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Relevance of the hyperelastic behavior of 
cruciate ligaments in the modeling of the human 
knee joint in sagittal plane

ABSTRACT: The rupture of the anterior cruciate ligament (ACL) is the most common injury 
of the human knee. When surgery is required, it is helpful for orthopedic surgeons to 
scientifi cally defi ne the best position for the graft, which approximates the functionality of an 
intact ACL. To accomplish that, it is crucial to estimate the force acting on the ligament (or 
graft) in response to an external load applied to the knee. This force is called the in-situ force. 
The objective of this research is to evidence the relevance of the hyperelastic behavior of 
cruciate ligaments in the two-dimensional modeling of the knee. To achieve this, a sequential 
method of modeling is proposed based on the theory of mechanisms and Davies’ method. In 
a fi rst approach the cruciate ligaments are treated as rigid bodies, and in a second approach, 
as hyperelastic bodies. These two approaches are then compared. The model provides 
information to assist the preoperative planning, by simulation of the ACL positions and in-
situ forces. The proposed methodology consists of four steps and an experimental procedure 
performed by a robotic manipulator to obtain the in-situ forces. Experimental in-situ forces 
are used to validate the proposed model. Besides helping the preoperative planning, the 
model allows verifying two relevant biomechanical hypotheses: 1. During the simulation of 
the ACL in-situ force, the modeling of the cruciate ligaments as rigid links shows similar 
results to the modeling, which considers the hyperelastic behavior (more complex). 2. The 
ACL in-situ force can be well approximated when the knee is modeled as a two-dimensional 
four bar mechanism. Based on the results it can be concluded that the forces obtained by 
simulations that consider the hyperelastic behavior of the cruciate ligaments are close to the 
forces obtained by simulations that consider the cruciate ligaments as rigid bodies. It can 
also be noted that the simulated results are quite similar to the experimental results, which 
is important considering that the proposed model is simplifi ed. 

RESUMEN: La ruptura del ligamento cruzado anterior (LCA) es la lesión más común 
de la rodilla humana. Cuando se requiere cirugía, es de mucha ayuda para los cirujanos 
defi nir científi camente el mejor punto de inserción del injerto, para que pueda tener una 
funcionalidad similar a la de un LCA intacto. Para esto, es crucial la estimación de la fuerza 
que actúa en el ligamento (o injerto) en respuesta a una carga externa aplicada sobre la 
rodilla. Esta fuerza es llamada fuerza in-situ. El objetivo de esta investigación es evidenciar 
la relevancia del comportamiento hiperelástico de los ligamentos cruzados en el modelaje 
bidimensional de la rodilla. Para ello, se propone una metodología secuencial de modelaje 
basándose en teoría de mecanismos y el método de Davies. En una primera aproximación, 
los ligamentos cruzados son considerados como cuerpos rígidos; en una segunda 
aproximación, como cuerpos con comportamiento hiperelástico. Esas dos aproximaciones 
son comparadas. El modelo proporciona informaciones que permiten asistir el planeamiento 
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models described in the literature, which just consider the 
ligaments as rigid links [11] or elastic links [12]. Moreover, 
for the in-situ force simulation, the proposed methodology 
shows evidences that confirm the hypotheses of the cruciate 
ligaments being considered as rigid and inextensible links, 
neglecting its hyperelastic behavior. Also, the proposed 
methodology allows the forces that occur in an ACL graft 
to be simulated according to the site of the graft insertion.

This paper begins with the proposed methodology for 
the modeling, which consists of four sequential steps: (1) 
schematic representation of the physical model of the knee 
(where the geometric model is established); (2) obtainment 
of the successive positions of the cruciate ligaments (where 
the positions are modeled during the flexion movement); (3) 
determination of the cruciate ligament forces (where the 
force is acting on the cruciate ligaments for each position); 
and (4) consideration of hyperelastic behavior (where the 
force is related with the ligament’s strain by means of 
experimental curves). In order to validate the proposed 
model, the simulated values for the in-situ force in the 
ACL are compared with the experimental data previously 
obtained in [7]. Finally, the conclusions are presented.

