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Abstract

In this paper, we investigate the uniqueness problem on a conjecture
of R. Brück concerning meromorphic function sharing the setof small
functions with its derivative, and obtain some results which improve the
theorems given by Zhang and Yang.

Keywords: meromorphic function; derivative; small function.

Resumen

En este artículo, nvestigamos el problema de unicidad sobreuna con-
jetura de R. Brück que concierne una función meromórfica que comparte
un conjunto de pequeñas funciones con su derivada, y obtenemos algunos
resultados que mejoran los teoremas dados por Zhang y Yang.

Palabras clave:función meromórfica; derivada; función pequeña.

Mathematics Subject Classification:30D30, 30D35..

1 Introduction and main results

Let f be a non-constant meromorphic function in the whole complex planeC.
We shall use the following standard notations of the value distribution theory:

T (r, f),m(r, f), N(r, f), N(r, f), . . .

(see Hayman [7],Yang [14] and Yi and Yang [16]). We denote byS(r, f) any
quantity satisfying

S(r, f) = o(T (r, f)),

as r → +∞, possibly outside of a set with finite measure. A meromorphic
functiona is called a small function with respect tof if T (r, a) = S(r, f). Let
S(f) be the set of meromorphic functions in the complex planeC which are
small functions with respect tof .

Let f be a nonconstant meromorphic function anda ∈ S̃(f) = S(f)∪ {∞}
andS be a subset of̃S(f). Define

E(S, f) =
⋃

a∈S

{z : f(z)− a = 0, counting multiplicity},

E(S, f) =
⋃

a∈S

{z : f(z)− a = 0, ignoring multiplicity}.

If E(S, f) = E(S, g), we say thatf andg share the setS CM ; if E(S, f) =
E(S, g), we say thatf andg share the setS IM . Especially, letS = {a}, we
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say thatf andg share the valuea CM if E(S, f) = E(S, g); and we say thatf
andg share the valuea IM if E(S, f) = E(S, g)(see [7]).

The shared value problems relative to a meromorphic functionf and its
derivativef (k) have been a more widely studied subtopic of the uniqueness the-
ory of entire and meromorphic functions in the field of complex analysis (see
[5,11,19,22]).

In 1996, the following conjecture was proposed by Brück [3]:

Conjecture 1.1 Let f be a non-constant entire function. Suppose thatρ1(f) is
not a positive integer or infinite, iff andf ′ share one finite valuea CM , then

f ′ − a

f − a
= c

for some non-zero constantc, whereρ1(f) is the first iterated order off which
is defined by

ρ1(f) = lim sup
r→∞

log log T (r, f)

log r
.

In 1996, Brück [3] proved that the conjecture is true whena = 0 or
N(r, 1/f ′) = S(r, f); in 1998, Gundersen and Yang [6] proved that the con-
jecture is true whenf is of finite order (see [6]); and in 2004, Chen and Shon
[4] proved that the conjecture is true for entire function of first orderρ1(f) <

1
2 .

However, the corresponding conjecture for meromorphic functions failsin gen-
eral, as shown by Gundersen and Yang [6], while it remains true in the case that
N(r, 1/f ′) = S(r, f), see Al-Khaladi [1].

In 2008, Yang and Zhang [15] considered the case thatF = fn, wheref is a
non-constant meromorphic function, assuming value sharing withF andF ′ and
obtained the following results:

Theorem 1.1 (see [15, Theorem 4.4]).Let f be a non-constant entire function,
n ≥ 7 be an integer. DenoteF = fn. If F andF ′ share 1CM , thenF = F ′,
andf assumes the form

f(z) = ce
z
n ,

wherec is a nonzero constant.

Theorem 1.2 (see [15, Theorem 4.3]).Let f be a non-constant meromorphic
function andn ≥ 12 be an integer. DenoteF = fn. If F andF ′ share 1CM ,
thenF = F ′, andf assumes the form

f(z) = ce
z
n ,

wherec is a nonzero constant.
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In 2009, Zhang and Yang [20] greatly improved Theorems 1 and 2 by ob-
taining the following results.

