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Abstract

This paper deals with the problem of time-varying desired position reference
trajectory tracking tasks for an object in a differentially flat nonlinear magnetic
levitation system using position measurements only. A novel scheme for
signal differentiation is proposed for asymptotic estimation of velocity and
acceleration. This differentiator can be utilized in many control applications
of practical engineering systems where the differentiation of any signal is
required. The differentiation of signals is combined with a differential
flatness-based controller for asymptotic tracking of reference trajectories.
Simulation results are provided to show the efficient performance of the
proposed differentiator-control scheme. Two issues for reference trajectory
tracking tasks are performed. The first one considers the rest-to-rest position
transfer problem of the object from a nominal position to another, while the
second one focuses on the sinusoidal position trajectory tracking problem.
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---------- Keywords: Magnetic levitation, differential flatness,
differentiation of signals, motion planning

Resumen

En este articulo se aborda el problema de control para tareas de seguimiento
de trayectorias de referencia variantes en el tiempo para la posicion de un
objeto en un sistema de levitacion magnética no lineal diferencialmente
plano, usando inicamente mediciones de posicion. Se propone un esquema
novedoso de diferenciacion de sefiales para la estimacion asintotica de
la velocidad y aceleracion. Este diferenciador de sefiales se puede utilizar
en muchas aplicaciones de control de sistemas de ingenieria practicos en
donde se requiera la diferenciacion de cualquier sefial. La diferenciacion de
seflales se combina con un controlador basado en planitud diferencial para
el seguimiento asintdtico de trayectorias de referencias. Se incluyen algunos
resultados en simulacion para mostrar el desempefio eficiente del esquema
de control-diferenciador de sefiales propuesto. Se presentan dos casos para
tareas de seguimiento de trayectorias de referencia. El primero considera el
problema de transferir el objeto desde una posicion de equilibrio nominal
deseada a otra. El segundo aborda el seguimiento de una trayectoria sinusoidal
para la posicion del objeto.

---------- Palabras clave: Levitacibn magnética, diferenciacion de
sefiales, planitud diferencial, planificacion de movimiento

Introduction

Control of magnetic suspension systems has been
a challenging research topic over the years with a
growing application trend in efficient innovative
mechatronic product design. Some practical
applications of magnetic levitation can be found
in high-speed passenger trains, magnetic bearings,
vibration isolation systems, turbo machinery,
machine tools and electric drives [1, 2].

Actually, nonlinear and linear control schemes
based on sliding modes, feedback linearization,
backstepping, classical control, neural networks,
optimal control, adaptive control, and other
control design methodologies have been applied
to magnetic levitation systems [2 - 15]. However,
the controller design problem is mainly based
on lineal simplified mathematical models which
are only valid around nominal operation points.
In addition, state feedback-based nonlinear
controllers require measurements of position,

velocity and electric current, increasing the
control implementation costs. In order to reduce
the number of sensors, model based-asymptotic
state observers have also been proposed to
estimate the state vector for specific nonlinear
dynamic systems [16]. The design problem of
this kind of observers is the unstable nonlinear
system dynamics. Another common alternative
in practice to differentiate signals with respect to
time is based on real-time numerical computations
from samplings of the available output signals.
Nevertheless, it is widely known this approach
deteriorates the efficiency and robustness of the
controller significantly. Additionally, most above
control proposals have been mainly focused on
the suspended object regulation problem about
a nominal operation. Therefore, the controlled
motion planning problem using only an output
sensor still offers huge opportunities for design
of energy-saving control technology, reducing
peaks of electrical currents and voltages and as a
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consequence the reduction of manufacturing and
operation costs.

On the other hand, many dynamical systems
exhibit a structural property called differential
flatness. This property is equivalent to the
existence of a set of independent outputs, called
flat outputs and equal in number to the control
inputs, which completely parameterizes every
state variable and control input [17]. By means
of differential flatness the analysis and design
of a controller is greatly simplified, including
tracking of reference trajectories in accordance
with the desired motion planning to system.