2. Proposed methodology
The proposed methodology for modeling the knee in the 
sagittal plane provides a unique and systematic approach 
consisting in four steps: (1) schematic representation of the 
physical model of the knee, (2) obtainment of the successive 
positions of the cruciate ligaments, (3) determination 
of the cruciate ligament forces, and (4) consideration of 
hyperelastic behavior.

The first step identifies the initial positions of the cruciate 
ligaments when the knee is in the full extension position, 
based on magnetic resonance imaging (MRI). In this step, 
modeling assumptions are established. The second step 
leads to the obtainment of the successive positions of the 
cruciate ligaments in the flexion-extension movement of 
the knee, using matrix tools. The third step leads to the 
identification of the forces acting on the cruciate ligaments 
for each position, by means of the Davies’ method. This 
static analysis enables the in-situ force of the ACL (or ACL 

1. Introduction
The rupture of the anterior cruciate ligament (ACL) is 
the most common injury of the human knee [1] causing 
considerable knee instability, decreasing functional ability 
and degeneration of adjacent anatomical structures. 
Surgical treatments for such injuries involve knee joint 
surgery, where orthopedic surgeons must plan the surgical 
procedure in order to optimize postoperative results. 
Therefore, the preoperative planning is a critical step 
in selecting the surgical technique and the parameter 
definitions to be used in the surgery for each patient and, 
thus, it can directly affect the outcome of the surgery.

For an appropriate preoperative planning, the orthopedic 
surgeon needs to know the exact problem to be solved 
[2, 3], possible surgical solutions [2, 3] and the expected 
consequences for each solution [2]. In this context, several 
studies have been carried out to define mechanical models 
representative of the knee [2-5]. It has been shown that 
these models provide orthopedic doctors with additional 
information regarding several aspects of the preoperative 
planning, as well as the reconstruction of ligaments, joint 
surfaces and osteotomy [2]. Moreover, these mechanical 
models are essential for the design of prostheses [3-5], 
synthesis of orthoses [3], and the indirect estimation of 
unmeasured internal forces of the joint [5].

However, orthopedic surgeons also need to perform other 
tasks, such as: to determine scientifically the point for the 
insertion of the graft that approximates the functionality 
of an intact ACL; to ascertain the pretension that the graft 
should be fixed at; and to estimate the force acting on the 
ligament (or graft) in response to a load applied to the knee. 
This force is called the in-situ force [6, 7].

The main aim of this study was to support the orthopedic 
surgeon in the above-mentioned tasks, using the 
information provided by a two-dimensional model of the 
knee. The model was developed based on the mechanism 
theory, the screw theory and the Davies’ method [8-10]. 
This model allows us to simulate the positions and forces 
of a healthy ACL in the sagittal plane, considering the 
hyperelastic behavior of the cruciate ligaments. For this 
reason the proposed modeling is an improvement of other 

pre-operatorio, mediante la simulación de las posiciones y la fuerzas in-situ del LCA. La 
metodología propuesta consiste en cuatro pasos y considera un procedimiento experimental 
realizado mediante un manipulador robótico que obtiene las fuerzas in-situ. Las fuerzas 
in-situ experimentales son usadas para validar el modelo propuesto.  Además de apoyar 
al planeamiento pre-operatorio, el modelo permite verificar dos hipótesis biomecánicas 
relevantes: 1. Para la simulación de la fuerza in-situ del LCA, el modelaje de los ligamentos 
cruzados como barras rígidas, presenta resultados semejantes a los del modelaje que 
considera el comportamiento hiperelástico (más elaborado). 2. Las fuerzas in-situ del 
LCA pueden ser aproximadas satisfactoriamente, cuando la rodilla es modelada como un 
mecanismo bidimensional de 4-barras. Con base en los resultados puede concluirse que las 
fuerzas obtenidas por simulaciones que consideran el comportamiento hiperelástico de los 
ligamentos cruzados, son muy próximas a aquellas fuerzas obtenidas en simulaciones que 
consideran los ligamentos cruzados como cuerpos rígidos. También se puede observar que 
los resultados simulados son bastante similares a los resultados experimentales, lo que es 
relevante considerando que el modelaje propuesto es simplificado.
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experimental stress-strain curves [13]. Finally, the effect 
of the hyperelastic behavior can be analyzed. This whole 
procedure is briefly schematized in Figure 1 and will be 
explained in detail below.