Theorem 1.3 (see [20, Theorem 1.1]).Let f be a non-constant entire function,
n, k be positive integers anda(z) be a small meromorphic function off such that
a(z) 6≡ 0,∞. If fn − a and(fn)(k) − a share the value 0CM andn > k + 1,
thenfn = (fn)(k), andf assumes the form

f(z) = ce
λ
n
z,

wherec is a nonzero constant andλk = 1.

Theorem 1.4 (see [20, Theorem 1.2]).Let f be a non-constant meromorphic
function,n, k be positive integers anda(z) be a small meromorphic function of
f such thata(z) 6≡ 0,∞. If fn − a and(fn)(k) − a share the value 0CM and
n > k + 1 +

√
k + 1, thenfn = (fn)(k), andf assumes the form

f(z) = ce
λ
n
z,

wherec is a nonzero constant andλk = 1.

Remark 1.1 If k = 1 in Theorems 1.3 and 1.4, thenn > k + 1 and n >
k + 1 +

√
k + 1 should be replaced byn ≥ 3 andn ≥ 4, respectively. Thus,

Theorems 1.1 and 1.2 are greatly improved by Theorems 1.3 and 1.4.

Regarding Theorems 1.1-1.4, it is natural to ask the following questions:

Question 1.1 Can the nature of sharing 1 anda(z) CM be further relaxed in
Theorems 1.1 and 1.3?

Question 1.2 What will happen when 1 anda(z) are replaced by a setSm =
{a(z), a(z)ω,
. . . , a(z)ωm−1} in Theorems 1.1-1.4, whereω = cos 2π

m
+ i sin 2π

m
andm is a

positive integer?

In 2001, an idea of gradation of sharing of values and sets known as weighted
sharing was introduced in [9,10] which measures how close a shared value is to
being sharedIM or to being sharedCM .

Recently, many mathematicians researched the problem on meromorphic
and entire function sharing small function with its derivative by using the
weighted shared idea (see [2,8,12,13,19]).

First, the notions of weighted sharing of values are introduced as follows.
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Definition 1.1 ([9,10]). Let l be a nonnegative integer or infinity. Fora ∈ C̃, we
denote byEl(a, f) the set of alla-points off where ana-point of multiplicitym
is countedm times ifm ≤ l andl+1 times ifm > l. If El(a, f) = El(a, g), we
say thatf, g share the valuea with weightl.

We writef, g share(a, l) to mean thatf, g share the valuea with weightl,
clearly if f, g share(a, l), thenf, g share(a, p) for all integerp (0 ≤ p ≤ l).
Also, we note thatf, g share a valuea IM or CM if and only if share(a, 0) or
(a,∞), respectively.

Remark 1.2 Let S be a subset of̃S(f), we can get the definitions ofEl(S, f)
andEl(S, f) = El(S, g), similarly.

With the idea of weighted sharing of values, the solution of the above ques-
tions was investigated and obtained the following results.

Theorem 1.5 Let f be a non-constant entire function,n, k, l,m be positive in-
tegers anda(z) be a small meromorphic function off such thata(z) 6≡ 0,∞. If
El(Sm, fn) = El(Sm, (fn)(k)) and

n > max
{
k + 1, k +

γ

lm

}
, (1)

whereγ = k + l + 2, thenfn = (fn)(k), andf assumes the form

f(z) = ce
µ

n
z,

wherec is a nonzero constant andµkm = 1.

Theorem 1.6 Let f be a non-constant meromorphic function,n, k, l,m be pos-
itive integers anda(z) be a small meromorphic function off such thata(z) 6≡
0,∞. If El(Sm, fn) = El(Sm, (fn)(k)) and

n > max

{
k + 1,

l(m+ 1)k + 2γ

2lm
+

√
4γ(γ + lk) + (m− 1)2l2k2

2lm

}
, (2)

whereγ = k + l + 2. Thenfn = (fn)(k), andf assumes the form

f(z) = ce
µ

n
z,

wherec is a nonzero constant andµkm = 1.