In this paper the control problem for time-varying
desired position reference trajectory tracking tasks
for an object in a nonlinear magnetic levitation
system using only position measurements is
the focus of interest. The differential flatness
property exhibited by this mechatronic system is
employed to design the proposed output feedback
control scheme. This structural property that
presents the controllable dynamic systems has
been previously addressed by the authors in the
context of active vehicle suspension control in
[18]. Since this controller needs information of
the velocity and acceleration of the suspended
object, a novel scheme of differentiation of
signals is proposed for asymptotic estimation
of those unavailable signals from measurements
of the output variable. The main attribute of
the presented signal differentiation approach
is that it does not need a mathematical model
of the nonlinear system for its design and
implementation. Hence, the differentiator
of signals can be applied to many control
applications of practical engineering systems
where time derivatives of some signals are
required, and possibly an accurate mathematical
model of the system is not available.
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The design process of the differentiation scheme
considers that the output signal can be locally
approximated by a family of Taylor polynomials.
Then, this polynomial model of the signal is used
to design a Luenberger observer to estimate high
order time derivatives of the output signal. Finally,
some simulation results are provided to show
the effective and efficient performance of the
proposed signals differentiator-control scheme.
Two issues for reference trajectory tracking tasks
are performed. The first one considers the rest-
to-rest position transfer problem of the object
from a nominal position to another. The second
case focuses on the sinusoidal position trajectory
tracking problem.

Magnetic suspension system

Consider the schematic diagram of a magnetic
suspension system shown in figure 1. Here, an
electromagnet is used to suspend a magnetic
object of mass m in the air by applying a control
electromagnetic force F . The electromagnet
is modeling as a resistance in series with an
inductance given by [16]

Liy)=L,+ Loy (1)
y

where L, is the inductance without the object, L,
is the incremental inductance with the suspended
object, y is the vertical displacement of the object
measured from electromagnetic core flat face,
and y" is the desired reference position. One can
then get the differential equation governing the
electric current i by using Kirchoff’s voltage law:

L) 2 ——ri( +o(0) @
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Figure 1 Magnetic suspension system: (a) Schematic diagram, (b) Electrical model

Moreover, one can simplify the analysis by
assuming that when the system is properly
designed, the object will remain close to its
nominal operation trajectory, i.e, y = y". Then, the
inductance is simplified to L=L +L, [2, 14, 15].
Hence, equation (2) is simplified to

L __Rity+ o) 3)
dt
The control force F,_ generated by the

electromagnet is given by [14]

E ()= )

gD+ af’ y(t)=0 4

where a is a constant, which is commonly
determined by experimentation to prevent that
the force is infinite when y = 0 and K is the
electromagnetic force constant given by

K, = mg[};—*J (5)

where g is the gravitational constant and /" is the
necessary current to maintain the object at the

desired position. Then, the total external force
experienced by the suspended object is given by

—K, i*(t)
—F +F =——m 7 6
" +F, v+l +mg (6)

where F, is the force due to gravity. Then, by
applying Newton’s second law to the object, the
equation of motion results in

() =l 1)

B 2m[y(l‘)+a]2 "8 (7)

Defining the state variables as x, =y, X, =X, and
x, = i, one obtains from (3) and (7) the state space
description

m

8 2m(x, +a)’ ®)
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Itis easy to verify that the system (8) is completely
controllable and observable, but unstable in
open loop. Thus, in what follows the differential
flatness property exhibited by the system will be
used to design a controller to perform closed-loop
trajectory tracking tasks in vertical direction,
including the suspension of the object around
specified operation points.

