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Abstract

In this paper a novel fuzzy convergence system (SC) andritisfimen-
tals are presented. The model was implemented on a monwebREEO
algorithm with three phases: 1) Stabilization, 2) generatind breadth-
first search, and 3) generation and depth-first. The systerR SQ-3P
was tested with several benchmark engineering problemsvdhdeveral
CEC2006 problems. The computing experience and companighrpre-
viously reported results is presented. In some cases thksesported in
the literature are improved.

Keywords: particle swarm optimization (PSO); optimization.

Resumen

En este trabajo se presenta un novedoso sistema de corciartea),
sus fundamentos y la experiencia computacional. Se impighen un
algoritmo PSO monoobijetivo de tres fases: Estabilizagy@meracion y
busqueda en amplitud, generacion y bisqueda a profundiiadal se
probd con diversos problemas benchmark tanto de ingemenf@ de la
serie CEC2006. La experiencia computacional y la compamamon re-
sultados previamente reportados se presenta. En algususs sa mejoran
los resultados de la literatura.

Palabras clave:optimizacion por enjambres de particulas; optimizacion.
Mathematics Subject Classification:90C26, 90C29, 90C59.

1 Introduction

In general, an optimization problem can be defined as:

min h(x).

reX

Many real world problems can be expressed as continuous optimization pro
lems, either with or without restrictions. Due to the complexity and intractability
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of many of these problems different heuristic solution methods have been de-
veloped, among others: Tabu Search (TS) [9], Simulated Annealing [3A)
Genetic Algorithms (GA)[[15], Scatter Search (SS)![10], Particle Swapn O
timization (PSO)[[19], just for PSO, there are so many different versioais

a treaty on its taxonomy can be found in|[31]. For a review of its variants,
see|16].

With respect to constrained optimization: Toscano-Pulido and Coello (2004)
[B3]presented a simple mechanism to handle constraints with PSO based on
closeness of a particle to feasible region in order to select a leader, phisaap
also incorporates a mutation operator. The authors perform 340,00€tebje
function evaluations. Lu & Chen (2008) [26] presented an algorithmdahdf-
adaptive velocity PSO. To handle constrains, they adopted a dynamictiobje
constraint-handling method. Liu et al. (2010) [25] proposed an hyb&@® P
named PSO-DE, which integrates PSO with differential evolution (DE) inrorde
to force jump out of stagnation. Mazhoud et al. (2013) [27] proposedtcaint-
handling mechanism consists of closeness evaluation of a particle to titddeas
region, at each iteration, the constraint total violation function is introdasea
second objective, in order to solve the bi-objective optimization problem they
use a basic lexicographic method, the algorithm is named CVI-PSO and the
algorithms have been tested over 24 benchmark functions with 25,000 fitness
function evaluations(FFE) for problems with 2 until 24 variables.

In particular, with the SC-PSO-3P model, evidence of convergence dor th
Grienwank function with 120,000 variables € [-600, 600] is presented (see
Figure[1) using only 3 particles and reaching global optimum in less than 90
iterations on average and 40 seconds on average. The instancesolve
using Matlab and running it on a Notebook with an Intel Atom N280 progesso
at 1.66 Ghz. Subsequently, in the section of numerical examples, an bl C
i5-3210M processor computer at 2.5 GHz computer was used.

This paper presents a novel approach that guarantees the solutiangtea s
algorithm. The work is divided as follows: background of fuzzy numlzges
presented in the second section; the proposed Convergence Systers \B€ll
as its definitions and fundamentals are presented in the third section. The gen
eral guidelines of PSO are presented in the fourth section. Numericalpdes
are presented in the fifth section. Finally, conclusions and future sone
presented.

2 Fuzzy numbers

In this section, we introduce the basic concepts of fuzzy numbers badéfl o

Rev.Mate.Teor. ApliqISSN print: 1409-2433; online: 2215-3373) Vol. 23(1): +142, January 2016



114 S.D.L.COBOS-M.GUTIERREZE.RINCON-P.LARA—R.MORA—A.PONSICH

18 -

16 -

14 -

12 -

0.8~ -

Objective Function Values
-
T
L

0.6 -

0.4 -

0.2 -

Iterations

Figure 1. Convergence with SC for Griewank function dimension=100,0

A fuzzy numberA = (a,b,c,d;w) is defined as a fuzzy subset of the real
line " with membership functionh 4 such that:

1. hy is continuous mapping frof to the closed intervdD, w].

2. ha=0,Yz € (—00,al.

3. h4 is a strictly increasing function oja, b].

4. hy = w,Vx € [b, c], wherew is a constant ant < w < 1.

5. hg is strictly decreasing oft, d|.

6. ha =0,z € [d, +00),

where0 < w < 1,anda,b,c,d € R,anda < b < c¢ <d.

If w = 1, the generalized fuzzy numbek is called a normal trapezoidal
fuzzy number (see Fidl 2) denoted 4s= (a,b,c,d). If a = b andc = d, then
Ais acrisp interval. Ih = ¢, then A is a generalized triangular fuzzy number.
If a=b=c=d,thenAis areal number.

The membership functiohs of A can be expressed as:

h&(x), a <z <b,

e w b<z<ec,
A7 wf(z), e<az<d,
0, otherwise
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Figure 2: Trapezoidal fuzzy number.

where: % (x) : [a,b] — [0,w] andhf(x) : [¢,d] — [0,w] are continuous,
h%(z) is strictly increasing and%(x) strictly decreasing. The inverse func-
tions of ki (z) andh%(x) are denoted by’ (z) andg’(z), respectively. These
functions are continuous of), w], this means both," g% (x) and [;" g% (z)
exist [23].

Let be two trapezoidal fuzzy number®;, = (ay, b1, c1,dy; w) and By =
(ag, bz, c2,da; w) ande € R, then:

1. ¢B; = (cay,cby,cey,edy;w).

