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Abstract

Flood char ac ter isticsare re quired to solve sev eral wa ter-engineering prob lems. Tradi-
tional flood fre quency anal y sisin volves the as sump tion of ho mo ge ne ity of the flood dis-
tribution. However, floodsareoften generated by dis tribu tionscom posed ofamix ture of
twoor more pop u lations. Dif fer ences be tween the pop u lations may be the re sult, forin-
stance, of the ENSO phe nome non. Ifthese physi cal pro cessesare notconsidered incon-
ven tional flood fre quency anal y sis, the T-year flood es ti mate can be in ef fi cient for de-
sign pur poses. Inor der to model heter 0 ge neous sam ples, amixed dis tri bu tion with Ex-
treme Value Type | (EV1 or Gumbel) and Gen eral Ex treme Value (GEV) com po nents is
proposed. Aregionin Northwestern Mexicowith 35gaug ing stations has been se lected
to ap ply the model and at-site quantiles were es ti mated based on the max i mum like li-
hood procedure. Results produced by fit ting the EV1-GEV dis tri bu tion were com pared
through the use of a good ness-of-fit test with those ob tained by the mixed Gumbel and
mixed GEV distributions. The EV1-GEV dis tribu tion was the best op tion for the 40% of
analyzedsamplesandthusitissuggesteditsapplicationwhenmodelingheterogeneous
seriesin flood fre quency anal y sis.

Keywords: Heterogeneoussamples, floodfrequencyanalysis, mixeddistributions,
maximumlikelihoodparameterestimation.

Resumen
Muchos problemas en ingenieria hidraulica requieren conocer las caracteristicas
de una creciente. El analisis tradicional de frecuencias implica la consideracién
de homogeneidad de la serie. Sin embargo, en ocasiones los gastos maximos
anuales son generados por distribuciones formadas por dos 0 mas poblaciones.
La diferencia entre poblaciones puede ser el resultado, entre otros, de la
presencia del fendmeno ENSO. Si estos procesos fisicos no se consideran en el
analisis convencional, el evento estimado de cierto periodo de retorno puede ser
ineficiente para propositos de disefio. Con el fin de modelar muestras
heterogéneas se propone la aplicacién de una distribucién mezclada, cuyas
componentes son la distribucion de Valores Extremos Tipo 1 (VE1 o Gumbel) y
la General de Valores Extremos (GVE). Para aplicar el modelo se eligio una
region del Noroeste de México que cuenta con 35 estaciones de aforos y se
empled la técnica de maxima verosimilitud para la estimacion de los eventos de
disefio. Los resultados de la distribucién VE1-GVE, se compararon con aquellos
obtenidos con las distribuciones Gumbel mixta y GVE mixta, a través de un
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A Mixed distribution with EV1 and GEV compo nents foranalyzing heter o ge neous samples

criterio de bondad de ajuste. La distribucion EV1-GVE fue la de mejor ajuste
en el 40% de las muestras analizadas, por lo que se sugiere su aplicacion en el
caso de requerir estimar eventos de disefio a partir de series no homogéneas.

Descriptores: Muestras heterogéneas, analisis de frecuencias de crecientes,
distribuciones mezcladas, estimacion de parametros por maxima verosimilitud.

Introduction

The objective of flood frequency analysis is to
estimate the flood magnitude corresponding
to any return period of occurrence through
the use of probability distributions, which are
needed in many studies and projects such as
flood plain delineation, flood protection works,

river crossings, and channel improvements.

Most flood studies have been analyzed
through the use univariate distributions.
Several efforts have been made to provide
physical and statistical basics for selecting the
type of probability distribution function that
best fits the frequency distribution of the
actual data. One common assumption in sta-
tistical analysis of flood frequency is the
homogeneity of flood distributions. Howe-
ver, floods are often generated by distri-
butions composed of a mixture of two or
more populations. Differences between the
populations may be the result of ElI Nifio or
La Nifia oscillations. The occurrences of this
phenomenon modify the normal precipita-
tion patterns in Mexico (Cavazos and Has-
tenrath, 1990; Magafa et d., 2003; Magafia
and Ambrizzi, 2005). Its signal reflects in
more intense winter precipitation in the
Northern states, particularly in Northwestern
Mexico. As mentioned by Alila and Mtiraoui
(2002) if these physical processes are not
considered in conventional flood frequency
analysis, the T-year flood estimate can be
inefficient for design purposes.