Differential flatness-based control

Because the magnetic suspension system (8)
is completely controllable from then, it is
differentially flat [17], with flat output given by
the object position y = x . Then, all the system
variables can be differentially parameterized in
terms of the flat output y and a finite number of
its time derivatives as follows

X =Y
X, =Y
_2m . 9
= (2 5-5) (r+a) ©)
m 2R 2y .. 3
v= m{uy+”)[T+y—+ya](8—1/)—L(1/+a)y()

From (9), the flat output y satisfies the input-
output differential equation

¥ =bo+&(t) (10)
where
é(t)—2[%+y%aj(g—y)
1 [k,
b= L(y+a) m (g y)

One then obtains the following differential
flatness-based controller to asymptotically track
some desired reference trajectory y*(¢):

v=2[u-£(1)] (an
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with

w=(y)"(O-a[5-5 ()]
o, [9-§ ()]- o [y-y ()]

The use of this controller yields the closed-loop
dynamics of the tracking error e =y - y* (¢):

¥ + i+ ae+ae=0 (12)

Therefore, selecting the design parameters
a, i = 0, .. 3, such that the associated
characteristic polynomial for (14) be Hurwitz,
one can guarantee that the error dynamics be

globally asymptotically stable.

Since the controller (13) requires information of
the velocity and acceleration of the suspended
object, an asymptotic differentiation scheme of
signals is presented in the next section, which
does not require any mathematical model of
the magnetic suspension system for its design
and implementation. Therefore, the proposed
signal differentiation approach can be applied
and extended to other engineering applications
where time derivatives of signals are needed,
for instance, control system implementation,
identification, supervision and detection of faults.

Differentiation of signals

During the design process of our differentiation
scheme of signals, it is assumed that the
position signal of the object y(¢) can be locally
approximated by a family of Taylor polynomials
of (r-1)-th degree:

y(t)= Zpt (13)

where all the coefficients p; are considered
completely unknown.

The output signal could then be locally described
by the following mathematical model:



5:1 :gz

52 253

: (14)
57_1 :§y

i -0

where & =y, & =y, &=V, ..., §r=y(r71)'

A Luenberger observer for the system (14) is then
synthesized as

;él :Ez"' r—l(y_;;)
;éz 253"' r—Z(y_;;)

(15)

The dynamical system describing the state
estimation error is readily obtained by subtracting
(15) from (14). One then obtains, with ¢, =& —&,,
i=1,2,...,r, that

6 = _ﬂr—lel +e,
€, = _ﬂr—Zel +é

(16)
e, =—pe +e,
e, =—pfe
From this expression, the characteristic

polynomial of the observation error dynamics is
given by

Po(8)=8 + B 45"+t B+ fs+ f, (17)

which is completely independent of any
coefficients p, i = 0,..., » - 1, of the Taylor
polynomial expansion of y(¢#). This means that,
the high-gain observer continuously self-updates.
Therefore, as time goes on, the position signal is
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approximated in the form of a (r-1)-th degree
time polynomial.

Clearly, the coefficients of the characteristic
polynomial (17) can be adjusted sufficiently far
from the imaginary axis in the left half of the
complex plane, faster than the system dynamics,
so that output estimation error exponentially
asymptotically converges to zero.

Simulation results

Some numerical simulations were performed on
a magnetic suspension system characterized by
the set of system parameters given in table 1 [15,
19].

Table 1 Magnetic levitation system parameters

m =0,068Kg L =0,4125H
R=1Q K =3.9374 x 10 N m’/A
a=11.8x103m

The design parameters of the controller (11)
were selected to have the following third order
characteristic polynomial for the closed-loop
tracking error dynamics (12):

p.(s)=(s+p, )(52 +2%w, 5+ a)f)

with p, =, =20 rad/s and ¢ =0.7071.

The characteristic polynomial for the fifth order
observation error dynamics was set to be of the
following form:

p.(s)=(s+p,)(s" +2¢ 0,8 +07)

with p, =@, =250 rad/sy { = 1.