2. Bl + BQ = (a1 + a9,b1 + ba,c1 +co,di + dg;w).

3 Convergence system, SC

This section is based onl[5]. Let:
1.0< fi,fo, f3 < 1,
2. i+ fatf3=1,
3. 0<w<1,
4. a; € R,a; € R.
Consider the following class of fuzzy numbers:
C(B) = {B; = (ai, f1, fo, f3, as; w)| satisfying the preceding four conditions

where:
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1. bi:ai+f1ai;
2. ¢i = a; + (f1 + fo)ay;
3. di=a;+ (fi+ fo+ f3) = a; + .

Property 1 For any two fuzzy numbers iBy, B, € C(B), such thatB; =
((11, f17 f27 f37 aq; ’UJ) andBQ = (a27 fla f27 f3a Qg U)) andvc S R, satisfied:

1. Bic = (cay, f1, f2, f3, car; w).
2. By + By = (a1 + ag, f1, f2, f3, a1 + ag; w).

Definition 1 Given a functiorG : C(B) — R, and By, B, € C(B) itis said
that they are SC-equivalent if and only if:

G(B)) = G(By).

Definition 2 Given a functiorG : C'(B) — R, and ag¢ € R, in the codomain ofz,
the following SC-equivalence class is defilgg, ¢ C(B) as:

By, = {B e CB) | G(B) =g .

Comments:

1. By, is an equivalence class.

2. Bgl ﬂEQQ = 0,Vg1 # g2

3. Uyer By = C(B).
Definition 3 Let f1, f2, f3, w such that they satisfy:

1.0< f1, fo, f3 <1,

2. i+ fot+ fs=1,

3. 0<w<1.

We define:

1. Fi= (14 fa).

2. o= (2f2 +6f1fo+3f7 +3f3 —2f32).
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SC. ANOVEL FUZZY CRITERION FOR SOLVING ENGINEERING.. 117

3. F3= (3f3+4f3+3f3+12f1 f2+12f2f2 +6f3—8f3), It can be proven

that F53 > 0.
— 12
4. A= TIEETAR

Theorem 1 Let:
G:CB)—R

such that: )
G(B) = A [a*Fs — 4aF, + 6aF] .

Thend is bijective on each SC-equivalence class.

Proof. See[5], AppendikA.m

Proposition 1 Let B € C(B), s*,s,¢ € R such thats = s* + ¢, then:
lgG@@:G@&)

Proof. See|%], Appendik Bm

Proposition 2 Let B, € C(B), and s;,¢; € Rsuchthats; = s* + ¢,
i=1,2,...,n

lim G Bis; | =G B,Sf )
6 (En) ~o ()
Proof. See[5], Appendik Cm

Definition 4 Consider the following multiobjective optimization probléxx),
r € X CR" where:

h(z) = (h1(x), ha(z), ..., he(x)); hi : R" = Ri=1,2,... k.

Then:
1. Giveny = (y1,%o,-..,yx) is said that it dominates = (z1, 29, ..., 2x)
ifand only ifVi € {1,2,...,k} v; < z; and3ip € {1,2,...,k} such that
Yip < Zig-

2. Pareto Frontier (PF) = {h(z)| are non dominated}.

3. A solution vector* is said to be Pareto Optimal if and only if there is no
other vectorz such thath(x) dominates(z*).
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Definition 5 The SC-Frontier (SC-F) is defined as:

SC-F= {h(z)|Ve > 03y € Codomine(h)—Image(h) such that|y—h(z)|| < €}.
Proposition 3 PF C SC-F.

Proof. See 5], Appendik D .=

Definition 6 Given a multiobjective optimization probleiz), = € X C R",
where:

h(z) = (h1(x), ha(z),. .., he(x)); hi : R" > Ri=1,2,... k,

and

B:(El,ég,...,ék>

whereB; € C(B), i=1,...,k. Define:

G (Bh(x)) =G (zk: Bihi(x)> .
i=1

Definition 7 Given a multiobjective optimization problem andBadefine:

% = argmin{G(Bh(z)) | h(z) € SC-F.

Definition 8 The optimal set of SC-(SC-O) solutions is defined as:

SC-0= {23, Be C(B)}.

3.1 Empirical boundary conditions

Given an optimization problem with objective functions, the following values
have been used empirically:

1. f1 = f5 = 0.257f2 = 05,w = 1,
2. a; € [-12K1,12K4],i = 1,2,... K,

3. a; = Ko+ Kggi,

1 1 if hi(2¥) >0
where: K = 202, Ky = 202 Ky = Gt gi=2 0 it hi(z*)=0
—1 if hi(z*) <0
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3.2 SC algorithm
Step O:
1. Provide stopping criteria
2. Setfy, fo2, f3, w such that they satisfy the conditions of Theofem 1.
3. Given the function to optimizé = (hy, ho, ... hy), find the boundary
conditions (or use the suggested empirical conditions), take C'(B),
i=12,..,k

4. Set values fon; anda;.

5. Take any value in the Domain ofh and evaluate:
~ k ~
G (Bh(x)) e (Z Bihi(ac)> .
=1
Set:

go(@) G (Bh(:c)) .

Step 1: Throughm neighborhoods, find:; € Phase’(x) and evaluate
G(Bh(xj)> ,Jj=1,2,....m

ga(x1) = mjin{G(Bh(fvj)), G(Bh(z))},

T < T1.
Step 2: Stop in the following conditions:

1. If for a certain number of iterationg;(z1) = gg(x), then an optimum
was reached.

2. Stop criteria is met.
In any other case go tBtep 1

Remark: whengg is very close to zero, it can be used, for example:- g¢)?.
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4 Particle swarm optimization (PSO)

The particle swarm optimization is a metaheuristic based on swarm intelligence
and has its roots in artificial life, social psychology, engineering and otenp
science. PSO differs from evolutionary computation (C.fl [20]) beedius pop-
ulation members or agents, also called particles, are “flying” through thxgmmo
hyperspace.

