this di ver gence
may be the re sult of the Faber’s The o rem, shown in 
the in tro duc tion. How ever we can not ac cept it be -
cause we know that the fol low ing ex pan sion ex ists

cos( ) .
! ! !

x x x x etc= − + − +10 1
2

1
4

1
6

2 4 6

and whose co ef fi cients ex actly fall be tween the
lim it ing val ues in which the co ef fi cients of poly no -
mi als of fourth to eighth de gree. The tenth de gree
poly no mial starts to di verge from ex pan sion (27) in 
view of the ill con di tion ing of the ma trix φ

mn
 as it

can be seen in equa tion (21). Working with dou ble
or higher pre ci sion we re cover some ex act ness but
soon we con front di ver gent ap prox i ma tions for
higher val ues of n  again. In table 3 we pres ent the
exact first eleven sig nif i cant con- travariant co ef fi -
cients ob tained from equa tion (27), that our in tu -
ition sug gests must be the co ef fi cients that we
should ob tain in table 2 if we will in crease the pre -
ci sion of our cal cu la tions. Fol low ing a sim i lar pro -
ce dure to the one used to cal cu late the
contravariant poly no mial (26) the covariant co ef fi -
cients cn were cal cu lated and are pre sented in the
third col umn of table 3. If the co ef fi cients an and a n

of table 3 are cer tainly the contravariant and the
covariant co ef fi cients of cos x be tween –1≤ x≤1then 
if we cal cu late the norm of this func tion using
equa tion (4) we must sat isfy Bessel’s inequa- lity
(6b) when  n →  ∞. In this sense it is readily ob -
served that in the fourth col umn of table 3 we pre-
sent the ac cu mu lated norm of cos (x)  when we use
equa tion 4. When n=10 the squared norm is
cos(x)2=1.454648715 (smaller than 1.454648716)
and it is not af fected any more for the in clu sion of
the rest of the el e ments. From this we con clude
that the poly no mial (27) con verges to cos (x) ev ery -
where in the do main –1≤ x ≤1 and con verges to the 
norm of cos (x) ac cord ing to the Bessel’s in equal ity
(6b). In order to ob serve one more ef fect of the di -
ver gence of the dif fer ent ap prox i ma tions to cos (x)
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we ob tained the norms of contravariant co ef fi -
cients of table 2 and the covariant co ef fi cients of
the third col umn of table 3. The dif fer ent ap prox i -
ma tions to the norm of cos (x) are shown in the last
row of table 2. 

As it can be seen, the norm of the poly no mial of 
fourth order is 1.454648713, the poly no mial of
sixth de gree has a norm of 1.454648692 (ac tu ally it 
starts to di verge) and up to this point there is no
major ob jec tion. How ever, the last two col umns
show norms that are greater than the exact value
of 1.454648716 and this is a clear vi o la tion of the
Bessel’s in equal ity (6b) and a proof of di ver gence.
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Table 2

CONTRAVARIANT COEFFICIENTS OF POWERS 4, 6, 8 AND 10

an 4 6 8 10

a0 0.999970781 0.999999835 1.000000538 0.999997793

a2 –0.499384548 –0.499994769 –0.50001953 –0.49987840

a4 0.039808595 0.041638979 0.041778820 0.040454756

a6 ------ –0.001342159 –0.00158556 0.002279407

a8 ------ ------ 0.000129896 –0.00450388

a10 ------ ------ ------ 0.002038310

NORM 1.454648713 1.454648692 1.454648824 1.454650073

Table 3

n an  eq (28) Covariant coeffic. an Norm of cos (x )   cumulative sum an an

0 +1.00 +1.682941970 1.682941970

2 –0.50 0.478267252 1.443808344

4 +1/4! 0.266153368 1.454898068

6 –1/6! 0.181968530 1.454645334

8 +1/8! 0.137541095 1.454648745

10 –1/10! 0.110289862 1.454648715

12 +1/12! 0.091937628 1.454648715

14 –1/14! 0.078765706 1.454648715

16 +1/16! 0.068865056 1.454648715



Conclu sions

From ex am ple 1 it is con cluded that given a se -
quence of covariant func tions (com plete) ~φn there

ex ists an other set of contravariant func tions ~φn

which is biorthogonal to the for mer one and that
sat is fies the Kronecker Delta func tion<~φm, ~φ n>=
δn

m . From ex am ple 2 we saw that any poly no mial
ap prox i ma tion to any func tion f (x) can now be
tack led by using the con cept of man i fold the ory in
skew co or di nates. We must be only care ful with the 
con ver gence anal y sis that is di rectly re lated to the
pre ci sion of the com put ing de vice avail able. As it
was ob served, the the o rem of Faber that de nies
the ex is tence of a poly no mial Pn (x) that ap -
proaches f(x), ev ery where, as n → ∞ is not valid.
The prob lem of di ver gence shown in ref er ence
(Forsythe et al., 1977)  is due to the lack of pre ci -
sion rather than to ques tions re lated with the ex is -
tence or non ex is tence of a poly no mial Pn(x) that
ap proaches f(x)  as n∞. The prob lem of in ter po la tion 
can now be seen as anal y sis in skew man i folds
where equa tions (6a) and (6b) of Parseval and
Bessel can be used to guar an tee con ver gence of our 
ap prox i mat ing poly no mi als. To avoid du pli ca tion of
work the in ter ested reader should re view ref er ences
(Urrutia, 1992a and 1992b),  to get a deeper in sight
in the me chan i cal and phys i cal mean ing of the ma-
nifold the ory pre sented in this paper.

Future Work

As a fol low up to the find ings of ref er ences (Urrutia,
1992a, 1992b and 1998), and of the pres ent paper
we will use the same the ory now fo cused on the so -
lu tion of non lin ear dif fer en tial equa tions. As we will
see, using covariant and contravariant man i folds
will al lows us to ob tain an easy and novel method of 
so lu tion for this kind of non lin ear prob lems.
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