The Mexican government has recognized
that climate variability affects many of the its

socio-economical activities and has begun to
implement actions to diminish the negative
effects of extreme climate conditions (floods
and droughts). However, poverty has forced
people to live almost on the water of rivers,
situation that becomes an additional problem
for the local governments. In order to protect
their lives and goods is very important to
account with an additional mathematical tool
that might reduce the uncertainties in com-

puting the design events for different return
periods, which are needed in many studies
and projects such as flood plain delineation.

In order to estimate more efficient quan-
tiles of short or heterogeneous samples, a
mixed distribution with Extreme Value Type
I (EV1 or Gumbel) and General Extreme
Value (GEV) components for the maxima is
proposed and it will be called EV1-GEV
distribution.

Mixed distributions

The use of a mixture of probability distri-
butions functions for modeling samples of
data coming from two populations have been
proposed long time ago (Mood etal, 1974):

Pr(X£ x)=F(x)=pF (x)+{ - p)R(x) (1)

Where p is a factor used to weigh the

relative contribution of each population
(O<p<1), and F(x) is the composite exceedance
probability. F(x) and F,(x) are the compo-

nents in the mixture.
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Mixed Gumbel Distribution

If F (x) and F,(x) of equation (1) are Gumbel distributions (NERC, 1975) then the five-parameter
mixture model of annual floods is (Raynal and Guevara, 1997):

2XUy 6 ®X-Up b

_ex Fa s s £ 5
FO)=pexp ™ "+(1- p)exp ™ (2)
whereu,, a, andu,, a, are the location and scale parameters for the first and second population, respectively

The corresponding probability density function is
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f(x)=£exp exp ° ( p) p KE Sexp P (3)
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Mixed General Extreme Value Distribution

If F (X) and F,(x) of equation (1) are GEV distributions (NERC, 1975) then the seven- parameter
mixture model of annual floods is (Raynal and Santillan, 1986):
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Where w,,l ,,b, and w,,l ,,b, are the location, scale and shape parameters for the first and
second population, respectively.

The corre sponding prob a bility density function is
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EV1-GEV Distribution

Assuming that first and second populations behave as EV1 and GEV distributions, respectively,
equation (1) yields to the six-parameter mixture model of annual floods:

_ax-up 3 Vb,
F(9=pexp ™ "+ - p)exp|- & - S“—W b Y (6)
i € &1 off §

Where u,a and w,| are the location and scale parameters for the first and second population,
respectively; b is the shape parameter for the second population.
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The corresponding probability density function is
o up o Vb-1 3 VR LY
tx)=Lexp &7 exp 0 D) p)zl —Wgou expj{-gl- %—W%E 4 (7)
a cl - [V)
Estimation of parameters by maximum likelihood
The likelihood function of n random variables is defined to be the joint density of n random

variables and it is a function of the parameters. IfX, ,X,, ..., X, isarandom sample of a univariate
density function, the corresponding likelihood function is (Mood etal.,1974):

L(x,g):cf)l f(x,,q) (8)

The logarithmic function will be used instead of the likelihood function because it is easier to
handle. So, equation (8) is transformed:

Ir1.(x,q)=|n(§ f(x,a) 9)

WhereL is called the likelihood function, In is the natural logarithm g is the set of parameters to be
estimated and f(x,q) is the EV1-GEV density function, thus
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And the corresponding first order partial derivatives of such function with respect to each of
the parameters are

Tnk_ p 8 1 foxp '™ axp t2 E= ugy (11)
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The exact solution provided by the system of
equations (11)-(16) is not known, so the ma-
ximum likelihood estimators of the para-
meters were obtained by the direct maxi-
mization of the log-likelihood function (eq.
10), which is constrained tog >0,l >0,0<p <1,
and x>0. The suggested procedure is the
constrained multivariable Rosenbrock method
(Kuester and Mize, 1973).