PSO is an adaptive method that uses agents or particles moving through the
search space using the principles of evaluation, comparison and imitatjon [20

PSO is based on the use of a set of particles or agents that correspond to
states of an optimization problem, where each particle moves across the solution
space in search of an optimal position or at least a good solution. In RgGtsa
communicate with each other, and the agent with the best position (measured ac
cording to an objective function) influences the others by attracting theardsw
itself.

The population is initialized by assigning a random position and speed to
each agent. At each iteration, the velocity of each particle is randomly accele
ated towards its best position (where the value of the fitness function artivbje
function improves) and also considering its neighbors’ best position.

To solve a problem, PSO uses a dynamic management of particles; this ap-
proach allows breaking cycles and diversifying the search. In thigkwaor-
particle swarm is represented at timender the form:

01757 02757 cevy eT‘t
with 0, € D,j = 1,2,...,r, then a movement of the swarm is defined accord-
ing to equationll:
Ojt+1 = 0t + Vit 1)

where the velocity/j; is given in equatiof2:
Vitrr = aViy +rand(0,01)[0]; — 0j4] + rand(0,92)[0;, — 054, (2)
where:
D: space of feasible solutions,
V.. speed at time of the j-th particle,
Vj.+1: speed at time + 1 of the j-th particle,

6, j-th particle at time,
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9’g7t: the particle with the best value found so far (i.e., before ttine
93#: best position found so far by theth particle (before time),
rand(0, ¢): random number uniformly distributed over the intervaldp,
«: inertia weight factor.

The PSO algorithm is described in Table 1.

Table 1: PSO algorithm.

1. Create a population of particles distributed in the fedlasspace.

2. Evaluate each position of the particles according to tijeative function (fit-
ness function).

If the current position of a particle is better than thevjmas one, update it.
Determine the best particle (according to the best posvimsitions).

Update the particle velocitigs= 1,2, ..., r according to equatidd 2.

o o & w

Move the particles to new positions according to equdfion

7. Go to Step 2 until the termination criterion is satisfied.

41 SC-PSO-3P

The three-phase PSO algorithm along with the SC criterion is named SC-PSO-
3P. The SC-PSO-3P algorithm is described in Table 1.

As can be seen in the algorithm in table 1, the key modification is to consider
the SC criterion, and the 3 phases, the rest of the algorithm remains gechan
It should be mentioned, that any other search algorithm can be usediinétea
PSO, although the respective tests must be performed.

We describe the main characteristics of the proposed algorithm, called PSO-
3P. This algorithm is based in a traditional PSO heuristic. However, the gositio
of the particles can be modified using different strategies, that are applied
different times, or phases, of the searching process.

In phase 1, called stabilization, according to the description presentectin se
tion[4, the PSO-3P algorithm generates randomly a set of particles in the solutio
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space. Then, during@ F iterations the position of the particles is modified using
equations[(i1) and2). Thus, at the end of this phase the particles rrerco
trated, or stabilized, in a promising region.

When phase 1 is completed, a breadth-first search strategy, calletilias
incorporated. In this phase, if the global best solution is not improvedthfiese
consecutive iterations, the position &f, particles is modified randomly. How-
ever, the particle with the best known position is preserved. Thus, thdgimm
is dispersed in the solution space, but it can be attracted to the best regiied v
so far. This diversification strategy is considered duiirfg, iterations.

Finally, phase 3 is initialized. During F3 iterations the following depth-first
search strategy is applied. If the global best solution is not improvedthftss
consecutive iterations\/; particles are randomly positioned in a neighborhood
of the best known solution. Thus, phase 3 includes an intensificatioegsdc
a promising region.

The algorithm was implemented in Matlab R2008a and was run in an Intel
Core i5-3210M processor computer at 2.5 GHz, running on Windows 8.

5 Computational results

The parameters were set as follows,= ¢» = 2.05, and¢ = ¢1 + ¢2, then:

a:ﬁm; P1=ax g1y 2= ax s

For phase 2 and phase 3 the parameters were geta3, itFy, = 75, itFy =
150, itF3 = MazlIt, prop = 0.25.

The select problems have been well studied before as benchmarksi-by va
ous approaches. The 24 constrained problems(G1-G24) havedieed lsefore
using the following algorithms : self-adaptive multi-strategy differential evo-
lution with local search(Memetic-SAMSDE)![7], adaptive penalty formulation
with GA(APF-GA) [32], modified differential evolution(MDE)_[29], adsgul
constrained particle swarm optimization(CVI-PSO)|[27], a differentialuion
combined variants (DECV) [29] and a heuristic inspired by T-Cell mod¢hef
immune system (T-CELL) |1].

The three engineering problems considered are a pressure vesgalgteb-
lem(eng01) [[1B], a welded beam design problem(eng02) [30] and #&@tens
compression string design problem(eng03) [2]. Eng01 and eng08, been
solved by the following approaches: constraint violation with interval aritome
PSO(CVI-PSO)[[27], a co-evolutionary PSO(CPSQ) [11], a hyb8ORHPSO)
[12], an accelerating techniqgue(AATM)_[35], a T-Cell heurisfi¢ [1]roBlem
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Begin
while Termination criterion is not satisfiedio
Set variableg, it F, itFs, itF3, MaxIt andprop.
Create a population af Pop random patrticles.
Setcont = 0 andit = 1. Evaluate each position of the particles
according to the SC function.
If the current position of a particle is better (respect to the fitness
function) than the previous update it.
Determine the best particle (according to the best previous positions
against the optimization criterion). If a better particle cannot be
founded, letont = cont + 1.
Update the particle velocities= 1,2, ..., nPop according to
equation[(R).
(Phase 1 Stabilization)if it < itF'1 then
| goto Step 34.
end
(Phase 2 Breadth-first search) it F'1 < it < itF'2 then
if cont = cthen

Set n=1.while n < nPop * prop do
Create a random particle and, with a probability bigger

than 0.5 substitute randomly a particle in the swarm.

