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Bifurcation in calculus of variations with constraints

Bifurcacion en el calculo variacional con restricciones

Panayotis Vyridis*

ABSTRACT

We describe a variational problem on a domain of a plane under a constraint of geometrical
character. We provide sufficient and necessary conditions for the existence of bifurcation
points. The problem in R? coordinate form, corresponds to a quasilinear elliptic boundary
value problem. The problem provides a physical model for several applications referring to
continuum media and membranes.

RESUMEN

Se describe un problema variacional sobre una region del plano sometido a una restriccion
de caracter geométrico. Ofrecemos condiciones suficientes y necesarias para la existencia de
puntos de bifurcacién. El problema en las coordenadas de R? corresponde a un problema
eliptico semilineal en la frontera. El problema proporciona un modelo fisico para varias apli-
caciones relacionadas con los medios continuos y membranas.

INTRODUCTION

The classical bifurcation problem has the following form: Let X and Y be two
Hilbert spaces. Consider the equation of the type

f(Au=0, (1.1)

where

r P
d_N:,UH—W(Ngl,l),EJFP
-

2 pump
dt T,

is a map dependent on a real parameter \. We always assume that Fis map
sufficiently smooth with

f(\0)=0,
forall AeR, i.e. (\ O) is a trivial solution of the equation (1.1).

Recibido: 27 de octubre de 2012 Definition 1.1. The number A\, € R is called a bifurcation point for the equa-
Aceptado: 14 de abril de 2013 tion (1.1) if and only if, in every sufficiently small neighborhood of (), 0)
there exists a solution (u, \) with u=0.
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an elliptic partial diferential equation. ut o
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An interesting case is X =Y and

S w=Au—guw), (1.2)
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under the assumption g(0)=0. If )\ is a bifurcation
point for the equation (1.2) then the derivative

[0, 0) =1 -g'(0),

is not invertible which means that )| is an eigenvalue
for the operator g’(0). The question could be inverted:
is every eigenvalue of g'(0) a bifurcation point for the
equation (1.2)? In general the answer is negative.

Example: Consider X =Y = R?,
g(x> y):(x+y37y7x3)7 f()\7 X, y):)\(xr y)ig(-x% y)

We obtain that g(0, 0) = I is the identity matrix, thus
)\, =1is an eigenvalue of g'(0, 0) but it is not a bifurca-
tion point. If (x, y) is a solution, then

Fxxy)=0,

or equivalently
Ax=x+y’, \y=y—x°,
or equivalently

x*+y* =0,

and thus

(%, y)=(0,0),

is the trivial solution. This means that there are no
bifurcation points.

Bifurcation in calculus of variations

The bifurcation problem of variational character is of
special interest since the integral functionals involved
in this problem are models of the deformation energy
of the continuum medium. The problem of the form
(1.1) is reduced to

f\, w)=G'[u]—-AF'u] =0, (2.1)
where G, F are functionals defined on the Hilbert spa-
ce Hwith F'[0] = G'[0] = 0. It is proved by I. V. Skrypnik
(1973) that if the functionals F, G satisfy some specific
assumptions, then the necessary conditions for the
existence of bifurcation points are also sufficient ones.

Let V be an open region of u € H and suppose that
the functionals Fand G satisfy the following conditions:

1. The functional F is weakly continuous, differentia-
ble, and its differential is Lipschitz continuous with

F'lu] = Bu+ L(u), (2.2)
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where Bis a linear, bounded, self adjoint and positive
definite operator. For the nonlinear part L , the fo-
llowing estimates hold:

| Lw < el u
I L)~ L) < el 7+l )y~ L (223)

where cis a positive constant, r >1 and u, u, u, € V.

2. The functional G is weakly continuous, differentia-
ble and its differential is Lipschitz continuous with
G'lu] = Au + N(u), (2.4)

where A is a linear self adjoint and compact operator.
For the nonlinear part N, the following estimate holds:

I V() [[< el |, (2.5)
where cis a positive constant, p>1and ue V.

Proposition 2.1. Every number \ € R , corresponding to
a critical point u = 0 of the funtional

I\, u] = Glu]— A\Flu],

is a bifurcation point of the equation
fOw=1 [\ ul=Gul-AFu]=0, (2.6)
if and only if, the equation

£, 0u=1I_[\Olu=G"[0lu—-AF"[0lu=0, ucH (2.7)

has a nontrivial solution.

Note that under these assumptions equation (2.7) can
be rewritten as

Au—-\Bu=0.