Remark 1.3 We can get Theorem 1.3 and Theorem 1.4 whenm = 1, l = ∞ in
Theorem 1.5 and Theorem 1.6, respectively.
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Corollary 1.1 Let f be a non-constant entire function,n, l(≥ 4) be positive
integers anda(z) be a small meromorphic function off such thata(z) 6≡ 0,∞.
DenoteF = fn, if El(a, F ) = El(a, F

′) and n ≥ 3, thenF = F ′, and f
assumes the form

f(z) = ce
1
n
z,

wherec is a nonzero constant.

Corollary 1.2 Let f be a non-constant meromorphic function,n, l(≥ 11) be
positive integers anda(z) be a small meromorphic function off such thata(z) 6≡
0,∞. DenoteF = fn, if El(a, F ) = El(a, F

′) andn ≥ 4, thenF = F ′, andf
assumes the form

f(z) = ce
1
n
z,

wherec is a nonzero constant.

Corollary 1.3 Let f be a non-constant entire function,n, l(≥ 2) be positive
integers anda(z) be a small meromorphic function off such thata(z) 6≡ 0,∞.
DenoteF = fn andS = {a(z),−a(z)}. If El(S, F ) = El(S, F

′) andn ≥ 3,
thenF = F ′, andf assumes the form

f(z) = ce
1
n
z or f(z) = ce−

1
n
z,

wherec is a nonzero constant.

Corollary 1.4 Let f be a non-constant entire function,n, l, k(≥ 1) be positive
integers anda(z) be a small meromorphic function off such thata(z) 6≡ 0,∞.
DenoteF = fn and S = {a(z),−a(z)}. If El(S, F ) = El(S, F

(k)) and
n ≥ max{3, k + 1} andl ≥ k + 2, thenF = F (k), andf assumes the form

f(z) = ce
λ
n
z,

wherec is a nonzero constant andλk = ±1.

Corollary 1.5 Letf be a non-constant meromorphic function,n, l(≥ 4) be pos-
itive integers anda(z) be a small meromorphic function off such thata(z) 6≡
0,∞. DenoteF = fn andS = {a(z),−a(z)}. If El(S, F ) = El(S, F

′) and
n ≥ 3, thenF = F ′, f assumes the form

f(z) = ce
1
n
z or f(z) = ce−

1
n
z,

wherec is a nonzero constant.

Rev.Mate.Teor.Aplic.(ISSN print: 1409-2433; online: 2215-3373) Vol. 23(1): 291–308, January 2016



ON A CONJECTURE OF R. BRÜCK CONCERNING MEROMORPHIC... 297

Remark 1.4 Obviously, Corollary 1.1 and Corollary 1.2 improve Theorem 1.1
and Theorem 1.2, respectively.

Though the standard definitions and notations of the value distribution theory
are available in [7,14], we explain the following definition and notations which
is used in the paper.

Definition 1.2 (see [2,17]).Whenf andg share1 IM , we denote byNL(r, 1; f)
the counting function of the1-points off whose multiplicities are greater than
1-points ofg; Similarly, we haveNL(r, 1; g). Let z0 be a zero off − 1 of
multiplicity p and a zero ofg−1 of multiplicityq, we also denote byN11(r, 1; f)

the counting function of those1-points off wherep = q = 1; N
(2
E (r, 1; f)

denotes the counting function of those 1-points off wherep = q ≥ 2, each
point in these counting functions is counted only once. In the same way, onecan

defineN11(r, 1; g), N
(2
E (r, 1; g).