Setn =n + 1.
end
Setcont = 0.
end
go to Step 34.
end

end
(Phase 3 Depth-first search)f itF2 < it <itF3then
if cont = cthen
Setn = 1. while n < nPop * prop. do
Create a random particle in a variable neighborhoo@gf
and substitute randomly a particle in the swarm.
Setn = n + 1.
end
end
Setcont = 0.
go to Step 34.
end
Select the best Pop particles according to SC optimization criterion.

Setit = it + 1. Go to Step 3 until the termination criterion is satisfied.
Algorithm 1. SC-PSO-3P algorithm.
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eng02 has been solved by these approach: CVI-PSO, a GA with biepirg-r
sentation (GAPF)[[4], a GA based co-evolution model (CGA) [3], CP8O® a
HPSO.

In this section the results obtained for constrained optimization will be pre-
sented, in order to show the efficiency of SC. A study in depth for multiobjecti
optimization, and unconstrained optimization, will be presented in future work.

In this paper, the functions for restricted optimization were taken from [22]

5.1 Constrained optimization

In this section we consider the global optimization problem with restrictions:

Minimize: h(z)
subject to: filx) <0 i=1,2,...,m 3)
tj(ZU)ZO jZl,Q,...,]{J
reDCS=][LU]

where:
o [LU|={zx=(x1,29,...,2)|li <x; <u;} CR™
e the feasible regiofD) is defined as:
D={zes fi(x) <0, i=1,2,....m, tj(z) =0, j=1,2,...,k}.

The problem given if (3) can be transformed into the probléni (4) [24i
by:

MinimizexeD : F(x) = (hl(IL’), ho (.73), hg(:l:))
with: hi(z)= h(z)
hae) = P Y, el @
ha(w)= Py, d;

where:
o ¢;(x) = max{0, fi(z)}.i=1,2,...,m.
e ¢(x) =max;—12. m{ci(z)}.
e dj(z) = max{0, |t;j(x)] —d}.j=1,2,... k.
e c,0>0,F>>0,1=1,2.

In this section, the efficiency is defined as:
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1 — abs(MELREDy it p(a*) £ 0

h(z*)
efficiency =
1 — abs(h(x)) if  h(z*)=0.
Function(n)| Type ofh  Ratio* p %
G1(13) Quadratic 0.0001
G2(20) Non-linear 99.996
G3(12) Polynomial 0.0000
G4(5) Quadratic 26.925
G5(4) Cubic 0.0000
G6(2) Quadratic 0.0054
G7(10) Quadratic 0.0002
G8(2) Non-linear 0.8611
G(7) Polynomial 0.5314
G10(8) Linear 0.0002
G11(2) Quadratic 0.0000
G12(3) Quadratic 4.5420
G13(5) Non-linear 0.0000
G14(10) Non-linear 0.0000
G15(3) Quadratic 0.0000
G16(5) Non-linear 0.0186
G17(6) Non-linear 0.0000
G18(9) Quadratic 0.0000
G19(15) Non-linear 35.548
G20(24) Linear 0.0000
G21(7) Linear 0.0000
G22(22) Linear 0.0000
G23(9) Linear 0.0000
G24(2) Linear 74.268
eng01(4) Non-linear 39.737
eng02(4) Non-linear 2.6638
eng03(3) Non-linear 0.7560