graft) to be obtained, caused by an applied external load. The 
fourth step leads to the identification of forces considering 
hyperelastic behavior for the cruciate ligaments. This is 
performed with the in-situ force, obtained in the previous 
step, and a constitutive relationship obtained from 

Figure 1 Schematic process of the proposed methodology, composed of four steps: (1) schematic 
representation of the physical model of the knee, (2) obtainment of the successive positions of the cruciate 
ligaments, (3) determination of the cruciate ligament forces, and (4) consideration of hyperelastic behavior
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The length and position of the links in the proposed model 
are dependent on the length of ACL and PCL, as well as the 
location of the ligament insertions on the tibia and femur. 
These parameters can be determined by MRI inspection of 
the knee at full extension as shown in Figure 2 (b), where 
both ACL and PCL appear. The points a,b,c,d are located 
approximately at the middle of the insertion regions of both 
ligaments. In Figure 2 (c) the physical representation of the 
knee in extension based on the MRI is shown.

An extensive literature review [16-20] revealed the wide 
range of variation in the lengths of the cruciate ligaments 
in the sagittal plane. Based on this literature review and on 
MRI inspection, the ligament length values chosen for the 
simulation of the proposed model are: ACL (cd)=37mm, PCL 
(ab)=17mm, femoral link (bc)=10mm, tibial link (ad)=25mm.

2.2. Obtainment of the 
successive positions of the 
cruciate ligaments
In this section, the successive positions of the cruciate 
ligaments are calculated, from the maximum extension up 
to the maximum flexion of the knee (00 - 1400), as shown in 
Figure 3.

For this analysis, the Freudenstein equation [21] and rigid 
transformations [22] are used. The Freudenstein equation 
[21] is widely used for the synthesis of 4-bar mechanisms 
and in the proposed model it allows us to obtain the 
angle as a function of angle (Figure 2 (a)).

cruciate ligaments are always under tension and do not 
change the length while the femoral condyles stay in contact 
with the tibial condyles. From here, a two-dimensional 
cross four-bar mechanism abcd is superimposed on to 
the cruciate ligaments, since the tibia and femur are also 
considered as rigid links, as shown in Figure 2 (a). 

2.1. Schematic representation of 
the physical model of the knee 
in the sagittal plane
The proposed physical model is based on the experimental 
approach presented in [14], where is considered that the 

In Figure 2 (a) the point a, b, c and d are rotary joints of the 
mechanism, the link ab represents the PCL, cd represents 
the ACL, ad represents the femoral link (fixed to the femur) 
and bc represents the tibial link (fixed to the tibia). The 
angle  indicates the orientation of the link cd relative to 
the femoral link, and  is the orientation angle of the link 
ab relative to the femoral link. I is the intersection of the 
cruciate ligaments and represents the center of rotation 
of the joint. The changing position of the cross four-bar 
mechanism over the flexion range represents the observed 
pattern of rolling and sliding of the femur on the tibia for 
flexion [14]. Furthermore, it is indicated that the shape of 
the condyles is geometrically defined by the length of the 
cruciate ligaments, their length ratio and their insertion 
localization [14].  

In agreement with the premises presented in [14], the 
following assumptions are here considered:

•	 The human knee is modeled as a two-dimensional 
four bar mechanism with rigid links.

•	 All bundles of each cruciate ligament are shrinked 
in a unique link, during the whole motion.

•	 The insertion regions of each ligament are 
considered as a single insertion point during the 
whole motion, and are used to define the four bar 
mechanism (points a, b, c, d).

•	 The articular surfaces are considered as 
undeformable.

•	 There is no mechanical contribution from collateral 
ligaments neither from menisci or other structures

.

Figure 2  a) Knee in flexion with a cross four-bar mechanism superimposed on the cruciate ligaments, based 
on [14]. b) MRI of a knee in extension. c) Physical model of the knee in extension based in [15] where the 

femoral l ink ad is collinear to the ACL link cd
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Considering the fi xed points a and d, and the point a as the 
origin of the coordinate system, the successive positions of 
the links ab and cd can be described. The position of the 
vector ab is described as the rotation of point b around point 
a, as shown in Eq. (1):

                                                            (1)

where  is the fi nal position of point b, is the initial 
position of point b and  is the homogeneous matrix that 
describes the rotation angle  around point a.