2 Some lemmas

For a ∈ C̃ andl a positive integer, letf be a non-constant meromorphic func-
tion, we denote byN(r, a; f | = 1) the counting function of simplea-points of
f , denote byN(r, a; f | ≤ l) (N(r, a; f | ≥ l)) the counting functions of those
a-points off whose multiplicities are not greater (less) thanl where eacha-point
is counted according to its multiplicity(see [7]).N(r, a; f | ≤ l)(N(r, a; f | ≥ l))
are defined similarly, where in counting thea-points off we ignore the multiplic-
ities. And setNl(r, a; f) = N(r, a; f)+N(r, a; f | ≥ 2)+ · · ·+N(r, a; f | ≥ l).
In this paper, we will use the notations as follows

H =

(
F ′′

F ′
− 2F ′

F − 1

)
−
(
G′′

G′
− 2G′

G− 1

)
, (3)

V =

(
F ′

F − 1
− F ′

F

)
−

(
G′

G− 1
− G′

G

)
, (4)

and

U =
F ′

F − 1
− G′

G− 1
. (5)

For the proof of our results we need the following lemmas.

Lemma 2.1 (see [16, Page 27, Theorem 1.12]).Let f be a nonconstant mero-
morphic function andP (f) = a0 + a1f + a2f

2 + · · ·+ anf
n, wherea0, a1, a2,

· · · , an are constants andan 6= 0. Then

T (r, P (f)) = nT (r, f) + S(r, f).

Rev.Mate.Teor.Aplic.(ISSN print: 1409-2433; online: 2215-3373) Vol. 23(1): 291–308, January 2016



298 H.-Y. XU – C.-F. YI – H. WANG

Lemma 2.2 (see [18, Lemma 3]).LetH be given by (3),F andG be two non-
constant meromorphic functions. IfH 6= 0, then

N11(r, 1;F ) ≤ N(r,H) + S(r, F ) + S(r,G).

Lemma 2.3 (see [21, Lemma 3]).Suppose thatf is a nonconstant meromorphic
function andk, p are positive integers. Then

Np(r, 0; f
(k)) ≤ T (r, f (k))− T (r, f) +Np+k(r, 0; f) + S(r, f),

Np(r, 0; f
(k)) ≤ kN(r, f) +Np+k(r, 0; f) + S(r, f).

Lemma 2.4 Letf be a non-constant meromorphic function,n, k,m be positive
integers anda(z) be a small meromorphic functions off such thata(z) 6≡ 0,∞,

and letF1 =
fn

a
, G1 =

(fn)(k)

a
. If fn and(fn)(k) shareSm IM andn > k+1,

and ifH 6= 0, then

T (r, f) = O
(
N(r, f) +N(r, 0; f)

)
,

whereH is given by (3), andF = (F1)
m, G = (G1)

m.

Proof: Sincefn, (fn)(k) shareSm IM andF1 = fn

a
, G1 = (fn)(k)

a
, thenF,G

share 1IM with the possible exception of the zeros and poles ofa(z). By using

the same argument as in Lemma 2.3 of [20], and sinceF1 = fn

a
, G1 = (fn)(k)

a
,

it follows from Lemma 2.3 that

T (r, (G1)
m) ≤ N2(r, 0; (F1)

m) +N2(r, 0; (G1)
m) + 3N(r, (F1)

m)

+NL(r, 1; (F1)
m) + 2NL(r, 1; (G1)

m) + S(r, f)

≤ N2(r, 0; f
n) +mN2(r, 0; (f

n)(k)) + 3N(r, f)

+NL(r, 1; (F1)
m) + 2NL(r, 1; (G1)

m) + S(r, f)

≤ N2(r, 0; f
n) +mN2+k(r, 0; f

n) +mT (r, (fn)(k))−mT (r, fn)

+ 3N(r, f) +NL(r, 1; (F1)
m) + 2NL(r, 1; (G1)

m) + S(r, f).