In addition to the bifurcation problem of variational
character, the following problem attracted some spe-
cial interest

flu, A= G'[u] = AF'[u] =0, ®[u]=0, (2.8)
where the differentiable mapping ®: X — R satisfies
®[0] = 0. A problem of this type is called a bifurcation
problem under the restriction of a constraint. The

equation of the constraint
Plu]=0 (2.9)

restricts the domain of (2.1) to a smaller subspace ac-
cording to Lyapunov-Schmidt decomposition. We obtain

H=H &H, where H =Ker®'[0]=0, H,=H,.
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Thus the solutions of the equation (2.9) for small
values of || u|| can be represented as
u=v+h{),veH, (2.10)

where h is a differentiable map of a small region of
0 € H, to a small region of 0¢€ H, with

h(0)=0, h'(0)= 0.

According to (2.10) we define the functionals:

Jv]=Glv+h(v)]=Glu], wveH, (2.11)
and

Qlv] = Flv+h()| = Flul, wveH,. (2.12)
Then the derivatives

D,Flul=Q'lvl, D,Glul=J"[v]

have the meaning of differentiation of the functionals
Fand G along the tangential direction of the manifold
{v+ h(v), v € H }. Thus, the bifurcation problem (2.8)
is equivalent to a problem

Qw]-AJ'w]=0, veH, (2.13)
or equivalently
f(\u)y=D Flu]-AD Glu]=0, ucH. (2.14)

Definition 2.1. The number )\ € R is a bifurcation
point for equation (2.14) if in the intersection of a
sufficient small neighborhood U C X xR of (0, )
with the manifold {v+ h(v), ve€ H} there exists a
nonzero solution of equation (2.14).

Suppose that the functionals Flu], Glu], where
u € H satisfy the conditions (2.2), (2.3), (2.4), (2.5). It
can be proved that the functionals Q[v], J[v], where
v € H, satisfy the same conditions with r>2, as
well as the appropriates conditions of continuity
and differentiability. In addition suppose that the
functional P[u] is differentiable with ®[0]=0 and
Ker®'[0] = H, = 0.

Proposition 2.2. The number )\, is a bifurcation
point of the problem (2.8) or (2.14) if and only if,
the equation
PAPu— A\ PBPu =0, u€eH,

where P:H — H, is the orthogonal projector, has a
nontrivial solution.

It is obvious that bifurcation points exists when
PAP = 0.

Bifurcation in calculus of variations with constraints | Panayotis Vyridis | pp. 27 - 31
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Applications

Let Q C R? be a bounded domain with boundary suffi-
ciently smooth consisting of two non-intersecting
sufficiently smooth components I' and I': 9Q=TUT,
and I'NT", =@. For a funtional u € H where

H={ﬁ€W21(Q,R2), ul. =0,

T

ul.e W (I, R?)j,
are a Hilbert space, we introduce the functionals

Flii] = é f 1y (X)E, (@)E, () + i f 864 P ds,

Q

alil= [ad, xas,

I\ @] = F[ii] - \G[@i], \€R, (3.1)

where the coefficients a,, €L_(S) satisfy the symme-
try property

and they are positive definite, i.e.
a1, ()€1 > AET ¢, A>0,

for all the matrixes (&7 )“. It The tensor §ij (ti) is defined as
ou’

ox'

L1 ou
fij(u)—z(axj ),

and ¢, is the tangential gradient

K _ . 0 .
6. =———n'(x)n' (x)—, 1=1,2, xeIl,
Yoox! 7 )8x’

where 7i(x) is the unitary normal vector to I'. Finally,
suppose that
q.0,x=0, i=1,2, xel.

The physical interpretation is that the functional
I[u, \] can be considered as the energy functional of a
continuum medium with special characteristics deter-
mined by the coefficients Q- The medium is the inte-
rior of a shell T', which is under the influence of a force
density coming from a potential \q(u, x) . The medium
is fixed up to a part I', of the boundary JS . Hence, the
first term of the functional F[u] represents the ran-
dom deformation of the medium while the rest of the
expression comes from the deformation of the shell.

The critical points © € H of the energy functional
I[)\, u] satisfy the integral equation
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[y (g, @), @) x + [6,8,48,6 Fds
/

Q

fqu (@, x)v'ds =0 (3.2)
r

forallv € H.