In the same way, the position vector cd is described as the 
rotating point c around point d, as shown in Eq. (2): 

                                                                  (2)

where is the fi nal position of point c, is the initial 
position of point c, and  is the homogeneous matrix 

Figure 3  Mechanical model of the knee in flexion: a) 0º or fully extended, b) 70°, c) 140º, d) Successive 
positions of the cruciate ligaments for the flexion knee movement, where ACL is in light l ine between  

and  screw points, LCP in light l ine between  and  screw points, t ibial and femoral l ink are in dark 
lines. The femoral l ink is fixed

Figure 4  a) Experimental procedure proposed in [7]. b) Static modeling of the experimental procedure
lines. The femoral l ink is fixed

that describes the rotation angle around point d.
On entering the successive values of  (from the maximum 
extension up to the maximum fl exion) in Eqs. (1) and (2), all 
positions of the cruciate ligaments are obtained, as shown 
in Figure 3 (d).

2.3. Determination of the 
cruciate ligament forces
In this section the forces in the cruciate ligaments are 
calculated by static analysis using the Davies’ cutset law [8, 
9]. The experimental procedure proposed in [7] is modeled 
and simulated. In this context, the experimental results are 
used to compare the simulated results. In [7] the in-situ 
force of the ACL is obtained by using a robotic manipulator 
system (Unimate, PUMA model 762) and a universal force-
moment sensor UFS (JR3, model 4015), as shown in Figure 
4 (a). 
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femur, assuming that the tibia is moving and the femur is 
fixed.

The anterior tibial force applied by the robot has a 
magnitude of F, and is accompanied by a torque  that 
constrains theflexion angle in order to provoke a forward 
translation of the tibia relative to the femur. The loads 
applied by the robot are shown in dark arrows (Figure 4 (b)). 
The application point of the force F is called , and it is 
considered to be located at the midpoint of the tibial link bc. 
The ligaments transmit the loads applied by the robot from 
the tibia to the femur in the form of a reaction force F1 and 
a reaction torque   (Figure 4 (b)).

In [11, 12] the human knee modeling using Davies’ method 
[8-10] was proposed. The static analysis of this work is 
based on previous works [11, 12]. The external force and 
torque as shown in dark arrows (Figure 4 (b)), must be 
internalized and replaced with equivalent actions (reactions 
forces) [8-10] between links belonging to the mechanism 
analyzed, resulting in a constrained chain (Figure 5 (a)). 

At this stage, numbers are assigned to each link and 
internal actions Rx and Ry are specified at each joint, as well 
as the force F and the torque  (Figure 5 (a)).

Once the actions are internalized, the action graph called 
GA (Figure 5 (b)) is constructed [8], where the 8 edges Rx 
and Ry represent the passive actions between each link in 
0, 1, 2 and 3, and the edges F and  represent the active 
actions between links 0 and 2.

To apply the Davies’ cutset law, k cuts must be determined 
on the graph GA. The number of k cuts is given in Eq. (3) 
[23]:

                     (3)

where n is the number of vertices of the graph GA. Based on 
the graph, it is possible to determine the location where k = 3 
cuts in the graph will be applied [8-10]. The 3 cuts are named 
u, v and w, and are shown in dashed lines (Figure 5 (b)). 

A brief description of the experimental procedure is 
performed in order to understand the modeling process 
and the acting forces. In this experimental procedure, 
knee specimens where analyzed. The femur was fixed to 
the ground by a supportive base and the tibia was fixed to 
the UFS, which in turn is fixed onto the end-effector of the 
robot (Figure 4 (a)). To obtain the in-situ force of the ACL, 
the robot applies an anterior tibial load as shown by the 
dark arrow in Figure 4 (a), and it is applied to five different 
knee angles of flexion (0o; 15o; 30o; 60o; 90o).

The load direction is chosen anteriorly to the tibia because 
there are examinations, where the doctor manually applies 
a similar load to the tibia in order to determine the presence 
of ACL injuries (Drawer Test, Lachman test). Moreover, the 
ACL stops the anterior displacement of the tibia relative to 
the femur. Therefore, the load applied by the robot directly 
affects the ACL. The UFS sensor records the force and 
torque data in the tibia and through Jacobian operations 
the magnitudes of these factors that occur in the ACL are 
determined, such as the in-situ force [1, 6, 7].