As it is known, in any of the multivariable
constrained non-linear optimization techniques,
global optimality is never assured. Therefore,
care must be taken in order to avoid a local
optimum. It is suggested to start always with
values of the location, scale and shape
parameters computed by considering the
sample divided into two equal parts. If sam-
ple is sorted in decreasing order of magni-
tude, the first set of data is fitted to the
univariate GEV distribution (Prescott and

Walden, 1980), and the second one to the uni-
variate Gumbel distribution (NERC, 1975).
The initial value of the association parameter

p will be equal to 0.5.

For the mixed Gumbel and the mixed GEV
distributions parameters are estimated follo-
wing the same optimization procedure.

Case study

A region located in Northwestern Mexico,
with a total of 35 gauging stations was
selected to apply the EV1-GEV distribution to
flood frequency analysis. Table 1 shows
statistical characteristics of data for each
station in the region.

In the area considered in this study, flood
outliers correspond to observed rainfall va-

lues much higher than the other annual
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maxima. Such extremely heavy rainfall is due
to special meteorological conditions in
connection with ENSO events in the Pacific
Ocean. In the analyzed area, 62% of the
highest annual maximum discharges gauged
were generated in an El Nifio year and 38%
for its counterpart, La Nifia.

Results provided by the EV1-GEV dis-
tribution were compared with those pro-
duced by the mixed Gumbel and mixed GEV
distributions. For each station the best one
was chosen according to the criterion of

minimum standard error of fit (SE), as
defined by Kite (1988):

172

se=% @ -hY/(n-qV 17
891(9. ) /(n Q)H 7)

Where g;i=1,..n are the h;i=l,..n
recorded events; are the event magnitudes
computed from the probability distribution
at probabilities obtained from the sorted
ranks of, g,,i=1,..,n,n is the length of re-
cord, and q is the number of parameters
estimated for the mixed distribution. For the
mixed distributions, Gumbel, GEV and EV1-GEV
q will be equal to 5, 7 and 6, respectively.

In table 2 is depicted the SE for all mixed
distributions along with the best model for
the sample of data considered.

The final at-site design events Q (m¥s) for
different return periods T(years) in each
station are presented in Table 3.

In some sites a comparison is made among
different at-site design events (Table 4). For
instance, in station Chinipas the computed SE
are very similar, however, as return period
increases, differences among flood estimates
are more significant. A bad selection of the
best distribution in the analyzed site can
substantially modify the design event and

that the hydraulic project might become
economically unfeasible or unsafe.

An additional problem is when a short
record is used (less than 30 years), because
there is an increased risk that the flood
estimate will not provide adequate protec-
tion of designated uses. One way to reduce
the bias or uncertainty in the flood estimate is
to use a regional data set with observations
from several sites.

Mixed Gumbel, GEV and EV1-GEV dis-
tributions can be easily used to obtain regio-
nal at-site estimates of floods by using the
station-year method in regions with hete-
rogeneous sample data. The general proce-
dure of this regional technique can be found
in paper written by Cunnane (1988).

This regional technique was not applied in
the paper and it just was mentioned to be
considered for users in their hydrological
analyses.
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Table 1. Statis tical char ac ter is tics of flood data for each analyzed gauging station