SincemT (r, (fn)(k)) ≤ T (r, (G1)
m) + S(r, f), it follows from (6) that

mT (r, fn) ≤ 2N(r, 0; f) +mN2+k(r, 0; f
n) + 3N(r, f) (6)

+NL(r, 1; (F1)
m) + 2NL(r, 1; (G1)

m) + S(r, f).
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Sincen > k + 1 andF = (F1)
m, G = (G1)

m, and by Lemma 2.3, we have

NL(r, 1;F ) ≤ N

(
r,

F

F ′

)
≤ N

(
r,
F ′

F

)
+ S(r, f) (7)

≤ N(r, 0;F1) +N(r, F1) + S(r, f)

≤ N(r, 0; f) +N(r, f) + S(r, f),

and

NL(r, 1;G) ≤ N

(
r,

G

G′

)
≤ N

(
r,
G′

G

)
+ S(r, f) (8)

≤ N(r, 0;G1) +N(r,G1) + S(r, f)

≤ N1(r, 0; (f
n)(k)) +N(r, f) + S(r, f)

≤ N1+k(r, 0; f
n) + (k + 1)N(r, f) + S(r, f)

≤ (k + 1)N(r, 0; f) + (k + 1)N(r, f) + S(r, f).

Substituting (8) and (9) to (7), by Lemmas 2.1 and 2.3, we have

T (r, f) ≤ (m+ 2)k + 2m+ 5

mn
N(r, 0; f) +

2k + 6

mn
N(r, f) (9)

+ S(r, f).

Thus, the proof of Lemma 2.4 is completed.

Lemma 2.5 Let V be given by (4), andF,G, F1, G1 be given by Lemma 2.4.
If n,m, k are positive integers such thatn > k + 1, andV = 0, then

fn = t(fn)(k),

wheretm = 1, andf assumes the form

f(z) = ce
µ

n
z,

wherec is a non-zero constant andµmk = 1.

Proof: FromV = 0 and the definitions ofF,G, we get

1− 1

(F1)m
= A− A

(G1)m
, (10)

whereA is a non-zero constant. We consider two cases as follows.
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Case 1.N(r, f) = S(r, f). If A 6= 1, from (11) we haveN(r, 1
1−A

; (F1)
m) =

N(r, (G1)
m) = S(r, f). By the second fundamental theorem and the definitions

of F1, G1, we have

nmT (r, f) ≤ T (r, (F1)
m) ≤ N(r, (F1)

m) +N(r, 0; (F1)
m)

+N

(
r,

1

1−A
; (F1)

m

)
+ S(r, f)

≤ N(r, 0; f) + S(r, f).

Thus, we get a contradiction. ThereforeA = 1.
Case 2.N(r, f) 6= S(r, f). Then there exists az0 which is not a zero or

pole ofa(z) such that 1
f(z0)

= 0, so 1
(F1(z0))m

= 1
(G1(z0))m

= 0. Therefore, from
(11) we getA = 1.

Thus, by (11) andA = 1, then(F1)
m = (G1)

m, that is,

fn = t(fn)(k), (11)

wheretm = 1.
By (12) andn > k + 1, if z0 is a zero off with the multiplicityp, thenz0 is

a zero offn with the multiplicitynp and a zero of(fn)(k) with the multiplicity
np− k, which is impossible. Then we get that0 is a Picard exceptional value of
f . From (12), we have

f(z) = ce
µ

n
z,

wherec is a non-zero constant andµmk = 1.
Thus, the proof of Lemma 2.5 is completed.

Lemma 2.6 Let V be given by (4), andF,G, F1, G1 be given by Lemma 2.4,
n,m, k be positive integers. IfV 6= 0, then

(mn− 1)N(r, f) ≤ N(r, V ) + S(r, f). (12)

Proof: From (4) and the definitions ofF,G, we see that ifz0 is a pole off
with the multiplicity p such thata(z0) 6= 0 anda(z0) 6= ∞, thenz0 is a zero
of F ′

F−1 − F ′

F
with the multiplicity mnp − 1 and a zero of G

′

G−1 − G′

G
with the

multiplicity m(np + k) − 1. Therefore,z0 is zero ofV with the multiplicity
q ≥ mn− 1. Noting them(r, V ) = S(r, f) and from (4), we have

(mn− 1)N(r, f) ≤ N(r, 0;V ) + S(r, f) ≤ T (r, V ) + S(r, f)

≤ N(r, V ) + S(r, f).
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Lemma 2.7 LetU be given by (5), andF,G, F1, G1 be given by Lemma 2.4. If
n,m, k are positive integers such thatn > k + 1, andU = 0, then

fn = t(fn)(k),

wheretm = 1, andf assumes the form

f(z) = ce
µ

n
z,

wherec is a non-zero constant andµmk = 1.