It can be proved (Vyridis, 2002) that the expression
= _ — — — — /2
| = [fozijkl(x)fﬁ(u)ékl(u)dx + féi‘siu(sjéjuds]l
Q r

defines a norm in the Hilbert space H and thus the
functional F can be written as

Flu] =| 4 |P= (g, 1), ,
and trivially satisfies the Skrypnik’s conditions (2.3).

The functional G is differentiable due to the
smoothness of function g. The fact that the functional
G is weakly continuous, and its differential is loca-
lly Lipschitz continuous, comes from the Sobolev em-
bedding theorem of the space W, (', R?) into the space
C(T, R?). Expression (2.4) holds, where
(Au, w)H = frquiuf (0, x)u'w’ ds,

and
(N(ﬁ), LY))H = fr [qui (U, x) — qa,; ©, x)uj]wids,

for all w € H . The operator A: H — H is linear and
symmetric. The same embedding theorem implies
that the operator A is also compact. Finally, the es-
timate (2.5) holds due to the above embedding theo-
rem for p=2.

By the proposition (2.1) we obtain that A is a bifur-
cation point of equation (3.2) if and only if there exists
i, € H with i, =0 satisfying the identidy

[ )8, (@,)5, @)dx + [6,8,4,8,8ds
Q r

=Y f a,, 0, x)ulv’ds =0, (3.3)
T

for all v € H . Equivalently we obtain:
U, — A\, At = 0.

Assuming that the coefficients a_, and the boundary
0N} are sufficiently smooth, using the formula of inte-
gration by parts (Giusti, 1977).

u&ivds=L52Kuvds—fmv6iuds,

2292

(3.4)
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where K is the curvature of the curve 0f), equation
(8.2) can be written in the equivalently elliptic boun-
dary value problem

2 (00220, xeq, k=12

dx, v 8xj

Q (x)aui n'+D%*uf —\g (4, x)=0, xel, k=1,2

ijkl Ix. Al 5 > )
J

=0 xel,,

where D =¢,6,. In the same way equation (3.3) is equi-
valent to the boundary value problem

i

9 o

— (o (x) —=) =0, x €9, k=1,2
8xl( i ( )axj)

a () 222 0t 1 D%~ A g (0, x)ul =0
ikl 0 o o i\ 0 ’

axj uu

xel,k=1,2

i, =0 xel,

0

Consider the equation (3.2) under the existence of
the constraint with the property of leaving the area of
the domain () invariant. The map
y:90 —-R*  x— y(x)=x+(x),

where u € H, leaves the area of the domain ) inva-
riant if

1 2
[ax=[ det2W-Y) g
Q e 9(x, x?)

This condition is valid if

[i] =0, (3.9)
where
D[ii] = f[czz'ua+i (W'’ -9 2 )]dx
0 0x, 2 Ox, 1
= f (n+u'u?® n' —u'u’® n?)ds,
90 ) *1
or equivalently
afi)= [ [ari+u!(n',ut —n*6u’)ds. (3.6)

The functional ¢ : W; (09, R) — R is differentiable. Using
the analysis of ¢ on the boundary 9

U(x) = p()7(x) + V(A(x), @, P €W (OQ),  x €09,
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where 7(x) is the unitary tangential vector to I', we obtain f 0 ()€, (B,)¢,, (W) dx + f 560, 5, 5}_@ ds
g

- Q
®'[0lu= [ yds, o
o0 -\ [a, 0, xpiw’ds =0, (3.9)
= A - - uw

H, =Ker®10]={ucH, fmwds O, for all @ €H,.
H,=H ={ucH, ux)=p(x)7(x)+Cri(x), xecQ}, The integral equation (3.9) is equivalent to the

boundary value problem
where Cis a constant. According to the Lyapunov-Sch- vy P

midt decomposition, the solutions of equation (3.5) can 5 oy
v

be expressed by (aijkl(x) 0)-0, xeQ
0x ox,

U=0+h(©), veH with h(0)=0, h/(0)=0. :

v .
In this case the critical points in the space H, of the ener-  a,, (x) —> 7°n’ + 27*D*vy =\ q . , (0, x)7"v, =0,
gy functional I\, ti] satisfy the integral equation 0x, o

i

ov .
0 k_ 1 kN2, .k ki _
%kz(x) o n'n +2n"D7y, f/\oquiuk (0, x)n"v; =C,

ﬁ @, (0)¢ (+ R @)D)s, (5 + hi@)) dx

+[8,6,(5+h@) 66, (+h @) ds v, =0, xeT,.
.
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