The modeling of the experimental procedure related in 
[7] is shown in Figure 4 (b). This model adopts the inertial 
reference system coinciding with point a, belonging to the 

Figure 5  a) Actions on the couplings of the modeled mechanism. b) Action graph (GA) of the modeled 
mechanism and k cuts (dashed lines)

For the internalized actions chain, in the workspace = 3, 
equations can be described which must be satisfied by 

C unknowns. The C unknowns correspond to the sum of the 
number of passive and active actions as shown in Eq. (4): 

            (4)

where the passive actions are Rx and Ry of each joint, and the 
active actions are F and . These C unknowns can be written 
as a function of CN primary variables [10], as shown in Eq. (5).

                     (5)



129

D. A. Ponce-Saldias et. al; Revista Facultad de Ingeniería, No. 76, pp. 123-133, 2015

(10)

where the first member of the left side of Eq. (10) 
corresponds to  and the second member of this 
equation is the matrix of unknowns reactions and torque 
magnitudes. The system of Eq. (10) can be rewritten [11, 
12] so that the primary network submatrix is equal to 
the last column of the matrix  and the secondary 
network submatrix  is equal to the first nine columns of 
the matrix . Since  is invertible, the matrix of the 
unknown reactions and torque magnitudes can be isolated 

and calculated in Eq. (11):

(11)

By assigning a value to the primary variable , it is possible 
to obtain a static solution, corresponding to Eq. (11). In 
order to perform the static simulation that represents the 
experimental procedure proposed in [7], the motion of the 
knee flexion ranges from 00 to 900. For each flexion angle, 

an anterior tibial force is applied. The in-situ force of the 
ACL is calculated as the force that passes through the link 

cd for each flexion angle, that is: 
. The in-situ force of PCL is calculated as the force that 
passes through the link ab for each flexion angle, that is: 

.

Thus, it is possible to determine the internal actions C of 
the chain by imposing CN = 1 variables, corresponding to 
the force F.

A screw that represents forces and torques of a constrained 
chain is called wrench [8, 9]. In relation to the wrench that 
represent pure force, e.g. Rx and Ry (in the rotary joints) and 
the force F, the pitch h is zero [10], therefore wrenches that 
represent pure force constraints are shown in Eq. (6) [11, 
12].

                  (6)

where $ is the wrench,  and are the position and the 
orientation of the wrench axis, respectively, and is the 
force. 

On the other hand, the wrench pitch corresponding to 
pure torque  is infinite [10]; therefore, wrenches, which 
represent pure torque are obtained as indicated in Eq. (7) 
[11, 12].

                           (7)

                                             
Considering Eqs. (6) and (7), and that the position vectors  
of the wrenches are obtained in step 2 of the methodology 
(obtainment of the successive positions of the cruciate 
ligaments), the wrenches shown in Eq. (8) are obtained by 
the proposed model:

                                        
                  

                    

   
  

(8)

To apply the Davies’ cutset law [8] the unit network action 
matrix  is built. In this matrix, the normalized 
wrenches belonging to each cut u, v and w of the graph 
GA (Figure 5 (b)) are placed in an organized way. The unit 
network action matrix for the proposed model is presented 
in Eq. (9):

(9)

The Davies’ cutset law states that the sum of the wrenches 
belonging to a cut is zero [8]. Thus, applied the cut set law to 
the proposed model is obtained the Eq. (10) [8, 11, 12, 24]:
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2.4. Consideration of 

hyperelastic behavior
This step leads to the identifi cation of forces and length 
variations of the cruciate ligaments considering hyperelastic 
behavior. In this step the cruciate ligaments are no longer 
considered as rigid links, but as a one-dimensional 

Figure 6 Experimental data for an ACL specimen: a) Stress-
strain data at seven strain rates: •, 
; ; b a s e d 
on [13]. b) FL −δ data obtained from a stress-strain rate of 
1%/s. This data can be fi tted by a hyperelastic constitutive 
relationship

In order to obtain the force-deformation curve  
from the stress-strain curve, the values of the forces are 
calculated from the multiplication of the stress values and 
the magnitude of the cross-sectional area of the ligament

. In turn, the values of  are calculated through the 
multiplication of the strain values by the length of the 
unloaded ligament . Values of  and  were obtained 
from [13]. The curve  obtained for a stress-strain rate 
of 1%/s is shown in Figure 6 (b).