C. Escalante-Sandoval

Years of Periodof Coefficient of Coefficientof Coefficient of
Standad
m Gauging Station record record Mean Deviation Skewness Kuttosis Vaiaion
1 Aacatitan 31 1%5-185 1031.6 8645 2.63 12.79 0.84
2 Alamos 22 1948-1%9 247.6 1788 0.83 3.8 0.72
3 Badiraguato 27 1%99-185 957.9 1853.6 3.92 20.65 1.94
4 Bamicon 32 1%1-182 1945 176.7 1.39 446 0.91
5 Cazande 19 1%7-185 555.0 7279 3.06 15.04 1.31
6 Chinipas 21 19%5-185 1061.0 5244 0.31 2.8 0.49
7  Choix 29 1%5-183 3929 3365 2.59 11.84 0.86
8 ElBledd 48 188-185 286.0 2734 2.83 13.92 0.96
9 El Mahone 20 1%66-185 198.4 26.3 0.69 5% 0.13
10 El Naranjo 47 189-185 621.9 6555 1.87 6.8 1.05
11 El Qudite 26 1%60-185 468.5 4452 1.72 6.27 0.95
12 Guamuchil 36 188-193 605.9 6304 3.09 16.22 1.04
13 Guatenipa 21 1%65-185 1888.8 1393.2 0.84 3.2 0.74
14 Huites 53 1A1-193 29420 31243 2.63 10.39 1.06
15 Ixpalim 31 1%3-183 1317.8 1218.2 2.79 12.68 0.92
16 Jana 46 1A1-186  1197.4 1189.9 3.20 16.30 0.99
17 LaHuwerta 17 19%69-185 934.2 5743 0.29 248 0.61
18 LaTina 24 19%0-183 106.5 1523 4.00 22.39 1.43
19 Las Cafias 24 198-191  2497.0 3194.2 1.60 4% 1.28
20 Palo Dulce 29 1%7-185 975.9 1195.7 4.40 25.89 1.23
21 PalosBlancos 47 1989-185 1481.8 1726.4 1.92 7.8 1.17
22 Peric 0s 26 1%60-185 201.0 95.1 0.14 25 0.47
23 Piatla 16 1%8-19%3 1419.8 1587.8 2.48 10.79 1.12
24 PteSud Pacffic o 35 124-1%8 2961.0 2204.9 141 72 0.74
25 PuenteCarfied o 22 1982-1%3 1116.0 9327 0.76 3.5 0.84
26 San Franciso 33 1A1-193  1724.6 1450.1 1.89 7.8 0.84
27 San Ignacio 19 1%7-185 16224 8134 1.70 7.3 0.50
28 Sanalona 42 1%4-185 4473 5054 2.99 13.49 1.13
29 SantaCruz 43 1A3-185  1269.7 1216.5 2.9 14.86 0.96
30 Tamazula 23 1%2-184 583.6 2780 1.38 5.46 0.48
31 Tecusiapa 17 1%8-194 975.7 7927 1.66 6.9 0.81
32 Toahayana 29 1%7-185 1048.9 629.7 0.67 3.19 0.60
33 Urique 19 1%7-185 302.6 1480 1.16 6.8L 0.49
34 Zapotitlan 22 1%60-181 624.6 6454 2.03 9.0 1.03
35 Zopilote 47 1989-185 363.2 2759 0.69 281 0.76
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Table 2. The computed SE (in m?3s) for each analyzed gauging station

Gauging S fation EVI-GVE Mixed Gumbel Mixed GVE Best distribution
Acditan 308.9 3B7.0 386.3 EV1-GVE
Alamos 25.9 28.4 25.8 Mixed GVE
Badiragwato 769.5 1.3 * EV1-GVE
Bamicori 30.1 46.5 308 EV1-GVE
Cazanate 377.9 43.8 3721 Mixed GVE
Chinipas 89.2 81.6 912 Mixed Gumbel
Choix 152.7 118.5 146.2 Mixed Gumbel
El Bedal 74.7 69.4 86.3 Mixed Gumbel
El Mahone 24.0 8.5 8.6 Mixed Gumbel
El Nararjo 112.0 174 .4 125.9 EV1-GVE