number of solutioanp

Table 2: Summary ([27])#p = [ymper of solutions

Table[2 shows the ratip) for problems G1 to G24, as well as the engi-
neering problems eng01-eng03 and a summary of some characteristies®f th
problems[[27].
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SC-PSO-3P Memetic APF-GA MDE CVI-PSO DECV T-CELL
FFE 150000 240000 500000 500000 200000 500000 350000
Best -14.999999 -15.000000 -15.000000 -15.000000 -15.000000 -15.000000 -15.000000
G1 | Average -14.216335 -15.000000 -15.000000 -15.000000 -15.000000 -14.855000 -15.000000
Std. Dev. 1.205257E+00 0.000000E+00 0.000000E+00 0.000000E+00  4.000000E-16  4.590000E-01 0.000000E+00
Best -0.760896 -0.803619 -0.803601 -0.800362 -0.800098 -0.704009 -0.801367
G2 | Average -0.560853 -0.803619 -0.803518 -0.786160 -0.790876 -0.569458 -0.752975
Std. Dev.  9.614486E-02 0.000000E+00  1.000000E-04  1.260000E-02  1.091200E-02 9.510000E-02  3.209500E-02
Best -1.000588 -1.000500 -1.001000 -1.000500 -1.000000 -0.461000 -1.000000
G3 | Average -1.000399 -1.000500 -1.001000 -1.000500 -1.000000 -0.134000 -1.000000
Std. Dev.  2.452163E-04 0.000000E+00 0.000000E+00 0.000000E+00  3.700000E-16  1.170000E-02 0.000000E+00
Best -30665.465015 -30665.539000 -30665.539000 -30665.538600 -30665.821702 -30665.539000 -30665.538500
G4 | Average  -30665.287211 -30665.539000 -30665.539000 -30665.538600 -30665.820996 -30665.539000 -30665.538400
Std. Dev.  1.155335E-01 0.000000E+00  1.000000E-04 0.000000E+00  3.391000E-03  1.500000E-06  1.000000E-04
Best 5126.490316 5126.497000 5126.497000 5126.497000 5127.277667 5126.497000 5126.625500
G5 | Average 5161.796768 5126.497000 5127.542300 5126.497000 5127.277667 5126.497000 5378.267800
Std. Dev. 3.437387E+01 0.000000E+00 1.432400E+00 0.000000E+00 0.000000E+00 0.000000E+00 2.980173E+02
Best -6961.773245  -6961.813875 -6961.814000 -6961.814000 -6961.813876 -6961.814000 -6961.813870
G6 | Average -6960.340642 -6961.813875 -6961.814000 -6961.814000 -6961.813876 -6961.814000 -6961.813860
Std. Dev. 1.163449E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00  3.900000E-05
Best 25.343143 24.306200 24.306200 24.306200 24.473827 24.306000 24.320900
G7 | Average 28.080169 24.306200 24.306200 24.306200 26.561295 24.794000 24.653400
Std. Dev. 2.217613E+00 0.000000E+00 0.000000E+00 0.000000E+00 1.642519E+00 1.370000E+00  2.198150E-01
Best -0.095825041  -0.095825000 -0.095825000  -0.095825000 -0.105495 -0.095825 -0.095825
G8 | Average -0.095824540  -0.095825000  -0.095825000  -0.095825000 -0.105495 -0.095825 -0.095825
Std. Dev.  3.298078E-07 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00  4.230000E-17 0.000000E+00
Best 680.698889 680.630000 680.630000 680.630000 680.635400 680.630000 680.630000
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SC-PSO-3P Memetic APF-GA MDE CVI-PSO DECV T-CELL
FFE 150000 240000 500000 500000 200000 500000 350000
G9 | Average 681.152138 680.630000 680.630000 680.630000 680.755705 680.630000 680.630000
Std. Dev. 3.630035E-01 0.000000E+00 0.000000E+00 0.000000E+00 7.923200E-02 3.450000E-07 1.670000E-02
Best 7097.106239  7049.248020  7049.248020  7049.248020  7049.276586  7049.248000  7050.834200
G10 | Average 7446.397229  7049.248020  7077.682100  7049.248020  7053.214311  7103.548000  8020.755100
Std. Dev. 3.768273E+02 0.000000E+00 5.124000E+01 0.000000E+00 1.061564E+01 1.480000E+02 6.217231E+02
Best 0.749994 0.749900 0.749900 0.749900 0.750000 0.750000 0.749900
G11 | Average 0.750000 0.749900 0.749900 0.749900 0.750000 0.750000 0.749900
Std. Dev. 3.588812E-06 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 1.120000E-16 0.000000E+00
Best -1.000000 -1.000000 -1.000000 -1.000000 -1.000000 -1.000000 -1.000000
G12 | Average -0.999995 -1.000000 -1.000000 -1.000000 -1.000000 -1.000000 -1.000000
Std. Dev. 3.154629E-06 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
Best 0.053449 0.053942 0.053942 0.053942 0.055556 0.059798 0.054638
G13 | Average 0.055757 0.053942 0.053942 0.053942 0.065591 0.382401 0.458857
Std. Dev. 1.93E-03 0.00E+00 0.00E+00 0.00E+00 1.02E-02 2.68E-01 3.45E-01
Best -48.29818726 -47.764888 -47.764790 -47.764887 -47.453011 -47.764888 -47.517100
G14 | Average -47.9751512 -47.764888 -47.764790 -47.764874 -44.424690 -47.722542 -45.310800
Std. Dev. 3.16E-01 0.00E+00 1.00E-04 1.40E-05 1.41E+00 1.62E-01 1.12E+00
Best 961.7218517 961.715020 961.715020 961.715020 961.715707 961.715022 961.715020
G15 | Average 962.2834191 961.715020 961.715020 961.715020 961.718595 961.715022 963.374820
Std. Dev. 9.29E-01 0.00E+00 0.00E+00 0.00E+00 6.87E-04 2.31E-13 2.28E+00
Best -2.156472 -1.905155 -1.905155 -1.905155 -1.905150 -1.905155 -1.905155
G16 | Average -1.833968 -1.905155 -1.905155 -1.905155 -1.905150 -1.905155 -1.905155
Std. Dev. 1.837774E-01 0.000000E+00 0.000000E+00 0.000000E+00 8.520000E-15 1.100000E-06 0.000000E+00
Best 8684.768462  8853.539700  8853.539800  8853.539700  8853.538913  8853.541289  8861.821000
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SC-PSO-3P Memetic APF-GA MDE CVI-PSO DECV T-CELL
FFE 150000 240000 500000 500000 200000 500000 350000
G17 | Average 8897.083482  8853.539700  8888.487600  8853.539700  8853.538913  8919.936362  8990.997000
Std. Dev. 1.372256E+02 0.000000E+00 2.903470E+01 0.000000E+00 3.700000E-12 2.590000E+01 1.061932E+02
Best -0.857012 -0.866025 -0.866025 -0.866025 -0.864631 -0.866025 -0.865960
G18 | Average -0.765061 -0.866025 -0.865925 -0.866025 -0.809109 -0.859657 -0.784550
Std. Dev.  1.125068E-01 0.000000E+00 1.000000E-04 0.000000E+00 6.271000E-02 3.480000E-02 9.746000E-02
Best 32.180687 32.655593 32.655593 32.648270 32.827027 32.655593 33.390780
G19 | Average 34.116005 32.655593 32.655593 33.341250 35.067337 32.660587 38.927610
Std. Dev. 2.411570E+00 0.000000E+00 0.000000E+00 8.475000E-01 2.286728E+00 2.370000E-02 3.191020E+00
Best 5.024074E-02 2.146897E-01 NA NA NA NA NA
G20 | Average 2.181222E-01 NA NA NA NA NA NA
Std. Dev.  1.125954E-01 NA NA NA NA NA NA
Best 199.6299601 193.724500 196.633010 193.724500 193.786925 193.724510 NA
G21 | Average 729.0817718 193.724500 199.515810 193.724500 193.786935 198.090578 NA
Std. Dev. 1.726319E+02 0.000000E+00 2.356500E+00 0.000000E+00 3.300000E-05 2.390000E+01 NA
Best 0 236.370331 NA NA NA NA NA
G22 | Average 0 245.738829 NA NA NA NA NA
Std. Dev. 0 9.059390E+00 NA NA NA NA NA
Best -400.008150 -400.055100 -399.762400 -400.055100 -400.000000 -400.055093 NA
G23 | Average -399.990059 -400.055100 -394.762700 -400.055100 -400.000000 -392.029610 NA
Std. Dev. 2.052941E-01 0.000000E+00 3.865600E+00 0.000000E+00 0.000000E+00 1.240000E+01 NA
Best -7.000000 -5.508013 -5.508013 -5.508013 -5.508013 -5.508013 -5.508013
G24 | Average -7.000000 -5.508013 -5.508013 -5.508013 -5.508013 -5.508013 -5.508013
Std. Dev. 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 9.460000E-15 2.710000E-15 0.000000E+00
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Tabled B[4 andl5 show that the best solutions obtained by SC-PSO-3P are
competitive with those achieved by other methods. In particular, for thégarob
G24 a better feasible solution was consistently reached as can be sedtein Ta
[@. It is noteworthy that for this particular problem, in all runs the solution was
reached in the first iteration.