To determine the mathematical expression that best fi ts the 
curve  (Figure 6 (b)), a constitutive relationship based 
on an exponential form can be considered, as shown in Eq. 
(12):

                             (12)

where  is the force that passes through the cruciate 
ligament,  is the deformation of the cruciate ligament,  
is the Euler number, A, B and  are constants with values 
of -0.71, 0.55 and 0.68, respectively. Having A<0 means 
that there is a compressive force at  which is not a 
problem in this case because magnitude of A is smaller 
than the smaller value of  used in this work and it has, 
as a consequence, a better fi tting of the experimental data.
The Eq. (12) can be rearranged in order to provide the term 

hyperelastic material with length variation as a function of 
the applied force.  The length variation of the links due the 
hyperelastic behavior, is named in this work, as deformation

. This deformation  has units of length and can be 
obtained considering the experimental stress-strain curves 
for one ACL specimen (Figure 6) and its geometric data, 
as found in [13]. The initial state  is defi ned as the 
confi guration used in the section 2.1.

 in an explicit way. Therefore, the deformations of the 
ACL ( ) and PCL ( ) are shown in Eqs. (13) and (14) 
respectively, where  is the force that passes through the 
ACL and  is the force that passes through the PCL.

                    (13)

                              (14)

The in-situ forces in the cruciate ligaments (  and 
) are solved in the previous step of the proposed 

methodology, considering the ligaments as rigid links. 
These values of forces are then used to substitute and 

 in Eqs. (13) and (14), respectively, in order to obtain the 
values for the corresponding deformations and , for 
each fl exion angle.

It is important to note that each deformation (  and ) 
varies with the in-situ force for each fl exion angle. All of the 
successive ligament positions (considering rigid links) have 
to be updated, as shown in Eqs. (15) and (16) considering 
these deformations:

                  (15)

                    (16)

Figure 6  (a) shows seven stress-strain curves at different strain rates. The 1%/s strain rate curve was 
chosen because it is the same strain rate applied in the experimental procedure proposed in [7].
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where the updated positions of the ACL and PCL, now 
considering hyperelastic behavior, are called  
and  respectively. Three principal successive 
positions of the cruciate ligaments, considering hyperelastic 
behavior (thin line) and considering the ligaments a rigid 
links (thick line), are shown in (Figure 7).

Figure 7  Positions of the cruciate ligaments: 
considering hyperelastic behavior (thin line) and 

considering the ligaments as rigid links (thick line)

For the updated positions the cutset law is reapplied 
to finding the in-situ forces that consider hyperelastic 
behavior of the cruciate ligaments, as will be shown in the 
next section.

3. Results
In this section, the experimental and simulated results for 
the in-situ forces in the ACL are presented. In Figure 8 are 
shown the results for an anterior tibial load of   = 110N. 

 Figure 9  In-situ forces for F1 magnitudes: a) experimental values [7], b) values simulated considering the 
ligaments as rigid links (neglecting hyperelastic behavior), and c) values simulated considering hyperelastic 

behavior

In this figure, the experimental values were obtained in [7] 
where an anterior tibial load  is robotically applied to the 
following flexion angles: 00, 150, 300, 600, 900. The simulated 
results are obtained considering that  is continuously 
applied from 00 up to 900. In Figure 8 the experimental 
values are shown in black squares, the simulated values 
considering hyperelastic behavior are in circles and the 
simulated values considering the ligaments as rigid links 
are in white squares. The maximum differences between 
the experimental and simulated values for the in-situ force 
occur at flexion of 600 and 00.

Following this procedure, the in-situ forces in the ACL were 
evaluated for the same flexion angles, but varying the mag-
nitude of the anterior tibial loads  to: 110N, 88N, 66N, 
44N and 22N. The experimental values are shown in Figure 
9 (a). The simulated values considering the ligaments as 
rigid links are shown in Figure 9 (b). The simulated values 
considering hyperelastic behavior are shown in Figure 9 (c).