El Quelite 126.1 143.1 116.3 Mixed GVE
Guamuchil 241.9 3.2 352.1 EV1-GVE
Guatenipa 225.1 $5.9 337.0 EV1-GVE
Huites 614.1 87.0 805.6 EV1-GVE
Ixpalino 390.3 370.8 * Mixed Gumbel
hima 402.8 41.2 * EV1-GVE
LaHuerta 364.0 9.0 * Mixed Gumbel
LaTina 122.4 105.4 127.3 Mixed Gumbel
Las Cafas * 2139.1 790.5 Mixed GVE
PaloDulce 884.9 %3.3 900.5 EV1-GVE
Palos Blancos 340.1 %0.9 294.4 Mixed GVE
Pericos 19.2 18.1 26.3 Mixed Gumbel
Piaxtia 641.0 2.5 828.6 Mixed Gumbel
Pte SudPacifico 614.8 668.0 624.5 EV1-GVE
Puerte Cafedo 149.8 135.6 174.8 Mixed Gumbel
San Frarcisco 323.4 33.8 302.8 Mixed GVE
San Ignacio 296.6 w44 273.8 Mixed GVE
Sanalo ma 115.8 214.6 2145 EV1-GVE
Santa Cruz 390.9 A1.4 * Mixed Gumbel|
Tamazula 93.5 77.2 * Mixed Gumbel
Tecusiapa 278.5 211.9 308.8 Mixed Gumbel
Toalayana 104.6 106.6 101.8 Mixed GVE
Urique 9.2 4.1 * Mixed Gumbel
Zapotitl & 219.0 1.1 238.6 EV1-GVE
Zopi lote 37.4 37.6 38.6 EV1-GVE

* No conver gence was attained in the esti mation of param e ters
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Table 3. Design events Q(m?®/s) for the best fitted distri bu tion in each analyzed gauging station

Retu m period Tr(yers)

Gauging S @ation 2 5 0 20 50 100 500 1000

Acatitan 693.2 16103 21755 27209 35026 41682 6049.8 739.0
Alamos 198.1 485 522.0 589.4 651.0 6851 742.8 770.0

Alamos 203.9 6.2 496.0 585.3 697.6 7807 971.7 1053.6
Badirag wato 415.0 ®6.5 2369.1 47706 77366 10461.1 19586.4 5268.6
Bamicor i 116.4 337 499.8 574.5 635.0 6652 706.8 7173

Caznate 304.9 285 12958  1944.6 29344 3824.0 650.4 8097.6
Chinipas 1050 5 184.1 17511 2003.3 23274 25695 3128.1 368.2
Choix 299.7 0.4 7135  1013.9  1419.1 17090 259.6 236.2
El Bledal 209.0 5.9 572.8 830.2 1147.9 13732 1879.4 2094.8
El Mahone 197.7 24.6 226.9 240.4 2605 2768 315.8 3328

El Nararjo 377.2 ®7.0 1647.7  2001.4 24502 28083 3753.9 £23.0
El Quelite 307.1 79.0 1052.7 13842  1896.1 2357.1 3757.6 5431
Guamuchil 431.4 $80.3 12362 172855 24727 31140 0535 $35.7
Guatenipa 15932 3217 30032 44514 50417 54141 6096.2 6327.7
Huite's 1865.7 308.2 6929.2  9949.8  13232.7 155048 20439.9 2464.1
Ix el ino 963.7 180.2 23341 37208  5550.2 68359 9716.7 0941.7
Bima 807.3 156.7 24802 34015 47074 58004 894.1 0502.4
LaHuerta 801.9 1442 1627.1 17644 19372 20653 23595 285.7
LaTina 71.0 7.2 1736 254.1 563.3 7269 10515 1184.8
Las Cafias 929.2 4823 7643.8  8899.5  9703.0 10022.1 10355.7 0416.1
PaloDulce 676.4 107.1 1518.3  2137.7  3160.1 40129 6300.9 7450.2
Pal os Blancos 871.2 22.6 3850.1  5076.2  6882.0 84325 12820 8 5123.2
Pericos 199.4 74.6 319.7 362.0 416.2 4567 550.0 590.1

