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Revista de Matemática: Teoŕıa y Aplicaciones 2008 15(1) : 97–99

cimpa – ucr issn: 1409-2433

an approach to ladder operators for the

two-dimensional harmonic oscillator
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Abstract

We show that elementary properties of associated Laguerre polynomials generate
the ladder operators for the harmonic oscillator radial wave function in two dimensions.
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Resumen

Demostramos que propiedades elementales de polinomios de Laguerre generan op-
eradores escalera para la función de onda del oscilador radial armónico en dos dimen-
siones.
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1 Introduction

Let ψMN (%, ϕ) be the wave function of the two-dimensional harmonic oscillator (2DHO)
in polar coordinates with natural units(~ = 1 and Mass=1), which can be expressed in its
radial and angular parts as [1]:

ψMN = R|M |N(%)eiMϕ, N = 0, 1, 2, . . . (1)
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with M = −N,−N + 2, . . . , N − 2, N where

RMN = CmN%
me−

%2

2 Lm
N−m

2

(%2), CmN =
[
π
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2 )!
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2 )!

] 1
2
, m ≥ 0 (2)

and Lp
q denoting the associated Laguerre polynomials [2].

Here we shall determine the ladder operators Ô±
mN , for the radial wave function(2),

such that:
Rm±2,N = Ô±

mNRmN , (3)

employing only elementary properties of Lp
q , that is, it is possible to construct Ô±

mN without
the use of specific techniques as the factorization method [3-6].

2 Ladder operators for the 2DHO

From (2) we have that:
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but if we remember the known relations [2]:
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then (4) may be written as:
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From the associated Laguerre equation[2] it is immediate the expression:
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and thus (6) adopts the form:
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but (2) implies that Lm
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2 RmN , then (8) leads to (3) with:
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A similar process permits to deduce the other ladder operator:

Ô−
mN =

m− 1√
(N +m)(N −m+ 2)

(m
%2

− N + 1
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+
1
%

d

d%

)
RmN. (10)

The radial wave function for the Coulomb potential is in terms of Lp
q , to see [7,8],

the method here showed is applicable to obtain its ladder operators, which represents an
alternative procedure to another techniques [9,10].
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