Figure 8  In-situ forces in the ACL for an anterior 
tibial load F1=110N: ■  experimental values 

from [7] with its standard deviation; ○  values 
simulated considering the ligaments as rigid 
links (neglecting hyperelastic behavior); and 
□  values simulated considering hyperelastic 
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in fact replaced by ligaments, the difference between 
the two models would be very small. Thus, the proposed 
model could provide support to orthopedic surgeons 
with information, which is important for the preoperative 
planning and medical decision making.

The proposed methodology for the inclusion of hyperelastic 
behavior could be considered as a series of iterations, 
where the positions of the ligaments are accommodated 
until they converge, according to an external load  and 
the deformation  in the constitutive relationship (Eq. 12). 
However, in this work a single iteration was performed, 
because the variation in the length of the ligaments in just 
one iteration was very small, and thus it was considered 
that convergence had been reached.

One possible reason of the difference between the simulated 
and experimental results for the in-situ forces in the ACL is 
the neglecting of the three-dimensional effects, such as the 
axial rotation of the knee.

Despite the simplicity of the model, it has provided a good 
agreement with the experimental results. The proposed 
methodology would allow the present model to be improved 
in future works, simulating customized models of the knee, 
including three dimensional effects and other internal 
structures, which will allow better results to be obtained 
with values closer to the experimental data.6. 

4. Discussion
Comparing the simulated values in Figure 8, the ACL in-situ 
force obtained by modeling the cruciate ligaments as rigid 
links shows similar results to the ones obtained by consid-
ering hyperelastic behavior. It can be explained by the small 
values of deformation. It leads to small variations of the 
geometric configuration between the rigid link model and 
the hyperelastic model (Figure 7). These small variations 
result in a close proximity between the forces of each model 
(Eq. 11).   

Comparing the experimental ACL in-situ force and the sim-
ulated values obtained in a two-dimensional four bar model 
(Figure 8) a similar tendency is observed, except in the full 
extension region (0° of flexion). The proposed model with its 
assumptions numbered in section 2.1 produces simulated 

values of in-situ force within the standard deviation of the 
experimental values. 

The following definitions for error (Eqs. 17 and 18) were 
used to analyze the bar graphs in Figure 9.

     
eex=

Esperimental  datai − Simulated  datai
Esperimental  datai ⋅ni

n

∑ ⋅100                  (17)

esim=
Esperimental  data (rigid)i − Simulated  data (hyperelastic)i

Esperimental  data (rigid)i ⋅ni

n

∑ ⋅100           (18)

In these equations i = 1,…,n where n is the number of flex-
ion angles evaluated. The error exe  (Eq. 17) is calculated 
between experimental and simulated values. The error  
is calculated between simulated values (Eq. 18). The errors 

 and  are shown in Table 1. 

Table 1  Errors between data of Figure 9 for the whole set of anterior tibial loads, where Exp: experimental 
data; Rigid: simulated data for rigid links; Hyp: simulated data for hyperelastic links

In Table 1, it can be observed how close the experimental 
values are to the simulated values, for the whole set of 
anterior tibial loads.  Here, it is observed that  for rigid 
links is smaller than  for hyperelastic links. Considering 
this fact and that  is very small, the hyperelastic 
behavior would be neglected.  It can also be seen that while 
F1 increases,  decreases and  has a tendency to 
grow, it can be explained because the deformation is also 
increased. Finally, is expected that decreases while the 
strain rate grows (Figure 6), for the same F1.

5. Conclusions
In the proposed simulation of the ACL in-situ force, 
the modeling of the cruciate ligaments as rigid links 
shows similar results to the modeling which considers 
the hyperelastic behavior, in agreement with the first 
hypotheses, presenting a total mean of the errors  very 
small (1.74%). Considering the above claimed and that the 
total mean value of  for rigid links data is lower than the 

for hyperelastic data, it can be stated that the inclusion 
of the hyperelastic behavior can be neglected.  

The proposed model of the human knee joint, modeled as a 
two-dimensional four bar mechanism, provides results for 
the position and in-situ forces in the ACL which are close to 
the corresponding experimental data, in concordance to the 
second hypotheses proposed. Therefore, it can be concluded 
that: If two rigid links representing the  ligaments  were 
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