best known SC-PSO-3P
h(z*) | -5.5080132771 -7.000000000
x3 2.39520197477613 3
x5 3.178493074117714 4
f1 <0 -1.7763568394e-15 -160.00
fo<0 | 0.00 -152.00

Table 6: Table comparing the best known solution vs. SC-PSO-3P in G24

From literature it is known that regarding the function G20 there is not a
single feasible solution while for the function G22, a feasible solution is rarely
found [22], for this reason is very common that these instances aremsitered
when they propose some method. However, it may be noticed that SC-PSO-
3P is competitive results even consider that improves the results reportax in th
literature as can be seen from tabiles 7[and 8.

For instance G20, in [22] is said "This solution is a little unfeasible and no
feasible solution is found so far":

[22] G20:
2*=(1.28582343498528086E-18, 4.8346030252613066E-34, 0,
0, 6.30459929660781851E-18, 7.57192526201145068E-34,
5.0335069837240437E-34, 9.282680796166E-34, 0,
1.76723384525547359E-17, 3.55686101822965701E-34,
2.99413850083471346E-34, 0.158143376337580827,
2.29601774161699833E-19, 1.06106938611042947E-18,
1.31968344319506391E-18, 0.530902525044209539, 0,
0.289148310257773535E-18, 3.34892126180666159E-18, 0,
0.310999974151577319, 5.41244666317833561E-5,
4.84993165246959553E-16);

h*=204.979400285636e-003.

With SC several improved solutions. Below are two of them:

SC-PS0-3P (Example 1) G20:
2*=(1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
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1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 0.296470402, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300, 0.703529139);

h*=8.999996E-02.

SC-PSO-3P (Example 2) G20:
x*=(1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.37E-06, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300, 1.00E-300,
1.00E-300, 1.00E-300, 1.00E-300, 0.502406032, 1.00E-300);
h*=50.24074020e-003.

[22]

SC-PSO-3P (Example 1) SC-PSO-3P (Example 2)

2.049794E-01
f(z) <0

1.317752E-01
1.766032E-19
7.578526E-19
2.224047E-19
2.092945E-18
0.000000E+00
t(z) =0

1.000000E-04
-2.197257E-17
1.553971E-18
8.175374E-19
1.000000E-04
-1.038308E-17
-3.346898E-17
-3.208538E-18
0.000000E+00
1.000000E-04
1.000000E-04
6.866522E-16
1.000000E-04

1.000000E-04

5.024074E-02

2.847350E-300
2.492499E-300
2.216294E-300
2.492499E-300
1.814211E-300
2.492499E-300

-2.358454E-294
-4.585322E-295
-6.610392E-295
-8.994252E-296
-5.889714E-295
-1.362617E-295
-6.685073E-295
-7.027115E-296
-1.323114E-296
-1.803505E-295
9.787500E-01
-8.951397E-297
4.975926E-01
1.200004E-01

8.999996E-02

1.666667E-300
1.538462E-300
1.428572E-300
1.538462E-300
1.250000E-300
1.538462E-300

-1.227952E-299
-1.294290E-300
-2.515003E-300
7.952623E-302
-2.843776E-300
-3.215523E-301
-2.663043E-300
5.820753E-301
5.604647E-301
-5.182852E-302
1.760682E-300
9.840000E-01
4.586120E-07
1.433791E-07

Table 7: Table comparing G20 [22] vs. SC-PSO-3P.
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In Table[7 a comparison of the values of the function and constraints is pre-
sented for the function G20. Two solutions found by SC-PSO-3P axédemb,
can be observed that both improve over the best reported value, &iowram-
ple 2 is "less unfeasible" than example 1.

Regarding the problem G22, the best reported solution in the literature and
the solution obtained by SC-PSO-3P are provided below.

[22] G22:

2*=(236.430975504001054, 135.82847151732463, 204.8181525888,
6446.54654059436416, 3007540.83940215595, 4074188.657928,
32918270.5028952882, 130.075408394314167, 170.81729296D5,
299.924591605478554, 399.258113423595205, 330.8172948738,
184.51831230897065, 248.64670239647424, 127.65854669@545
269.182627528746707, 160.000016724090955, 5.29788288052F,
5.13529735903945728, 5.59531526444068827, 5.434444753494,
5.07517453535834395);

h* = 236.430975504001e+000.