Figures 2-4 depict the efficient performance of
the differential flatness-based output feedback
controller (11) using the differentiator of signals
(15) for its implementation. The rest-to-rest
stabilization of the object about equilibrium
positions and the robust tracking of a desired
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reference trajectory are accomplished. The
smooth transference between two nominal
operation points for the suspended object can be
observed, avoiding peaks of electrical current and
voltage, which is a common problem in control
laws that do not consider the motion planning
into their design and implementation. In this
performance test, the position reference trajectory
for the object position y=x, was specified as

W for 0<t<T,
v (=17 +(%-")w(tT,T,) forT,<t<T, (18)
Y fort>T,

where y, = 0.01m, y, = 0.005m, T, = 2s, T, = 4s,
y w(t, T,, T)) is a Bézier polynomial, such that
y(T,, T,, T,) =0 and w(T, T, T,) =1, described
by

5 2
t-T, t-T, t-T,
t)= 1 h=n|— |+ —% | -7,
v [Tz*le {1 2[T27T1J 3[T27T1] 6[

With r,=252, r,=1050, r,=1800, r=I575,
r=700,r=126.

=T

Figures 5-6 describe the efficient performance of
the differentiation scheme of signals to get on-
line estimates of the velocity and acceleration of
the suspended object. One can observe the fast
estimation of those unavailable signals from
sensors, which does feasibility the implementation
of the output feedback controller (11) specified
to perform the motion planning task (18), using
position measurements only.

12 T T T T

11

10—

x,[m]

25
1fs]

Figure 2 Closed-loop position response of the object for the trajectory (18)
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Figure 3 Closed-loop response of the electrical current signal for the trajectory (18)
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Figure 4 Closed-loop response of the voltage signal for the trajectory (18)
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Figure 5 Estimation of the velocity signal of the object for the trajectory (18)
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Figure 6 Estimation of the acceleration signal of the object for the trajectory (18)

On the other hand, figures 7-9 illustrate the
excellent performance of the proposed signal
differentiation-control scheme for the asymptotic
tracking tasks of a sinusoidal reference trajectory
given by

¥ (t)=y+ Asin(ot) 20

where y = 0.01m, 4 = 0.005m and © = Srad/s.

In figures 10-11 the effectiveness of the signal
differentiation scheme (15) is verified. The fast
estimation of the velocity and acceleration of
the suspended object is once again achieved.
Therefore, one can conclude that the proposed
signal differentiator represents an alternative
solution to the practical implementation problem of
nonlinear control schemes for reference trajectory

tracking for nonlinear magnetic suspension
systems. Moreover, since this differentiator of
signals does not require any mathematical model
of the system for its implementation, it can be
applied and extended for nonlinear and linear
control implementation for any engineering
system where time derivatives of output signals are
needed. Note that an important practical limitation
of most the current nonlinear control schemes
based on motion planning for high order nonlinear
dynamic systems is that the state vector or time
derivatives of the output signals must be available
for their implementation. Thus, model-based
nonlinear state observers have been proposed
to control specific nonlinear dynamic systems.
Unfortunately, many times the observer design is
quite difficult or impossible to be performed due to
the nonlinear nature of the system.

0.016 T T T T
L/ x b
0.014 / | ! \

0.012

x,/mf

0.01F \ /
0.008} \ \

0.006

0.004 1 1 1 1
0

2.5
t/s]

Figure 7 Closed-loop position response of the object for the trajectory (20)
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Figure 8 Closed-loop response of the electrical current signal for the trajectory (20)
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Figure 9 Closed-loop response of the voltage signal for the trajectory (20)
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Figure 10 Estimation of the velocity signal of the object for the trajectory (20)
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Figure 11 Estimation of the acceleration signal of the object for the trajectory (20)

Conclusions

In this article we have proposed a differential
flatness-based controller for time-varying desired
position reference trajectory tracking tasks for an
object in a nonlinear magnetic levitation system.
In addition, an innovative differentiation scheme
of position signals based on Luenberger observers
and Taylor polynomials has been proposed for
on-line effective estimation of the velocity and
acceleration of the suspended object. The main
advantage of our differentiator is that it does
not need a mathematical model of the system,
allowing thus its use in many practical engineering
applications where time derivatives of signals
are required and a mathematical model is not
available. The simulation results show a high
efficiency, effectiveness and robust performance
of our proposed differentiator-control scheme for
two motion planning tasks. The first one considers
the rest-to-rest position transfer problem of the
object from a nominal position to another, while
the second one focuses on the sinusoidal position
trajectory tracking problem.
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