Piaxia 781.0 180.9 39022  5156.8 65823 76024 910.7 0895.7
Pte SudPacifico 28338 453.0 5709.2  6866.1 84935 98247 13327.1 5039.5
Puerte Cafiedo 894.5 1943 24240  2889.1  3478.1 39155 0218 5353.7
San Frarcisco 11498 290.9 3717.4 47333 604238 70454 %75.7 05775
San Ignacio 15093 22165 27545  3308.9  4156.9 49112 7156.5 8915
Sanalo ra 301.4 57.5 7643  1651.6  2296.9 25124 2728.8 2768.1
Santa Cruz 927.0 167.6 26251 38339 52493 62458 8180.8 9314
Tamazula 510.4 7.8 9394  1136.9  1398.4 15952 2049.7 245.0
Tecusiapa 698.5 100.1 21122 27322 3480.1 40239 2625 5792.2
Toahayana 926.5 166.1 1977.3 2144 24624 26157 2895.6 295.6
Urique 294.5 $4.2 480.4 602.6 7575 8726 1375 1251.2
Zapotitl & 533.7 109.7 15176  1969.9  2646.9 32338 0114 5798.8
Zopilote 316.2 680.6 748.6 858.5 977.0 10520 1189.8 1236.8
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Table 4. Compar ison of design events Q(m3/s) and SE (in m3%/s) for some selected stations of case study

Return period Tryears)

GaugingStation D istribution 2 5 10 20 k) 100 500 1000 SE
Chinipas EV1-GVE 1040 1542 1752 1912 209 2181 2359 2417 892
Mixed GVE 1040 1551 1763 1925 2®6 2203 2427 2573 912
Mi>ed Gumbel* 1051 1484 1751 2003 227 2569 3128 3368 816
Palo Duke EV1-GVE* 676 1097 1518 2138 3B0 4013 6301 7450 8849
Mired GVE 672 1114 1539 2137 3%B2 4321 7402 9039 9005

Mixed Gumbel 702 1094 1395 1776 286 4097 6984 8191 9633

EV1-GVE 1155 2524 3543 4626 656 7687 11879 14151 3234
Mixed GVE* 1150 2591 3717 4733 6G43 7045 9476 10578 3028
Mi>ed Gumbel 1141 2613 3676 4605 5®60 6613 8566 9404 3338

San Francisco

*Best distri bu tion according to the minimum value of SE.

Conclusions

Floods are often generated by heterogeneous
distributions composed of a mixture of two
populations. Differences between the popu-
lations may be the result of a number of
factors such as the El Nifio/La Nifa oscilla-
tions. In the analyzed area 62% of the highest
annual maximum discharges (outliers) were
generated in an El Nifio year. The magnitude
of these events is very important and floods
can seriously affect people. For this reason, it
is necessary to account with an additional
mathematical tool that be able to reduce the
uncertainty in estimating of de- sign events,
which are needed in many water-engineering
studies and projects.

In this paper a mixed distribution has been
derived by considering different components
in an opposite way as usually do. F (x) and
F,(x) of equation (1) were the EV1 and the
GEV distributions, respectively.

Results shown that there exists a reduction

in the standard error of fit when using the
EV1-GEV distribution in comparison with
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the mixed Gumbel or mixed GEV distri-
butions, and just in one out of the 35 analyzed
cases, the proposed distribution could not
reach convergence in the estimation of para-
meters process. By contrast, the Mixed GEV
distribution had seven failures with the same
estimation process.

In 13 sample data the EV1-GEV distri-
bution produced the least standard error of
fit (40% of analyzed cases) and in other
different cases it was very close to the mixed
Gumbel and mixed GEV distributions, Ho-
wever, as it was shown, differences between
at-site design events can be significant as
return period increases. A bad selection of the
best distribution in the analyzed site can
substantially modify the design event and
also that the hydraulic project might become
economically unfeasible or unsafe. Thus, by
taking into consideration the mixed flood
distributions a more accurate, physically
based flood frequency analysis can be ob-
tained and sensible savings in costs of
construction of flood protection structures
can be expected. This can also improve the
setting of flood plain limits and the safety of
control structures.
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