With SC-PSO-3P an improved solution:

SC G22:

z*=(0, 0, 0,0,0,0, 0, 100, 100,100.010, 100, 100, 101.9292514,
0, 13.653013870, 100.00034450, 0.010, -4.700, -2.7379525440,
4.6039351080, -0.7642880070, -2.7215211340);
h*=0.0000E0Q0.

In Table[8 a comparison of the values of the function and constraints is pre-
sented for the function G22.

Regarding the engineering problems eng01-eng03, the results obtgined b
various methods are shown in Tableéd 9] 11 12. We can see that for the
pressure vessel design problem, in Table 10 a better feasible solutidownas
with respect to those reported previously. For the other two problemsshés
obtained by SC-PSO-3P are very competitive over other proposedthigsr

In Table[13B, results of the bootstrap test are shown.
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[22] SC-PSO-3P
h*=2.36E+02| h*=0.00E+00
filz) <0

-2.21E-07 0.00E+00
-2.93E-05 0.00E+00
9.20E-05 0.00E+00
-3.42E+07 -6.00E+07
-6.00E+07 -4.30E+07
-7.99E+07 -5.40E+07
-6.62E+07 -7.60E+07
5.61E-05 0.00E+00
1.67E-05 0.00E+00
5.41E-05 0.00E+00
4.07E+06 3.44E-04
1.67E-05 1.00E-02
5.74E-05 9.48E-02
5.74E-05 8.04E+00
7.48E-05 1.24E-03
7.47E-05 6.47E+00
-6.16E-07 -1.88E+00
6.12E-06 -2.84E-05
-8.78E-05 3.00E+02
9.59E-05 -3.14E-02
>, abs(t;)

2.44E+08 2.33E+08

Table 8: Table comparing G22[22] vs. SC.

FFE

Best

Average

Worst

Std. Dev.

SC-PS0O-3P
CPSO
HPSO
AATM
T-Cell
CVI-PSO

50000 5898.549386 6278.578324 7335.299154 2.551714E+02

200000
81000
30000
81000
25000

6061.077700
6059.725500
6059.725500
6390.554000
6059.714300

6147.133200
6099.932300
6061.987800
6737.065100
6292.123100

6363.804100
6288.677000
6090.802200
7694.066800
6820.410100

8.645450E+01
8.620220E+01
4.700000E+00
3.570000E+02
2.884550E+02

Table 9: Results of different algorithms for pressure vessel degighlem.
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SC-PSO-3P Best Known
h(z*) 5898.549386 6059.7143
x] 0.778643603 0.8125
xd 0.38712201 0.4575
x5 40.33557909 42.0984456
x 200 176.6365958
f1 <0 | -1.66926028E-04 -1.05992992E-12
fo <0 | -2.32058574E-03 -3.58808290E-02
f3 <0 |-1.13500617E+03  6.23567029E-06
f4 <0 | -4.00000000E+01 -6.33634042E+01

Table 10: Results comparative pressure vessel problem best know8GASO-3P.

FFE Best Average Worst Std. Dev.
SC-PSO-3P 50000 1.724958 1.738032 1.843013 2.555789E-02
GAPF NA 2.433116 NA NA NA
CGA 900000 1.748309 1.771973 1.785835 1.122000E-02
CPSO 200000 1.728024 1.748831 1.782145 1.292600E-02
HPSO 81000 1.724852 1.749040 1.814295 4.004900E-02
CVI-PSO 25000 1.724852 1.725124 1.727665 6.120000E-04

Table 11: Results of different algorithms for the welded beam desigblem.

FFE Best Average Worst Std. Dev.
SC-PSO-3P 50000 0.0126687 0.0128715 0.0137703 2.538650E-04
CPSO 200000 0.0126747 0.0127300 0.0129240 5.190000E-05
HPSO 81000 0.0126652 0.0127072 0.0127191 1.580000E-05
AATM 25000 0.0126682 0.0127080 0.0128613 4.500000E-05
T-Cell 36000 0.0126650 0.0127320 0.0133090 9.400000E-05
CVI-PSO 25000 0.0126655 0.0127310 0.0128426 5.500000E-05

Table 12: Results of different algorithms for the tension-compresstring problem.

Rev.Mate.Teor. ApliqISSN print: 1409-2433; online: 2215-3373) Vol. 23(1): +142, January 2016



134 S.D.L.COBOS-M.GUTIERREZE.RINCON-P.LARA—R.MORA—A.PONSICH

Problem Low limit Upper limit

1 -13.69776169 -14.62498168
2 -0.524584754 -0.599460572
3 -1.000298967  -1.00048471
4 -30665.24483 -30665.34067
5 5174.327258 5148.021136
6 -6959.868837 -6960.770545
7 28.99774975 27.28710176
8 -0.095824409 -0.095824666
9 681.3461332 681.0367763
10 7618.087189 7321.516701
11 0.750001544 0.7499987
12 -0.999994195 -0.999996666
13 0.056508561 0.055016703
14 -47.83817353 -48.08651249
15 962.6392106 961.9545713
16 -1.76784791 -1.903749563
17 8955.82206 8848.421709
18 -0.684804785 -0.777015372
19 38.29876149 34.66589102
21 794.7558171 661.3324645
23 -399.9122071 -400.0644544
24 -7 -7

Table 13: Results of bootstrap test with an= 0.05.
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6 Conclusions and further research

In this work, a novel fuzzy criterion called System of Convergence Sids
posed, which was implemented using a PSO based algorithm with three phases:
1) Stabilization, 2) Generation and breadth-first search, and 3) &ereand
depth-first. This algorithm SC-PSO-3P was tested in a set of benchmark in-
stances for constrained optimization and engineering problems.

As an important remark, a deeper study concerning the boundary carsditio
of the parameterg anda of SC, as well as their implementation with an algo-
rithm different from PSO-3P must be performed.