Proof: FromU = 0, we get

F = BG+ 1−B, (13)

whereB is a non-zero constant. By the definitions ofF,G, F1, G1, we get that
N(r, f) = S(r, f). We discuss the following two cases:

Case 1.B = 1. ThenF = G, that is,(F1)
m = (G1)

m. Hence we have

fn = t(fn)(k),

wheretm = 1. By Lemma 2.5, we can get the conclusions of Lemma 2.7.
Case 2.B 6= 1. If N(r, 0; f) 6= S(r, f), then there exists a pointz0 such

thatf(z0) = 0 anda(z0) 6= 0. Sincen > k + 1, we haveF (z0) = G(z0) = 0.
From (14), we getB = 1, a contradiction.

If N(r, 0; f) = S(r, f), then from (14), we get

N(r, 1−B;F ) = N(r, 0;G)

≤ (k + 1)N(r, 0; f) + kN(r, f)

= S(r, f).

By the second fundamental theorem andN(r, 0; f) = N(r, f) = S(r, f), we
have

mnT (r, f) ≤ T (r, F ) + S(r, f)

≤ N(r, F ) +N(r, 0;F ) +N(r, 1−B;F ) + S(r, f)

≤ N(r, 0; f) +N(r, f) +N(r, 0;G) + S(r, f)

≤ S(r, f).

Sincen,m are positive integers, we get another contradiction.
Thus, the proof of Lemma 2.7 is completed.
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Lemma 2.8 LetU be given by (5), andF,G, F1, G1 be given by Lemma 2.4. If
n,m, k are positive integers such thatn > k + 1, andU 6= 0, then

[m(n− k)− 1]N(r, 0; f) ≤ N(r, U) + S(r, f). (14)

Proof: We propose to follow the idea in the proof of Lemma 2.8 in [20]. Ifz0
is a zero off with the multiplicity p(≥ 1) such thata(z0) 6= 0,∞. From the
definitions ofF,G, F1, G1, we get thatz0 is a zero of F ′

F−1 with the multiplicity

mnp− 1 and a zero of G
′

G−1 with the multiplicitym(np− k) − 1. Thus,z0 is a
zero ofU with the multiplicity at leastm(n− k)− 1. Sincem(r, U) = S(r, f),
we have

[m(n− k)− 1]N(r, 0; f) ≤ N(r, 0;U) + S(r, f) ≤ T (r, U) + S(r, f)

≤ N(r, U) + S(r, f).

Thus, the proof of Lemma 2.8 is completed.

Lemma 2.9 LetH be given by (3), andF,G, F1, G1 be given by Lemma 2.4. If
n,m, k are positive integers such thatn > k + 1, and

N(r, f) = N(r, 0; f) = S(r, f), (15)

andH = 0, then
fn = t(fn)(k),

wheretm = 1, andf assumes the form

f(z) = ce
µ

n
z,

wherec is a non-zero constant andµmk = 1.

Proof: FromH = 0, by integration, from (3) we get that

1

F − 1
=

C

G− 1
+D, (16)

whereC( 6= 0) andD are constants. From (17) we have

G =
(D − C)F + (C −D − 1)

DF − (D + 1)
,

that is,

(G1)
m =

(D − C)(F1)
m + (C −D − 1)

D(F1)m − (D + 1)
. (17)
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We consider three cases as follows.
Case 1. SupposeD 6= 0,−1. From (18), we haveN(r, D+1

D
; (F1)

m) =

N(r, (G1)
m). By the second fundamental theorem and the assumptions of Lemma

2.9 andS(r, F ) = S(r, f), we get

mnT (r, f) = T (r, (F1)
m) + S(r, f)

≤ N(r, (F1)
m) +N(r, 0; (F1)

m) +N

(
r,
D + 1

D
; (F1)

m

)
+ S(r, f)

≤ N(r, f) +N(r, 0; f) +N(r, (G1)
m) + S(r, f)

≤ S(r, f).