The SC-PSO-3P generates best solutions by problems G20 and G224nd G
that results reported in the literature. Based on information of Table 14amwe c
say that our method has a behaviour similar that DECV and T-CELL.

SC-PSO-3P Memetic APF-GA MDE CVI-PSO DECV T-CELL
SC-PSO-3P false true true true true false false
Memetic true false false false false true true
APF-GA true false false false false true true
MDE true false false false true true true
CVI-PSO true false false true false false false
DECV false true true true false false false
T-CELL false true true true false false false

Table 14: Results of Wilcoxon Rank test for average normalized values

It is also necessary to conduct a further study about the topologyajede
by SC. It was observed that in all the cases studied, SC can reach tiad glo
optimum or being very close to it with shorter iteration times and less iterations.

A Proof of theorem 1

Proof. G is injective by construction.

G is surjective: } .
Letg € R, to prove that there iB, C C(B) such that:

it will be proven by construction.
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Let B, = {B = (a, f1, f2, f3,@; w)} Which satisfy the conditions of theo-
rem[d1, and let:

B 2F,
o = ?3,

_ AFF 4+ ATy
“ 6F, Fs

By definition it is known that:
G(B) = Al[d’F; - 4aF2 + 6aF ]

2F 2F. AF2 + AR

=2 F3 —422%p, 4 Gupl

F3 F3 6F1 I3

4 AFF  8F N 4F%
F F3 F

= A

+ A_lg] =g.

Therefore, functiorts is bijective by classesm

B Proof of proposition 1
Proof. Let B € C(B) such thatB = (a, f1, f2, f3, a;w), ands € R then:

Bs = (as, f1, f2, f3, as;w).

Using the definition ofy¥ we have that:

G(Bs) = Al(as)®Fy — 4(as)F + 6(as)Fi]
A((a(s* + €)*F3 — 4a(s* + €)F + 6a(s* + €)1 ]
A [(as™) )2F3 +2025%€F3 + (0ve)2Fy — das* Fy — doeFy
+6as*Fy + 6aeF]
= A [(as 2F3 — 4as* Fy + 6as* Fl]
+A [2(1 s*eFs + (ae) F3 — daels + GCLEFJ .
Therefore:
limG(Bs) = limA [(as*)?F3 — das* F + 6as™ 1
e—0 e—0

+ lin%A [20[28*6F3 + (e)*Fy — 4aeFy + 6acF |
€E—
= G(Bs*). m
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C Proof of proposition 2

Proof. It will be demonstrated by mathematical induction.
First it will be proven fork = 2:
G(B~131 + B~232)
= Al(s101 + s202)2F3 — 4(s100 + s200) Fo + 6(s1a1 + s2a2) F ]
= A[((sta1)? + 2sfarsian + (shaz)?) Fy
— 4(sjan + sya0) Fy + 6(s]ar + s3az)]
= A [(s’{al + s§a2)2F3 —4(sTag + sya9) Fy
+6(s7a1 + ssa2)F1] + A[H (€1, €2)]

where:
H(ey,e€2)
= (21871 + (61a1)2 + 2aqa9(s] €2 + s5€1 + €1€2) + 2€a85000
+(e200)?) Fy — 4(e1a1 + e00) Fy + 6(€1a1 + €2a).
Therefore:
lim G(B~181 + BNZSQ)
{e1,e2}—0
= lim A [(S){Oél + 830&2)2}7‘3 — 4(8?0&1 + SSQQ)FQ
{61,62}—>0
+6(sja1 + syas)Fi]+  lim  A[H (€1, €2)]
{61,62}4}0

= G(Bis! + Bys3).
Using mathematical induction, it is assumed trueioet n — 1 and will be

proven fork = n.
Note thatvi = 1,2,...,k < n — litis true that:

k k
G (Zu%-si)?) -G (Z(Bisn?) + A |[H{eHe)]

=1 i=1
such that

i 1 (1) =0,

For k = n, we have:
~ n ~ ~ ~
let 3= B;s;, suchthatB; € C(B),i=1,2,...,n

=1

It can be seen that:
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L B=Y", Bis; = Y0 Bisi + Busn = Bly_; + Busn,
2. a= Z?:_f(oéisi) + apsy = (a;_l) + S,

3. a= Y07 (aisi) + ansn = (ay,_y) + ansn.
Therefore:

G (zn: Bisi> =

( L1+ Span)?Fy — 4(04;1_1 + Spou) Fo+

6(ar—1 + snan) Py + H({e 15|

( (55 en)an)?Fy — 4(an, 4 (55 + €n)on) Fot
6(a;_1 + snan) Py + H ({6,127

((a )% (shan)? + 204;1,13,*104,0 F5—4 <a;l,1 + stan) Fr+

I
+D>+D>—|—t>

6 ((a,_1 + span)F1 + H({e}; " )—G—H(en)}

(i
(ST PR S

=1

+ (Z ais;.k) Fy+ H({e}" ") + H(en)
=1

where:
He,) = Gn(QS:LOé% + 20421,1an + aflen + anFy + apFy).

Hence:

ol (34
(Z(az ) ) F3—4 (Z(ais;)> Fyt

i=1 i=1

(Z a;s ) Fy+ H({e;}- )+H(en)]

= G (;B@s;‘> . m
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D Proof of proposition 3

Proof. The proof will be done by contradiction.
Suppose:

1y =iy, --,y;) €PF
2. y* ¢ SC-F
Then we have:
1. y* € Image(h), andy* is non dominated.
2. 3 € >0, suchthatif||y* — y|| < e=y € Image(h).

consider a pointyy = (y; — ﬁ, Y — ﬁ, R ﬁ). Note that:

Iy* — woll = \/<j%>2+...+<>2 e,

for that reasony, € Image(h) andyy, dominates tg/*, which is a contradiction,
therefore: PEC SC-F. m
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