Sincen,m are positive integers, we get a contradiction.
Case 2.SupposeD = 0. From (18), we haveN(r, C−1

C
; (F1)

m) = N(r, 0; (G1)
m).

We consider two subcases as follows.
Subcase 2.1.C 6= 1. By the second fundamental theorem and the assumptions of

Lemma 2.9 andS(r, F ) = S(r, f), we get

mnT (r, f) = T (r, (F1)
m) + S(r, f)

≤ N(r, (F1)
m) +N(r, 0; (F1)

m) +N

(
r,
C − 1

C
; (F1)

m

)
+ S(r, f)

= N(r, f) +N(r, 0; f) +N(r, 0;Gm) + S(r, f)

≤ (k + 2)N(r, 0; f) + (k + 1)N(r, f) + S(r, f)

≤ S(r, f).

Sincen,m are positive integers, we get a contradiction.
Subcase 2.2.C = 1. Then we have(F1)

m = (G1)
m that is,fn = t(fn)(k), where

tm = 1. From the proof of Lemma 2.5, we get the conclusions of Lemma 2.9.
Case 3.D + 1 = 0. From (18), we have

(G1)
m =

(C + 1)(F1)
m − C

(F1)m
.

Employing the similar proofing ofCase 2of Lemma 2.9, we get(F1)
m(G1)

m ≡ 1,
that is.fn(fn)(k) = ta2(z), wheretm = 1.

FromN(r, f) = N(r, 0; f) = S(r, f), we have

2T

(
r,
fn

a

)
= T

(
r,
f2n

a2

)
= T

(
r,

ta2

f2n

)
+O(1) = T

(
r,
(fn)(k)

fn

)
+O(1)

≤ m

(
r,
(fn)(k)

fn

)
+N

(
r,
(fn)(k)

fn

)
+O(1)

≤ (k + 1)N(r, f) +N(r, 0; f) +O(1)

≤ S(r, f).

Therefore, we haveT (r, f) = S(r, f), a contradiction.
Thus, the proof of Lemma 2.9 is completed.
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3 Proofs of theorems 1.5 and 1.6

In this section, letH,V andU be given by (3), (4) and (5) respectively, and
F,G, F1, G1 be stated as in Lemma 2.4.

3.1 Proof of theorem 1.6

Proof: We propose to follow the idea in [20].
If V = 0 or U = 0, we get the conclusions of Theorem 1.6 from Lemmas

2.5 and 2.7.
Let V 6= 0 andU 6= 0. From the assumptions of Theorem 1.6, we get

El(1, F ) = El(1, G). From (4) and (5), we get

N(r, V ) ≤ N(r, 0;G) +N(r, 1;F | ≥ l + 1) +N(r, 1;G| ≥ l + 1) + S(r, f),
(18)

and

N(r, U) ≤ N(r, f)+N(r, 1;F | ≥ l+1)+N(r, 1;G| ≥ l+1)+S(r, f). (19)

Since

N(r, 1;F | ≥ l + 1) ≤ 1

l
N

(
r,

F

F ′

)
≤ 1

l
N

(
r,
F ′

F

)
+ S(r, f) (20)

≤ 1

l
N(r, 0;F ) +

1

l
N(r, F ) + S(r, f)

≤ 1

l
N(r, 0; f) +

1

l
N(r, f) + S(r, f),

and

N(r, 1;G| ≥ l + 1) ≤ 1

l
N

(
r,

G

G′

)
≤ 1

l
N

(
r,
G′

G

)
+ S(r, f) (21)

≤ 1

l
N(r, 0;G) +

1

l
N(r,G) + S(r, f)

≤ k + 1

l
N(r, 0; f) +

k + 1

l
N(r, f) + S(r, f).

From (19)-(22), we have

N(r, V ) ≤ lk + γ

l
N(r, 0; f) +

lk + k + 2

l
N(r, f) + S(r, f), (22)

and

N(r, U) ≤ k + 2

l
N(r, 0; f) +

γ

l
N(r, f) + S(r, f), (23)

whereγ = k + l + 2.
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From (23), (24) and Lemmas 2.6 and 2.8, we have

[lmn− (lk + γ)]N(r, f) ≤ (lk + γ)N(r, 0; f) + S(r, f), (24)

and
[lm(n− k)− γ]N(r, 0; f) ≤ γN(r, f) + S(r, f). (25)

From (25) and (26), we have

{[lmn− (lk + γ)][lm(n− k)− γ]− (lk + γ)γ}N(r, f) ≤ S(r, f),

and

{[lmn− (lk + γ)][lm(n− k)− γ]− (lk + γ)γ}N(r, 0; f) ≤ S(r, f).

From (2), we have[lmn− (lk+ γ)][lm(n− k)− γ]− (lk+ γ)γ > 0. Thus,
we get

N(r, f) = N(r, 0; f) = S(r, f). (26)

Next, two cases are considered as follows.
Case 1.H 6= 0. From Lemma 2.4 and (27), we getT (r, f) = S(r, f), a

contradiction.
Case 2.H = 0. From Lemma 2.9, we get the conclusions of Theorem 1.6.
Therefore, the proof of Theorem 1.6 is completed.

3.2 Proof of theorem 1.5

Proof: Sincef is an entire function, we haveN(r, f) = S(r, f). If U = 0, we
can get the conclusion of Theorem 1.5 from Lemma 2.7. IfU 6= 0, then from
Lemma 2.8 and (24) we have

[lm(n− k)− γ]N(r, 0; f) ≤ S(r, f). (27)

From (1), we getlm(n− k)− γ > 0. Thus, we haveN(r, 0; f) = S(r, f) from
(28). By using the same argument as in Cases 1 and 2 of the proof of Theorem
1.6, we get the conclusions of Theorem 1.5.

Therefore, the proof of Theorem 1.5 is completed.

4 Proofs of corollaries 1.1, 1.3 and 1.4

4.1 Proof of corollary 1.1

Proof: If k = 1,m = 1 andl ≥ 4, then we haveγ = l+3 andk+ γ
l
= 2+ 3

l
< 3.

Thus, we get the conclusions of Corollary 1.1 from Theorem 1.5.
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4.2 Proof of corollary 1.3

Proof: If k = 1,m = 2 andl ≥ 2, then we haveγ = l+3 andk+ γ
l
= 2+ 3

l
< 3.

Thus, we get the conclusions of Corollary 1.3 from Theorem 1.5.

4.3 Proof of corollary 1.4

Proof: If m = 2 andl ≥ k + 2, then we havek + γ
lm

= k + k+l+2
2l ≤ k + 1.

Thus, the conclusions of Corollary 1.4 are proved from Theorem 1.5.

5 Proofs of Corollaries 1.2 and 1.5

5.1 Proof of Corollary 1.2

Proof: If k = 1,m = 1, then we have

l(m+ 1)k + 2γ

2lm
+

√
4γ(γ + lk) + (m− 1)2l2k2

2lm
(28)

=2 +
3

l
+

√
(2l + 3)(l + 3)

l
.

Sincel ≥ 11, we get

k + 1 = 2 < 2 +
3

l
+

√
(2l + 3)(l + 3)

l
< 4. (29)

Thus, the conclusions of Corollary 1.2 are proved from (2), (30) and
Theorem 1.6.

5.2 Proof of corollary 1.5

Proof: If k = 1,m = 2, then we have

l(m+ 1)k + 2γ

2lm
+

√
4γ(γ + lk) + (m− 1)2l2k2

2lm
= 2 +

3

l
. (30)

Sincel ≥ 4, we get2 < 2 + 3
l
< 3. Thus, the conclusions of Corollary 1.5

are proved from (31) and Theorem 1.6.
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